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Numerical semigroups

Definition

A numerical semigroup S C Z>q: closed under addition, |Z>¢ \ S| < oc.
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Numerical semigroups

Definition

A numerical semigroup S C Z>q: closed under addition, |Z>¢ \ S| < oc.

Example:

Mel = (6,9.20) :{ 0,6,9,12,15,18,20,21,24, . .. }

...,36,38,39,40,41,42,44 —
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Numerical semigroups

Definition

A numerical semigroup S C Z>q: closed under addition, |Z>¢ \ S| < oc.

Example: “McNugget Semigroup”

Mel = (6,9.20) :{ 0,6,9,12,15,18,20,21,24, . .. }

...,36,38,39,40,41,42,44 —
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Numerical semigroups

Definition

A numerical semigroup S C Z>q: closed under addition, |Z>¢ \ S| < oc.

Example: “McNugget Semigroup”

Mel = (6,9.20) :{ 0,6,9,12,15,18,20,21,24, . .. }

...,36,38,39,40,41,42,44 —

Example: S = (6,9, 18,20, 32)
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A numerical semigroup S C Z>q: closed under addition, |Z>¢ \ S| < oc.

Example: “McNugget Semigroup”

Mel = (6,9.20) :{ 0,6,9,12,15,18,20,21,24, . .. }

...,36,38,39,40,41,42,44 —

Example: S = (6,9, 18,20,32) = McN
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Numerical semigroups

Definition

A numerical semigroup S C Z>q: closed under addition, |Z>¢ \ S| < oc.

Example: “McNugget Semigroup”

Mel = (6,9.20) :{ 0,6,9,12,15,18,20,21,24, . .. }

...,36,38,39,40,41,42,44 —

Example: S = (6,9, 18,20,32) = McN

Every numerical semigroup has a unique minimal generating set.
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Numerical semigroups

Definition

A numerical semigroup S C Z>q: closed under addition, |Z>¢ \ S| < oc.

Example: “McNugget Semigroup”

Mel = (6,9.20) :{ 0,6,9,12,15,18,20,21,24, . .. }

...,36,38,39,40,41,42,44 —

Example: S = (6,9, 18,20,32) = McN

Every numerical semigroup has a unique minimal generating set.

Multiplicity: m(S) = smallest nonzero element
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Minimal presentations

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Z(n) = {an’éO ; ”:31”1+'“+aknk}

is the set of factorizations of n € S.
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Minimal presentations

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Z(n) = {an’éO ; ":31”1+"‘+aknk}

is the set of factorizations of n € S.

S = (6,9,20):
Z(60) = {(10,0,0), (7,2,0), (4,4,0),(1,6,0), (0,0, 3)}

Christopher O'Neill (SDSU) Numerical semigroups, minimal presentations Novemer 5, 2023



Minimal presentations

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Z(n) = {an’éO ; ":31”1+"‘+aknk}

is the set of factorizations of n € S.

S = (6,9,20):
Z(60) = {(10,0,0), (7, 2,0), (4,4,0), (1,6,0), (0,0,3)}
Z(1000001) =
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Minimal presentations

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Z(n) = {an’éO ; ":31”1+"‘+aknk}

is the set of factorizations of n € S.

S = (6,9, 20):
2(60) = {(107 0, 0)7 (77 2, 0)7 (47 4, 0)7 (17 0, O), (07 0, 3)}
Z(1000001) = { o }
| |
shortest longest
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Minimal presentations

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Z(n) = {an’éO ; ":31”1+"‘+aknk}

is the set of factorizations of n € S.

S = (6,9, 20):
2(60) = {(107 0, 0)7 (77 2, 0)7 (47 4, 0)7 (17 0, O), (07 0, 3)}
Z(1000001) = {(2,1,49999), ..., }
| |
shortest longest
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Minimal presentations

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Z(n) = {an’éO ; n:31n1+...+aknk}

is the set of factorizations of n € S.

S = (6,9, 20):
2(60) = {(107 0, 0)7 (77 2, 0)7 (47 43 0)7 (17 0, O), (07 0, 3)}
Z(1000001) = { (2,1,49999), ..., (166662,1,1)}
| — —_————

shortest longest
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Minimal presentations

Fix a numerical semigroup S = (n1,..., nk) C Z>o.
n=ayny +- -+ axhy o~

)]
Il
—~ |V
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=
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=
~—
m
N
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o
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Minimal presentations

Fix a numerical semigroup S = (n1,..., nk) C Z>o.
n=ayny +- -+ axhy o~
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Il
—~ |V
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~—
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Factorization homomorphism:
.7k
T ZZO <n1, ceey nk)
a +—— aing+---+ aghg
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Minimal presentations

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
n=ayny +- -+ axhy o~y a
Factorization homomorphism:
W:Zgo — (N1, ng)
a —— ainy+ -+ akng

Definition

The kernel ker 7 is the relation ~ on Z’éo with a ~ b whenever
m(a) = 7(b)
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Minimal presentations

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
n=ayny +- -+ axhy o~y a
Factorization homomorphism:
W:Zgo — (N1, ng)
a —— ainy+ -+ akng

Definition

The kernel ker 7 is the relation ~ on Z’éo with a ~ b whenever
m(a) = 7(b)

ker 7 is a congruence: an equivalence relation
a~a
a~b=b~a
a~bandb~c=a~c
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Minimal presentations

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
n=ayny +- -+ axhy o~y a
Factorization homomorphism:
W:Zgo — (N1, ng)
a —— ainy+ -+ akng

Definition

The kernel ker 7 is the relation ~ on Z’éo with a ~ b whenever
m(a) = 7(b)

ker 7 is a congruence: an equivalence relation
a~a
a~b=b~a
a~bandb~c=a~c

that is closed under translation
a~b=a+c~b+c
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Minimal presentations

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
n=ainy+---+ agnhg o a
Factorization homomorphism:
25 — (m,...,ng)
a +—— ayphy+ -+ aghg

Definition

The kernel ker 7 is the relation ~ on Z’éo with a ~ b whenever
m(a) = m(b)

ker 7 is a congruence: an equivalence relation
a~a
a~b=b~a
a~bandb~c=a~c

that is closed under translation
a~b=a+c~b+c
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Minimal presentations

