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Numerical semigroups

Definition

A numerical semigroup S C Z>q: closed under addition.
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Numerical semigroups

Definition

A numerical semigroup S C Z>q: closed under addition.

McN = (6,9,20) = {0,6,9,12,15,18,20,...}. “McNugget Semigroup”
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Numerical semigroups

Definition

A numerical semigroup S C Z>q: closed under addition.

McN = (6,9,20) = {0,6,9,12,15,18,20,...}. “McNugget Semigroup”
Factorizations:
60 = 7(6) + 2(9)
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Numerical semigroups

Definition

A numerical semigroup S C Z>q: closed under addition.

McN = (6,9,20) = {0,6,9,12,15,18,20,...}. “McNugget Semigroup”
Factorizations:
60 = 7(6) + 2(9)
= 3(20)
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Numerical semigroups

Definition

A numerical semigroup S C Z>q: closed under addition.

McN = (6,9,20) = {0,6,9,12,15,18,20,...}. “McNugget Semigroup”
Factorizations:

60 = 7(6) + 2(9) ~ ( )

= 3(20) ~ (0,0,3)
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Factorization leng

Fix a numerical semigroup S = (n1,..., nk) and an element n € S.
A factorization a = (ay,...,ax) € Z5, of n

n=ayny +---+ axng
has length

‘a’:al_i_..._i_ak.
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Factorization length

Fix a numerical semigroup S = (n1,..., nk) and an element n € S.
A factorization a = (ay,...,ax) € Z5, of n

n=ayny +---+ axng

has length
‘a’ :31+"'+3k-

All factorizations of 60 € (6,9, 20):
(10,0,0),(7,2,0),(4,4,0),(1,6,0),(0,0,3)
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Factorization length

Fix a numerical semigroup S = (n1,..., nk) and an element n € S.
A factorization a = (ay,...,ax) € Z5, of n

n=ayny +---+ axng
has length
‘3’131‘1‘"'4—3/(-

Example

All factorizations of 60 € (6,9, 20):

(10,0,0),(7,2,0),(4,4,0),(1,6,0),(0,0,3)
Lengths: 3,7,8,9, 10.
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Factorization length

Fix a numerical semigroup S = (n1,..., nk) and an element n € S.
A factorization a = (ay,...,ax) € Z5, of n

n=ayny +---+ axng
has length
‘3’131‘1‘"'4—3/(-

Example

All factorizations of 60 € (6,9, 20):
(10,0,0),(7,2,0),(4,4,0),(1,6,0),(0,0,3)

Lengths: 3,7,8,9, 10.

All factorizations of 1000001:
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Factorization length

Fix a numerical semigroup S = (n1,..., nk) and an element n € S.
A factorization a = (ay,...,ax) € Z5, of n

n=ayny +---+ axng
has length
‘3’131‘1‘"'4—3/(-

Example

All factorizations of 60 € (6,9, 20):
(10,0,0),(7,2,0),(4,4,0),(1,6,0),(0,0,3)

Lengths: 3,7,8,9, 10.

All factorizations of 1000001:

9 ooog
~—_—— —_———
shortest longest

Christopher O'Neill (SDSU) Numerical semigroups and t-norms of factoriz November 10, 2023 3/18



Factorization length

Fix a numerical semigroup S = (n1,..., nk) and an element n € S.
A factorization a = (ay,...,ax) € Z5, of n

n=ayny +---+ axng
has length
‘3’131‘1‘"'4—3/(-

Example

All factorizations of 60 € (6,9, 20):
(10,0,0),(7,2,0),(4,4,0),(1,6,0),(0,0,3)

Lengths: 3,7,8,9, 10.

All factorizations of 1000001:

(2,1,49999)
—_—— —_——
shortest longest

)
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Factorization length

Fix a numerical semigroup S = (n1,..., nk) and an element n € S.
A factorization a = (ay,...,ax) € Z5, of n

n=ayny +---+ axng
has length
‘3’131‘1‘"'4—3/(-

Example
All factorizations of 60 € (6,9, 20):
(10,0,0),(7,2,0),(4,4,0),(1,6,0),(0,0,3)
Lengths: 3,7,8,9, 10.
All factorizations of 1000001:
(2,1,49999), ..., (166662,1,1)
NI NI

shortest longest
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Numerical semigroups (a geometric viewpoint)

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Z(n) = {an’éO ; ”:31”1+'“+aknk}
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Numerical semigroups (a geometric viewpoint)

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Z(n) = {an’éO ; ”:31”1+'“+aknk}

A geometric viewpoint: non-negative integer solutions to linear equations.
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Numerical semigroups (a geometric viewpoint)

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.

Z(")Z{aGZ'§01"=31n1+---+aknk}

A geometric viewpoint: non-negative integer solutions to linear equations.

Example: S = (6,9,20), n = 60.
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Numerical semigroups (a geometric viewpoint)

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.