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
n=ain +---+ akng NS a:(al,...,ak)eZ’éO
Factorization homomorphism: Monomial map:
W:Zgo — (N1, nk)

a —— ainy+ -+ aghg

Definition

The kernel ker 7 is the relation ~ on Z’éo with a ~ b whenever
m(a) = m(b)

ker 7 is a congruence: an equivalence relation
a~a
a~b=b~a
a~bandb~c=a~c

that is closed under translation
a~b=a+c~b+c
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Minimal presentations

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
n=ain +---+ akng NS a:(al,...,ak)eZ’éO
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a —— aing+---+ agng X +— whi
Definition
The kernel ker 7 is the relation ~ on Z’éo with a ~ b whenever
m(a) = 7(b)

ker 7 is a congruence: an equivalence relation
a~a
a~b=b~a
a~bandb~c=a~c

that is closed under translation
a~b=a+c~b+c
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Minimal presentations

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
n=ain +---+ akng NS a:(al,...,ak)eZ’éO
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a —— aing+---+ agng X +— whi
Definition
The kernel ker 7 is the relation ~ on Z’éo with a ~ b whenever
m(a) = w(b) x? —xP € Is = kerp

ker 7 is a congruence: an equivalence relation
a~a
a~b=b~a
a~bandb~c=a~c

that is closed under translation
a~b=a+c~b+c
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Minimal presentations

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
n=ain +---+ akng NS a:(al,...,ak)eZ’éO
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a —— aing+---+ agng X +— whi
Definition
The kernel ker 7 is the relation ~ on Z’éo with a ~ b whenever
m(a) = w(b) x? —xP € Is = kerp

ker 7 is a congruence: an equivalence relation
a~a Xa—XaZOE/S
a~b=b~a
a~bandb~c=a~c

that is closed under translation
a~b=a+c~b+c
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Minimal presentations

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
n=ain +---+ akng NS a:(al,...,ak)eZ’éO
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a —— aing+---+ agng X +— whi
Definition
The kernel ker 7 is the relation ~ on Z’éo with a ~ b whenever
m(a) = w(b) x? —xP € Is = kerp
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Minimal presentations

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
n=ain +---+ akng NS a:(al,...,ak)eZ’éO
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a —— aing+---+ agng X +— whi
Definition
The kernel ker 7 is the relation ~ on Z’éo with a ~ b whenever
m(a) = w(b) x? —xP € Is = kerp

ker 7 is a congruence: an equivalence relation

a~a x2—x2=0€ls
a~b=b~a x2—xPels=xP—x2 el
a~bandb~c=a~c (x* — xP) + (xP — x€) = x® — x©

that is closed under translation
a~b=a+c~b+c
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Minimal presentations

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
n=ain +---+ akng NS a:(al,...,ak)eZ’éO
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a —— aing+---+ agng X +— whi
Definition
The kernel ker 7 is the relation ~ on Z’éo with a ~ b whenever
m(a) = w(b) x? —xP € Is = kerp

ker 7 is a congruence: an equivalence relation

a~a x2—x2=0€ls
a~b=b~a x2—xPels=xP—x2 el
a~bandb~c=a~c (x* — xP) + (xP — x€) = x® — x©

that is closed under translation
a~b=a+c~b+c x? —xP € ls = x¢(x® — xP) € Is
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Minimal presentations

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.

n=ain +---+ akng NS a:(al,...,ak)eZ’éO
Factorization homomorphism: Monomial map:
. 7k .
Tl — (..., nk) o k[xt,....x] — Kk[w]
a +—— ayhp+ -+ ang X +— whi
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Minimal presentations

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
n=ain +---+ akng NS a:(al,...,ak)eZ’éO
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a +—— ayhp+ -+ ang X +— whi
minimal presentation of S “ns minimal generating set of /s
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Minimal presentations

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
n=ang+ -+ agng ns a:(al,...,ak)eZ’éO
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a +—— ayhp+ -+ ang X +— whi
minimal presentation of S “ns minimal generating set of /s
S =(6,9,20):
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Minimal presentations

Fix a numerical semigroup S = (n1,..., nx) C Z>o.
n=ain +---+ akng NS a:(al,...,ak)GZ’éO
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a — aini+ -+ agng X +— whi
minimal presentation of S “ns minimal generating set of /s

$=1(6,9,20): Is=(x3—y? x*y*—2Z3) CKk[x,y,7]
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Minimal presentations

Fix a numerical semigroup S = (n1,..., nx) C Z>o.
n=ain +---+ akng NS a:(al,...,ak)GZ’éO
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a — aini+ -+ agng X +— whi
minimal presentation of S “ns minimal generating set of /s

$=1(6,9,20): Is=(x3—y? x*y*—2Z3) CKk[x,y,7]
Z(18):
(3,0,0)

I

(0,2,0)
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Minimal presentations

Fix a numerical semigroup S = (n1,..., nx) C Z>o.
n=ain +---+ akng NS a:(al,...,ak)GZ’éO
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a — aing + -+ aknk xp > w
minimal presentation of S “ns minimal generating set of /s
Example
$=1(6,9,20): Is=(x3—y? x*y*—2Z3) CKk[x,y,7]
Z(18): Z(60): (10,0,0)
(3,0,0) (7,2,0)
I (0,0,3) (4,4,0)
(0,2,0) (1,6,0)
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Minimal presentations

Fix a numerical semigroup S = (n1,..., nx) C Z>o.
n=ain +---+ akng NS a:(al,...,ak)GZ’éO
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a — aing + -+ aknk xp > w
minimal presentation of S “ns minimal generating set of /s
Example
$=1(6,9,20): Is=(x3—y? x*y*—2Z3) CKk[x,y,7]
Z(18): Z(60): (10,0,0)  x7y? — x*y* = x*y2(x3 — y?) € Is
(3,0,0) (7,2,0)
I (0,0,3) (4,4,0)
(0,2,0) (1,6,0)
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Minimal presentations

Fix a numerical semigroup S = (n1,..., nx) C Z>o.
n=ain +---+ akng NS a:(al,...,ak)GZ’éO
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a —— ayng+ -+ akng xp > w
minimal presentation of S “ns minimal generating set of /s
Example
$=1(6,9,20): Is=(x3—y? x*y*—2Z3) CKk[x,y,7]
Z(18): Z(60): (10,0,0)  x7y? — x*y* = x*y2(x3 — y?) € Is
(37 0, 0) (7’ 2, O) X7y2 3 = (X7y2 _ X4y4)
+(x*yr -2 el
I (0,0,3) (4,4,0) Cyimz)els
(0,2,0) (1,6,0)
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Minimal presentations

Fix a numerical semigroup S = (n1,..., nx) C Z>o.
n=ain +---+ akng NS a:(al,...,ak)GZ’éO
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a —— ayng+ -+ akng xp > w
minimal presentation of S “ns minimal generating set of /s
Example
$=1(6,9,20): Is=(x3—y? x*y*—2Z3) CKk[x,y,7]
Z(18): Z(60): (10,0,0)  x7y? — x*y* = x*y2(x3 — y?) € Is
(37 07 0) (7’ 27 O) X7y2 _ 23 _ (X7y2 _ X4y4)
+(x*yr -2 el
I (0,0,3) (4,4,0) byimz)els
: ‘ Generating - Z(n) connected
(0,2,0) (1,6,0) set for /s forallne S
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Minimal presentations

Fix a numerical semigroup S = (n1,..., nx) C Z>o.
n=ain +---+ akng NS a:(al,...,ak)GZ’éO
Factorization homomorphism: Monomial map:
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a — aing + -+ aknk xp > w
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Minimal presentations

Fix a numerical semigroup S = (n1,..., nx) C Z>o.
n=ain +---+ akng NS a:(al,...,ak)GZ’éO
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a — aing + -+ aknk xp > w
minimal presentation of S e~y minimal generating set of /g
Example
$=1(6,9,20): Is=(x3—y? x*y*—2Z3) CKk[x,y,7]
Z(18): Z(60): (10,0,0) All minimal generating sets of /s:
(3,0,0) (7,2,0)
I (0,0,3) (4,4,0)
(0,2,0) (1,6,0)
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Minimal presentations

Fix a numerical semigroup S = (n1,..., nx) C Z>o.
n=ain +---+ akng NS a:(al,...,ak)GZ’éO
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a — aing + -+ aknk xp > w
minimal presentation of S “ns minimal generating set of /s
Example
$=1(6,9,20): Is=(x3—y? x*y*—2Z3) CKk[x,y,7]
Z(18): Z(60): (10,0,0) All minimal generating sets of /s:
(3,0,0) (7,2,0) Is = (x*—y% x10 -2
— 2 7,2 3
I (0,0,3) (4,4,0) pe=vhy =
— <X3 _ }/2, x4y4 _ z3>
0,2,0 1,6,0
( ) ( ) 8 _ P sy B
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Minimal presentations

Fix a numerical semigroup S = (n1,..., nx) C Z>o.
n=ang+ -+ agng ns a:(al,...,ak)GZ’éO
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a —— ainy+ -+ agng X +— whi
minimal presentation of S “ns minimal generating set of /s
Example
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(

I (0,0,3) 4,4,0)

(0,2,0)
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Fix a numerical semigroup S = (n1,..., nx) C Z>o.
n=ain +---+ akng NS a:(al,...,ak)GZ’éO
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a — aing + -+ aknk xp > w
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Minimal presentations

Fix a numerical semigroup S = (n1,..., nx) C Z>o.
n=ain +---+ akng NS a:(al,...,ak)GZ’éO
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a — aing + -+ aknk xp > w
minimal presentation of S “ns minimal generating set of /s
Example
$=1(6,9,20): Is=(x3—y? x*y*—2Z3) CKk[x,y,7]
Z(18): Z(60): (10,0,0) All minimal generating sets of /s:
(3,0,0) (7,2,0) Is = (x*—y% x10 -2
— 2 7,2 3
I (0,0,3) (4,4,0) pe=vhy =
’ = (x3 — y2 xtyt = 23)
(0,2,0) (1,6,0) 5D — 2 sy — )
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Minimal presentations

Fix a numerical semigroup S = (n1,..., nx) C Z>o.
n=ain +---+ akng NS a:(al,...,ak)GZ’éO
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a — aing + -+ aknk xp > w
minimal presentation of S “ns minimal generating set of /s
Example
$=1(6,9,20): Is=(x3—y? x*y*—2Z3) CKk[x,y,7]
Z(18): Z(60): (10,0,0) All minimal generating sets of /s:
(3,0,0) (7,2,0) Is = (x*—y% x10 -2
— 2 7,2 3
I (0,0,3) (4,4,0) pe=vhy =
— <X3 _ }/2, x4y4 _ z3>
0,2,0 1,6,0
( ) ( ) 8 _ P sy B

Christopher O'Neill (SDSU)



Minimal presentations

Fix a numerical semigroup S = (n1,..., nx) C Z>o.
n=ain +---+ akng NS a:(al,...,ak)GZ’éO
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a — aing + -+ aknk xp > w
minimal presentation of S “ns minimal generating set of /s
Example
$=1(6,9,20): Is=(x3—y? x*y*—2Z3) CKk[x,y,7]
Z(18): Z(60): (10,0,0)
(3,0,0) (7,2,0)
I (0,0,3) (4,4,0)
(0,2,0) (1,6,0)
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Minimal presentations

Fix a numerical semigroup S = (n1,..., nx) C Z>o.
n=ang+ -+ agng ns a:(al,...,ak)GZ’éO
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a —— ainy+ -+ agng X +— whi
minimal presentation of S “ns minimal generating set of /s
Example

$=1(6,9,20): Is=(x3—y? x*y*—2Z3) CKk[x,y,7]

Z(18): Z(60): 10,0,0) All minimal generating sets of ~:

(
(3.0,0) (7.2.0)  (3:0.0)~(0,2,0), (10,0,0) ~ (0,0,3)
(3,0,0) ~ (0,2,0), ( 7,2,0) ~ (0,0,3)
I (0,0,3) (44,0) (3 0,0)~(0,2,0), ( 4,4,0) ~(0,0,3)
(0,2,0) (1,6,0) (3,0,0) ~ (0,2,0), ( 1,6,0) ~ (0,0,3)
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Apéry sets

Fix a numerical semigroup S with m(S) = m.
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Fix a numerical semigroup S with m(S) = m.