Z(")Z{aEZ'§01"=31n1+---+aknk}

A geometric viewpoint: non-negative integer solutions to linear equations.

Example: S = (6,9,20), n = 60.

“ 2(60) = {a € 2!, : 60 = 6a + 92, + 2023 }
Q
Q
R
R a1
a3
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Numerical semigroups (a geometric viewpoint)

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.

Z(")Z{aEZ'§01"=31n1+---+aknk}

A geometric viewpoint: non-negative integer solutions to linear equations.

Example: S = (6,9,20), n = 60.

“ 2(60) = {a € 2!, : 60 = 6a + 92, + 2023 }

{1,6,0)

a

(10,0, 0)

a3
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Factorization lengths (a geometric viewpoint)

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Z(n): {an’éO : n=31n1+"‘+aknk}
a:(al,...,ak)eZ’éo ~ la| = a1 + - - + ax
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Factorization lengths (a geometric viewpoint)

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Z(n): {an’éO : "231n1+~‘+aknk}
a:(al,...,ak)eZ’éo ~ la| = a1 + - - + ax

A geometric viewpoint: discrete optimization
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Factorization lengths (a geometric viewpoint)

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Z(n): {an’éO : "231n1+"‘+aknk}
a:(al,...,ak)eZgo > la| =a1 4+ + ak

A geometric viewpoint: discrete optimization
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Factorization lengths (a geometric viewpoint)

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Z(n) = {an’éO : n:aln1+--‘+aknk}
a=(ay,...,a) € Z&, s la| = a4+ ak
A geometric viewpoint: discrete optimization

|a| = ||la]|1 (the ¢1-norm)
az

ay

as

Christopher O'Neill (SDSU) Numerical semigroups and t-norms of factoriz November 10, 2023 5/18



Factorization lengths (a geometric viewpoint)

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Z(n): {an’éO : "231n1+"‘+aknk}
a:(al,...,ak)eZ’go > la| =a1 4+ + ak

A geometric viewpoint: discrete optimization
|a| = ||la]|1 (the ¢1-norm)

2 extremal lengths near boundary
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What's so special about the #;-norm?

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Z(n) = {an’éO ; ”:31”1+'“+aknk}
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What's so special about the #;-norm?

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Z(n) = {an’éO ; n:31n1+...+aknk}

Given t € [1,00), the t-norm of a factorization a € Z(n) is defined as
lalle = (af + - -~ + af)"/*
Additionally, define

lalo=#{i:a;>0}  and  ||a]le = max(ay,...,a)
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What's so special about the #;-norm?

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Z(n) = {an’éO ; n:31n1+...+aknk}

Definition
Given t € [1,00), the t-norm of a factorization a € Z(n) is defined as

lalle = (af + -+ af)"/*

Additionally, define
lalo=#{i:a;>0}  and  ||a]le = max(ay,...,a)

In discrete optimization: a big deal
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What's so special about the #;-norm?

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Z(n) = {an’éO ; n:31n1+...+aknk}

Definition

Given t € [1,00), the t-norm of a factorization a € Z(n) is defined as

lalle = (af + -+ af)"/*

Additionally, define

lalo=#{i:a;>0}  and  ||a]le = max(ay,...,a)

In discrete optimization: a big deal
In factorization theory: virtually untouched for t # 1!
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What's so special about the #;-norm?

Fix a numerical semigroup S = (n1,...,nx) C Z>o.
Z(n) = {an’éO ; n231”1+"‘+3knk}

Definition

Given t € [1,00), the t-norm of a factorization a € Z(n) is defined as
lalle = (af + - -~ + af)"/*
Additionally, define

lalo=#{i:a;>0}  and  ||a]le = max(ay,...,a)

In discrete optimization: a big deal
In factorization theory: virtually untouched for t # 1!

REU Question

Which results for “classical” factorization length (i.e., for t = 1)
extend/generalize to other t-norms?
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Extremal factorization length

Let S=(n,...,nk). Forne S, let
L(n)={ai1+---+ak:n=ain + -+ akny}
denotes the length set of n, and
M(n) = max L(n) and
m(n) = min L(n)
denote the maximum and minimum factorization lengths of n.
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Extremal factorization length

Let S=(n,...,nk). Forne S, let
L(n)={ai1+---+ak:n=ain + -+ akny}
denotes the length set of n, and
M(n) = max L(n) and
m(n) = min L(n)
denote the maximum and minimum factorization lengths of n.

@ Max length factorization: lots of small generators

@ Min length factorization: lots of large generators
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Extremal factorization length

Let S=(n,...,nk). Forne S, let
L(n)={ai1+---+ak:n=ain + -+ akny}
denotes the length set of n, and
M(n) = max L(n) and
m(n) = min L(n)
denote the maximum and minimum factorization lengths of n.