Definition

The Apéry set of S is
Ap(S)={aeS:a—m¢S}
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Fix a numerical semigroup S with m(S) = m.

Definition

The Apéry set of S is
Ap(S)={aeS:a—m¢S}

If S = (6,9,20), then
Ap(S) = {0,49,20,9,40,29}
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Fix a numerical semigroup S with m(S) = m.

Definition

The Apéry set of S is
Ap(S)={aeS:a—m¢S}

If S = (6,9,20), then

Ap(S) ={0,49,20,9,40,29}
For 2 mod 6: {2,8,14,20,26,32,...1 NS = {20,26,32,...}
For 3 mod 6: {3,9,15,21,...}N S = {9,15,21,...}
For 4 mod 6: {4,10,16,22,...} NS = {40,46,52,...}
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Fix a numerical semigroup S with m(S) = m.

Definition

The Apéry set of S is
Ap(S)={aeS:a—m¢S}

If S = (6,9,20), then

Ap(S) ={0,49,20,9,40,29}
For 2 mod 6: {2,8,14,20,26,32,...1 NS = {20,26,32,...}
For 3 mod 6: {3,9,15,21,...}N S = {9,15,21,...}
For 4 mod 6: {4,10,16,22,...} NS = {40,46,52,...}
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Fix a numerical semigroup S with m(S) = m.

Definition

The Apéry set of S is
Ap(S)={aeS:a—m¢S}

If S = (6,9,20), then

Ap(S) ={0,49,20,9,40,29}
For 2 mod 6: {2,8,14,20,26,32,...1 NS = {20,26,32,...}
For 3 mod 6: {3,9,15,21,...}N S = {9,15,21,...}
For 4 mod 6: {4,10,16,22,...} NS = {40,46,52,...}
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Fix a numerical semigroup S with m(S) = m.

Definition

The Apéry set of S is
Ap(S)={aeS:a—m¢S}

If S = (6,9,20), then

Ap(S) ={0,49,20,9,40,29}
For 2 mod 6: {2,8,14,20,26,32,...1 NS = {20,26,32,...}
For 3 mod 6: {3,9,15,21,...}N S = {9,15,21,...}
For 4 mod 6: {4,10,16,22,...} NS = {40,46,52,...}

Observations:
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Fix a numerical semigroup S with m(S) = m.

Definition

The Apéry set of S is
Ap(S)={aeS:a—m¢S}

If S =(6,9,20), then

Ap(S) ={0,49,20,9,40,29}
For 2 mod 6: {2,8,14,20,26,32,...} NS = {20,26,32,...}
For 3 mod 6: {3,9,15,21,...} NS ={9,15,21,...}
For 4 mod 6: {4,10,16,22,...} NS = {40,46,52,...}
Observations:

@ The elements of Ap(S) are distinct modulo m
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Fix a numerical semigroup S with m(S) = m.

Definition

The Apéry set of S is
Ap(S)={aeS:a—m¢S}

If S = (6,9,20), then
Ap(S) = {0,49,20,9, 40,29}

For 2 mod 6: {2,8,14,20,26,32,...} N S = {20,26,32,...}
For 3 mod 6: {3,9,15,21,...} NS = {9,15,21,...}
For 4 mod 6: {4,10,16,22,...} NS = {40,46,52,...}
Observations:

@ The elements of Ap(S) are distinct modulo m

° |Ap(S)|=m
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Apéry posets and Kunz posets

Definition

The Apéry poset of S: define a < &’ whenever &/ —a € S.

S = (4,10,13) S = (4,13)
Ap(S) = {0,13,10,23} Ap(S) = {0,13,26,39}
23 39

26

13 10
13
0 0
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Faces of the Kunz polyhedron

Definition

The Apéry poset of S: define a < &’ whenever &/ —a € S.
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Faces of the Kunz polyhedron

Definition

The Apéry poset of S: define a < &’ whenever &/ —a € S.

S = (6,9,20) S’ = (6,26, 27)
Ap(S) = {0,49,20, 9,40,29} Ap(S') = {0,79, 26, 27,52, 53}

Christopher O'Neill (SDSU) Numerical semigroups, minimal presentations Novemer 5, 2023



Faces of the Kunz polyhedron

Definition
The Apéry poset of S: define a < &’ whenever &/ —a € S.

S = (6,9,20) S’ = (6,26, 27)
Ap(S) = {0,49,20, 9,40,29} Ap(S') = {0,79, 26, 27,52, 53}
79,
53 52
27 26
0
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Faces of the Kunz polyhedron

Definition

The Apéry poset of S: define a < &’ whenever &/ —a € S.

S =(6,9,20) S’ = (6,26, 27)
Ap(S) = {0,49,20, 9,40,2 Ap(S') = 26,27,52
p(s) {0’ ?7 9’ 2’ 97 2} p(S) {077?’ g? 5754’52}
1 1
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Faces of the Kunz polyhedron

Definition

The Apéry poset of S: define a < &’ whenever &/ —a € S.

S =(6,9,20) S’ = (6,26, 27)
Ap(S) = {0,49,20, 9,40,2 Ap(S') = 26,27,52
p(s) {0’ ?7 9’ 2’ 97 2} p(S) {077?’ g? 5754’52}
1 1

The Kunz poset of S: use ground set Z,, instead of Ap(S).
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Faces of the Kunz polyhedron

Definition

The Apéry poset of S: define a < &’ whenever &/ —a € S.

S =(6,9,20) S’ = (6,26, 27)
Ap(S) = {0,49,20, 9,40,2 Ap(S') = 26,27,52
p(s) {O’ ?7 9’ 2’ 97 %} p(S) {077?’ g? 5754’5;2}
1 1

The Kunz poset of S: use ground set Z,, instead of Ap(S).

Theorem (Gomes—O.-Torres Davila)

If S, S" have identical Kunz poset, then S and S’ have the same number of
minimal trades.

Christopher O'Neill (SDSU) Numerical semigroups, minimal presentations Novemer 5, 2023 11/20



Minimal trades and Kunz posets

How can one recover minimal trade structure from the Kunz poset?
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Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset? \

Christopher O'Neill (SDSU) Numerical semigroups, minimal presentations Novemer 5, 2023



Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset? \

Ap(S) =1{0,a1,a,...,as}
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Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset? \

Ap(S) =1{0,a1,a,...,as}

S =19, a,as, ag)
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Minimal trades and Kunz posets

How can one recover minimal trade structure from the Kunz poset?

Ap(S) =1{0,a1,a,...,as}

S =19, a,as, ag)

6 7
Cover relations: add a generator
4 5 1
2 3 8
0
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Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset? \

Ap(S) =1{0,a1,a,...,as}

S =19, a,as, ag)

Cover relations: add a generator

Z(as) = {(0,3,0,0),(0,0,2,0)}
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Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset? \

Ap(S) =1{0,a1,a,...,as}

S =19, a,as, ag)

Cover relations: add a generator
Z(as) = {(0,3,0,0),(0,0,2,0)}

2 “inner” minimal trades:
(Oa 35 07 0) ~ (07 0’ 27 0) (at 36)
(0,2,1,0) ~ (0,0,0,2) (at a7)
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Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset? \

Ap(S) =1{0,a1,a,...,as}

S =19, a,as, ag)

Cover relations: add a generator
Z(as) = {(0,3,0,0),(0,0,2,0)}

2 “inner” minimal trades:
(Oa 35 07 0) ~ (07 0’ 27 0) (at 36)
(0,2,1,0) ~ (0,0,0,2) (at a7)

Moral: can recover
e Z(a) for a € Ap(S)
o (minimal) trades at a € Ap(S)
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Minimal trades and Kunz posets

How can one recover minimal trade structure from the Kunz poset?

Christopher O'Neill (SDSU) Numerical semigroups, minimal presentations Novemer 5, 2023



Minimal trades and Kunz posets

How can one recover minimal trade structure from the Kunz poset?

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;
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Minimal trades and Kunz posets

How can one recover minimal trade structure from the Kunz poset?

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;

S = (17, a3, a15)
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Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset? \

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;

S = (17, a3, a15)

3 minimal trades, none in Ap(S)
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Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset? \

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;

S = (17, a3, a15)

3 minimal trades, none in Ap(S)
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Minimal trades and Kunz posets

How can one recover minimal trade structure from the Kunz poset?

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;
S =(17,a3, as)

3 minimal trades, none in Ap(S)
aiz + as:

ai1 + ais:
as + ais:
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Minimal trades and Kunz posets

How can one recover minimal trade structure from the Kunz poset?

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;
S =(17,a3, as)

3 minimal trades, none in Ap(S)
aiz + as:

ai1 + ais:
as + ais:
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Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset? \

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;

S = (17, a3, a15)

3 minimal trades, none in Ap(S)
aiz + as: (0,5,0) ~ (x,0,1)
ail + ais: (0, 0, 4) ~ (*, 3, O)
ar + ais: (0, 2, 3) ~ (*, 0, 0)
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Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset?

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;

S = (17, a3, a15)

3 minimal trades, none in Ap(S)
aiz + as: (0,5,0) ~ (x,0,1)
ail + ais: (0, 0, 4) ~ (*, 3, O)
ar + ais: (0, 2, 3) ~ (*, 0, 0)

If S has an Apéry set of unique
expression:

e factorizations of a € Ap(S)
form monomial staircase

@ one “outer” minimal trade for
each monomial generator
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Minimal trades and Kunz posets

How can one recover minimal trade structure from the Kunz poset?

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;
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Minimal trades and Kunz posets

How can one recover minimal trade structure from the Kunz poset?

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;

S =(13,a, a5, a3)
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Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset? \

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;

S =(13,a, a5, a3)

5 minimal trades, none in Ap(S)
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Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset? \

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;

S =(13,a, a5, a3)

5 minimal trades, none in Ap(S)

0: (0,0,2,1)
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Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset? \

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;

S =(13,a, a5, a3)

5 minimal trades, none in Ap(S)
9 0:(0,0,2,1)

6: (0,3,0,0)
2: (0,0,3,0)
9: (0,0,0,3)
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Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset? \

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;

S =(13,a, a5, a3)

5 minimal trades, none in Ap(S)
9 0:(0,0,2,1)

6: (0,3,0,0)
2: (0,0,3,0)
9: (0,0,0,3)
0: (0,1,0,1)
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Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset? \

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;

S =(13, ap, as, a3)

5 minimal trades, none in Ap(S)
9 0:(0,0,2,1)

6: (0,3,0,0)
2: (0,0,3,0)
9: (0,0,0,3)
0: (0,1,0,1)

Need: decrementing any coordinate
lands in Ap(S)
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Minimal trades and Kunz posets

How can one recover minimal trade structure from the Kunz poset?

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;
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Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset? \

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;

S =(10, ap, as, as)
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Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset? \

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;

S =(10, ap, as, as)

“inner” trade at ag:
(0,0,2,0) ~(0,1,0,1)
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Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset? \

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;

S =(10, ap, as, as)

“inner” trade at ag:
(0,0,2,0) ~(0,1,0,1)

Candidates for “outer” trades:
(0,0,2,1), (0,1,0,2),
(0,0,0,3), (0,2,0,0)
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Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset? \

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;

S =(10, ap, as, as)

ze “inner” trade at ag:

(0,0,2,0) ~(0,1,0,1)

Candidates for “outer” trades:
(0,0,2,1), (0,1,0,2),
(0,0,0,3), (0,2,0,0)
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Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset? \

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;

S =(10, ap, as, as)

ze “inner” trade at ag:

(0,0,2,0) ~(0,1,0,1)

Candidates for “outer” trades:
(0,0,2,1), (0,1,0,2),
(0,0,0,3), (0,2,0,0)
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Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset? \

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;

S= <107 a2, as, a4>

ze “inner” trade at ag:

(0,0,2,0) ~(0,1,0,1)

Candidates for “outer” trades:
(0,0,2,1), (0,1,0,2),

(0,0,0,3), (0,2,0,0)

Moral: use sets of factorizations,
avoids overcounting minimal trades
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Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset? \

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;

S= <107 a2, as, a4>

ze “inner” trade at ag:

(0,0,2,0) ~(0,1,0,1)

Candidates for “outer” trades:
(0,0,2,1), (0,1,0,2),

(0,0,0,3), (0,2,0,0)

Moral: use sets of factorizations,
avoids overcounting minimal trades

0: {(0,0,2,1),(0,1,0,2)}
2:{(0,0,0,3)}, 4: {(0,2,0,0)}
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Minimal trades and Kunz posets

How can one recover minimal trade structure from the Kunz poset?

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;
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Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset? \

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;

5 = <6’77879>
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Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset? \

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;

5 = <6’77879>

“inner” trade at as:
T (0,0,2,0) ~ (0,1,0,1)
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Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset? \

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;

5 = <6’ 77 87 9>
e “inner” trade at as:
18 5 (0,0,2,0) ~ (0,1,0,1)
candidate for “outer” trade:
1 (0,0,2,1) € Z(25)
0
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Minimal trades and Kunz posets
How can one recover minimal trade structure from the Kunz poset? \

Key fact: each trade occurs at a; + n; for some a; € Ap(S), generator n;

5 = <6’ 77879>

0e " .,
inner” trade at ag:
18 5 (0,0,2,0) ~ (0,1,0,1)
candidate for “outer” trade:
1 (0,0,2,1) € Z(25)
0 No trades in Z(25):

{(0,0,2,1),(0,1,0,2),(3,1,0,0)}
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The main theorem

Definition

An outer Betti element of a Kunz poset P is a set B of factorizations with
connected factorization graph and B — e; = Z(a;) for each i € supp(B).
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The main theorem

Definition
An outer Betti element of a Kunz poset P is a set B of factorizations with
connected factorization graph and B — e; = Z(a;) for each i € supp(B).

S= <107 as, as, 34>
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The main theorem

Definition
An outer Betti element of a Kunz poset P is a set B of factorizations with
connected factorization graph and B — e; = Z(a;) for each i € supp(B).

S= <107 as, as, 34>

_gaoz%xame}

e = {(0,0,0,2)} = Z(a5)

—@ {(0,0,1,1)} = Z(a7)

— €4 = {(07 0,2, O)a (07 1,0, 1)}
Z(ap)
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The main theorem

Definition
An outer Betti element of a Kunz poset P is a set B of factorizations with
connected factorization graph and B — e; = Z(a;) for each i € supp(B).

S = (10, ap, az, as) 5=1(6,7,8,9) .
( 0

_gaoz%xame}

e = {(0,0,0,2)} = Z(a5)

—@ {(0,0,1,1)} = Z(a7)

— €4 = {(07 0,2, O)a (07 1,0, 1)}
Z(ap)
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The main theorem

Definition
An outer Betti element of a Kunz poset P is a set B of factorizations with
connected factorization graph and B — e; = Z(a;) for each i € supp(B).

S = (10, ap, az, as) 5=1(6,7,8,9)
¢ 2 0e
®4 5
2
0
- {(070327 ]-) (07 ]-aO 2)} —
— e = {(0’ 0,0 2)} Z( ) B= {(070721 1)}?
—e3=1{(0,0,1,1)} = Z(ay7)
— €4 = {(07 072 ) (07 17 1)}
Z(ap)
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The main theorem

Definition
An outer Betti element of a Kunz poset P is a set B of factorizations with
connected factorization graph and B — e; = Z(a;) for each i € supp(B).

S = (10, ap, az, as) 5=1(6,7,8,9)
¢ 20 0e
o4 5
2
0
={(0,0,2,1),(0,1,0,2)} B = {(0,0,2,1)}?
B—e {(0,0,0,2)} = Z(ag) e PPN ' J
_ ez {(07 0, 1’ 1)} _ Z(aj) B 4 — {(0707270)} g Z( 4)
— e = {(O, 0,2,0),(0,1,0,1)}
Z(as)
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¢ 2 0e
®4 5
2
0
- {(070327 1)7 (07 1,0,2)} B = {(0 0.2 ]_)}?
B — e ={(0,0.0,2)} = Z(as) PSRN ]
_ ez {(07 0’ 1’ 1)} _ Z(aj) B 4 — {(0707270)} g Z( 4)
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The main theorem

Definition
An outer Betti element of a Kunz poset P is a set B of factorizations with
connected factorization graph and B — e; = Z(a;) for each i € supp(B).

S = (10, ap, az, as) 5=1(6,7,8,9)
¢ 2@ 0e
el 5
2
0
- {(070327 1)7 (07 1,0,2)} B = {(0 0.2 ]_)}?
B — e ={(0.0,0,2)} = Z(as) PR .
_ ez {(07 0’ 1’ 1)} _ Z(aj) B 4 — {(0707270)} g Z( 4)
—ey = {(O, 0,2,0),(0,1,0,1)} B ={(0,0,2,1),(0,1,0,2)}7?
(36) B—e= {(anv L, 1)} g Z(ai)
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The main theorem

Definition

An outer Betti element of a Kunz poset P is a set B of factorizations with
connected factorization graph and B — e; = Z(a;) for each i € supp(B).
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The main theorem

Definition

An outer Betti element of a Kunz poset P is a set B of factorizations with
connected factorization graph and B — e; = Z(a;) for each i € supp(B).

Theorem (Gomes—O.-Torres Davila)

If S has Kunz poset P, each minimal trade of S not ocurring in Ap(S)
contains a factorization from a distinct outer Betti element of P.

In particular, if S, S' have identical Kunz poset, then S and S’ have the
same number of minimal trades.

A\
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An outer Betti element of a Kunz poset P is a set B of factorizations with
connected factorization graph and B — e; = Z(a;) for each i € supp(B).

Theorem (Gomes—O.-Torres Davila)

If S has Kunz poset P, each minimal trade of S not ocurring in Ap(S)
contains a factorization from a distinct outer Betti element of P.

In particular, if S, S' have identical Kunz poset, then S and S’ have the
same number of minimal trades.

A\

Bonus: new tool for classifying minimal presentations
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The main theorem

Definition

An outer Betti element of a Kunz poset P is a set B of factorizations with
connected factorization graph and B — e; = Z(a;) for each i € supp(B).

Theorem (Gomes—O.-Torres Davila)

If S has Kunz poset P, each minimal trade of S not ocurring in Ap(S)
contains a factorization from a distinct outer Betti element of P.

In particular, if S, S' have identical Kunz poset, then S and S’ have the
same number of minimal trades.

A\

Bonus: new tool for classifying minimal presentations
B1(ls) = # minimal trades < (7)
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The main theorem

Definition

An outer Betti element of a Kunz poset P is a set B of factorizations with
connected factorization graph and B — e; = Z(a;) for each i € supp(B).

Theorem (Gomes—O.-Torres Davila)

If S has Kunz poset P, each minimal trade of S not ocurring in Ap(S)
contains a factorization from a distinct outer Betti element of P.

In particular, if S, S' have identical Kunz poset, then S and S’ have the
same number of minimal trades.

A\

Bonus: new tool for classifying minimal presentations
B1(ls) = # minimal trades < (7)

Form=4, pi(ls) €{1,2,3,6}

Form=5, p(i(ls)€{1,2,3,5,6,10}

For m=6, pi(ls) € {1,2,3,4,5,6,9,10,15}
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Achievable minimal presentation cardinalities

Given the multiplicity m = m(S) and k = # minimal generators of a
numerical semigroup S, what can S1(/s) = # minimal trades be?
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Achievable minimal presentation cardinalities

Given the multiplicity m = m(S) and k = # minimal generators of a
numerical semigroup S, what can S1(/s) = # minimal trades be?

m

3 [3]

4 [2]3 [6 ]

5 [2]3 56 [10]

6 [2]3]+]5]6 9 [10 [15]

7 23567 s ][9]0 11[15 [21]

8 (234567 8]0 10]11] [13]14]15 2021

9 (23156789 [w0]]2[13]1L[15]1s 19]20]21

10 23256789 [to|ir]1z|13]14]15[16]| [18]19]20]21]22

1 23 a5 6789 w1123 [1a[1516[17[18][19]20]21 [22 25
12 [2 3256|789 |to|an]1z|13]14[15 16 [17]18]19 2021 [22]23]24]25
13 (23] 4[5 (67 8]0 1o 2[1s[14[15[16[17[18[19]20]21[22]23 2425
14 [2 3256|789 [to|an]1z|13]14[15 16 [17]18]19 20|21 [22]23 2425
15 [2 ]3] 4[5 (67 8]0 1o 2[1a[1415[16[17[18[19]20]21[22]23 2425
1 (23256789 [ro1n|1z]13]14]15] 16 [17[18[19]20]21]22]23]24 ] 25
17 [2]3 4[5 678 ]9 o[ 2[1a[1a1s 1617 [18[19]20]21[22]23 2425
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Achievable minimal presentation cardinalities

Given the multiplicity m = m(S) and k = # minimal generators of a
numerical semigroup S, what can S1(/s) = # minimal trades be?

m
5
71516 9 =7
NEREBE o1
ANBERRBE 21

o 231567 [&]0 21
10 23 [a]5]s7 8]0 2122
N2 (34567 8]9] 21[22 %
12 |23 2567 89 [t0]11]12[13[14[15 [T6|17| 181920 21222324 25
13 232567 [ o)1 1[12[T3[14]15 1617 |18 |19] 2021 [22 B3| 24|25
14 |23 2567 |5 |9to[11]12]13 ] 15 16]17] 181920 21 [B2| 23 24| 25
15 2|3 2567 |8 [910[11[12[T3[14 T5] 16171819 [20][2T 22]23 24|25
16 |2 | 3256|789 [toj1L]rz]13]14[15 [16[17]18]19]20 | 21] 22|23 [24] 25
17 2 3N E 5 o7& o [ton 2131415 [16 [ 17]18 [19] 20 |21 [22 23] 24] 25
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Achievable minimal presentation cardinalities

Given the multiplicity m = m(S) and k = # minimal generators of a
numerical semigroup S, what can S1(/s) = # minimal trades be?

m

3 3

4 [Z]3] k=5

5 123 [5](6] 0

6 |2[3 4|56 9|10 15, k=T

7 23|15 659w 11[15 20

8 |23 4[5 (67 s]v[ro[1T] [i5]14]15] 20]21

9 (2315 [6]7 [s]]9 [w0[itfr2]1s]11[15[T6 192021

10 | 2|3 [4[5 6|7 89 [to|ar|Tz]13[14[15]16]| [TS]19]20[21[22

M |2 (3456|780 |to[[12[13]14[15 16 [T7]18[19]20 21 |22 %

12 |2 |3 [4]5 6789 [10[11[12[1314[15 1817 [18]19 2021 22 [Z3]24] 25

13 |2 |3 [ 45 [6]7 8| o|to[1112[T3[Ta|i5 16|17 |18[19] 2021 22 25| 245

14 |2 |3 [4]5 67 |5]9[10[11]12[13[TT|15 16|17 [18[19]20 |21 [22]23[24] 25

15 |2 |3 [ 4567 |80 [10[11[12|T3|14[T5]16[17 1819|2021 22|23 2425

16 |2 325 (67|89 [t0]tL]rz|13 (1415 1617|1819 [20| 20|22 [23]24]25

17 |23 [a s (o7 (8o o[ |r2[13[14[T5 [T6[T7] 18 [19]20 |21 22|23 24]25
Well known: 31(S) < (), with equality if and only if k = m

if k =3, then 51(S) =2,3
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Achievable minimal presentation cardinalities

Given the multiplicity m = m(S) and k = # minimal generators of a
numerical semigroup S, what can S1(/s) = # minimal trades be?

m

3 3

4 [Z]3] =5

5 2]3] [5 10

6 |2[3]%|5 9|10 k=T

7 23|15 6|59t 20

8 (2|3 a5 6789|1011 3021

9 (2315 [6]7 [s]]9 [t0[itfr2]1s]11[15[16 792021

10 |2 |3 4[5 |67 8|09 [10]iT|12|13[14[15 16| [S]19]20 [21[72

M |2 (34567 8]0 ]t0[1[12[13]14[15[16 [T7]18]19]20 2122 [25]

12 |2 |3 [4]5 67|89 (10[11[12[13[14[15 1817|1819 |20 2122 [Z3]24] 25

13 |23 (45 [6]7 & |ono[n[12[T3[Ta)i5[16 |17 |18[19]20[21[22 [23| 24 |5

14 |2 |3 [4]5 67 |5]9[10[11[12[13 [TT|15 16|17 [18[19]20 [2L |22 |23 [24] 25

15 |23 (45 [6]7 | 8|o10[n[12[T3|14[T5]16 |17 [18]19 2021|2223 [24]25

16 (2|3 T(5 6|7 |s |9 [rof1r|iz(131415[16[17[18]10 |70 [21|22][23]24[25

17 |23 A s e 7 &[0 o[ i2[13[T4[T5]16 |17 18 [19]20 21 [22|23[ 2425
Prior work: a family has $1(S) = (%) for 3 < k < m (Rosales)

if r=m—k <2, then 51(S) € [(g) —r, (2)] (GS-R)
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Achievable minimal presentation cardinalities

Given the multiplicity m = m(S) and k = # minimal generators of a
numerical semigroup S, what can S1(/s) = # minimal trades be?

3 3
4 [Z]3] =5

5 23| [5

6 |2[3[|4]5]6 k=T
AR NEREE 20

8 (2|3 |a]5(6]7[s 20] 21

9 2|3 15673 192021

10 |2|3[4(5]6[7[8 15[19[20[21[22
N2 (3[4fF(6[7]8 7] 18]19 2021 22|
12 |2|3[4|5(6[7[8 17[18[19[20]21 2223
132 335672 17[18[19]20]21[22
14 (2|3 4|5][6 (7|89 |10[11[12[13[T4|15 16 17[18[19]20]21 22
15 2|3 (4567 |80 [0[n12[T3[14[A5]16]17[18]19 20212
16 |2 |3 T[5[6[7 |8 |9 [10[1r|12|13]14[15[16]17[18[19 [E0 (2122
17 | 2|34 [5[6]7 &[0 [10[11|12[13[14[15 16 (17|18 [19]20[21 [22]28

Using Kunz posets: a family hits each 31(S) € [(5

forr=m—-—k<k-2

k

)_

a family hits 81(S) = (%) + 1 for each m > k +3
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Achievable minimal presentation cardinalities

Given the multiplicity m = m(S) and k = # minimal generators of a
numerical semigroup S, what can S1(/s) = # minimal trades be?

m

3 3

4 [2]3] =5

5 23| [5 0

6 |2[3[+[5]6 9|10 15 k=T

AR NEAE BRI 11[15. 21

8 | 2|3 4|5 67|89 [t0[a0] [i3(14[15 2021

9 | 2|3 [ ([5[6]7 89 [w]it|iz|13[11][i5[16 19]20[21

10 |2 |3[4(5]6|7[8[9[10[iT|12|13[14[15 16| [T8[19]20[21[32

123456 |78 [9]|to]11[12[13[14]15[16 [T7]18[19]20 21 22|

12 |23 2]5 67 [8|9(10]11[12]13[14][15 [T6 17 18]19[20[21[22[23

13 |2 335 672|910 [12[T3[T4T5 16|17 [18]19]20]21 22

14 (2|3 4|5][6 (7|89 |10[11[12[13[T4|15 16 17[18[19]20]21 22

15 2|3 (4567 |80 [0[n12[T3[14[A5]16]17[18]19 20212

16 |2 |3 T[5[6[7 |8 |9 [10[1r|12|13]14[15[16]17[18[19 [E0 (2122

17 | 2|34 [5[6]7 &[0 [10[11|12[13[14[15 16 (17|18 [19]20[21 [22]28
Bounds from Kunz posets: 31(S) > (é)—r, where r = m—k

if m— k=3, then 51(S) € [(5) — 3, (¥) + 1]
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Achievable minimal presentation cardinalities

Given the multiplicity m = m(S) and k = # minimal generators of a
numerical semigroup S, what can S1(/s) = # minimal trades be?

m

3 [3]

4 [2]3 G

5 [2]3 5 6 [10]

6 [2[3]%|5]6 0 [10 [15]

7 23l [5 e s]o]w 11[15 [21]

8 [2)3]4]5[6[7[8]o[tofnn] [13]a4]15 20[21

9 [2]3 (0[5 [6 7 &9 [w0[i]i2[s[ii]i5]1s 19[20]21

10 [2]38]4a5][67[s]9 [o]n1]12[13]14]15]16] [18[19]20]21[22

1 [2]3[4[5]6[7 &[0 [to[n[12[13[14[15[16]17[18[19]20[21[22 [25]
12 (2|3 [a[5]6[7 8|9 [1o[11]r2]13]14]15[16]17[18[10]20]21]22]23]24]25
13 (23] 4[5 67 8 [9o[n[12[13[14[15 1617 [18]19]20]21[22[23]24]25
14 [2]3]a[5]6[7[8[91o[11]12]13]14]15[16]17[18[10]20]21]22]23]24]25
15 [2 |3 [4[5 67 & [910[n[12[13[14[15 1617 [18]19]20]21[22[23]24]25
16 [2]3[4[5]6[7[s]9[to]11]12]13]14]15]16[17]18]19]20]21[22]23]24]25
17 [2]3 2[5 678 ]9 [101[12][13[14[15 16 [17[18[19]20]21 22|23 2425

One more family: for k = 4, achieves each 31(S) with (31(S) — 2)? < 4m
conjectured to achieve every possible 81(S) for k = 4
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