@ Max length factorization: lots of small generators

@ Min length factorization: lots of large generators

S =(9,10,21):
M(30) =3  with 30 =3(10)
M(129) = 14 with 129 = 3(10) + 11(9)

v
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Extremal factorization length

Let S=(n,...,nk). Forne S,
M(n) = max L(n) and m(n) = minL(n).
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Extremal factorization length

Let S=(n,...,nk). Forne S,
M(n) = max L(n) and m(n) = min L(n).

Let S = (m,...,nk). For n> 0 (i.e., for n sufficiently large),
M(n+ n1) =1+ M(n)
m(n+ ng) =1+ m(n)
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Extremal factorization length

Let S=(n,...,nk). Forne S,
M(n) = max L(n) and m(n) = min L(n).

Let S = (m,...,nk). For n> 0 (i.e., for n sufficiently large),
M(n+ n1) =1+ M(n)
m(n+ ng) =1+ m(n)
Equivalently, M(n), m(n) are eventually quasilinear:
M(n) = niln + ao(n)
m(n) = nlkn + bo(n)
for periodic functions ag(n), bo(n).

niln—i— if n =0 mod m
M(n) = niln-l- ifn=1mod n
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Extremal factorization length

Let S=(n,...,nk). For n>0,
M(n) = n%n—i—ao(n) m(n) = nikn—i-bo(n)
for periodic ag(n), bo(n).

Christopher O'Neill (SDSU) Numerical semigroups and t-norms of factoriz November 10, 2023 9/18



Extremal factorization length

Let S = (n,...,nk). For n>>0,

M(n) = n%n—i—ao(n) m(n) = nikn—i-bo(n)
for periodic ag(n), bo(n).
S = (6,9, 20):
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Extremal factorization length

Let S = (n,...,nk). For n>>0,

M(n) = n%n—i—ao(n) m(n) = nikn—i-bo(n)
for periodic ag(n), bo(n).
S = (6,9,20):
M(n):S— N m(n): S — N
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Extremal factorization length

Let S = (ny,...,nk). For n > ng(ng_1 — 1),

M(n) = n%n—i—ao(n) m(n) = nikn—i-bo(n)
for periodic ag(n), bo(n).

S =(5,16,17,18,19):
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Extremal factorization length

Let S = (ny,...,nk). For n > ng(ng_1 — 1),

M(n) = n%n—l—ao(n) m(n) = nikn—f-bo(n)
for periodic ag(n), bo(n).
S = (5,16,17,18,19):

ooooooo

m(n): S — N

Christopher O'Neill (SDSU)
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The structure theorem for sets of length

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Ln)={a1+---+ax:n=ainm+---+ aknk}
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The structure theorem for sets of length

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.

Ln)={a1+---+ax:n=ainm+---+ aknk}

Example: S = (5,6,7,8), n =500

N

Iy

n/r;z/4 n/ns n/no
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The structure theorem for sets of length

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Ln)={a1+---+ax:n=ainm+---+ aknk}

Example: S = (5,6,7,8), n = 1000

n/ny n/ns n/no n/ny
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The structure theorem for sets of length

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Ln)={a1+---+ax:n=ainm+---+ aknk}
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The structure theorem for sets of length

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Ln)={a1+---+ax:n=ainm+---+ aknk}

Moral: if n > 0, then L(n) is “almost an interval”
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The structure theorem for sets of length

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Ln)={a1+---+ax:n=ainm+---+ aknk}
Moral: if n > 0, then L(n) is “almost an interval”

e A few lengths might be “missing” from the beginning/end
Example: in S = (5,11,12),
L(182) = {16,17,...,30,31, 34,35}
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The structure theorem for sets of length

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Ln)={a1+---+ax:n=ainm+---+ aknk}
Moral: if n > 0, then L(n) is “almost an interval”

e A few lengths might be “missing” from the beginning/end
Example: in S = (5,11,12),
L(182) = {16,17,...,30,31, 34,35}
@ Parity might force all lengths into a particular equivalence class
Example: in S = (5,7,9),
L(193) = {23, 25,27,29, 31, 33, 35,37}
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The structure theorem for sets of length

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Ln)={a1+---+ax:n=ainm+---+ aknk}
Moral: if n > 0, then L(n) is “almost an interval”
e A few lengths might be “missing” from the beginning/end
Example: in S = (5,11,12),
L(182) = {16,17,...,30,31, 34,35}
@ Parity might force all lengths into a particular equivalence class
Example: in S = (5,7,9),
L(193) = {23, 25,27,29, 31, 33, 35,37}

Theorem (Structure theorem for sets of length)

There exist d,t € Z>1 where for each n > 0, there exist A, A" C [1, t] so
L(n) = {m(n),m(n) +d,...,M(n)} \ ((m(n) + dA") U (M(n) — dA)).

For numerical semigroups, d = gecd(n, — ny,n3 — na, ..., ng — nk—1).
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The structure theorem for sets of length

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Ln)={a1+---+ax:n=ainm+---+ aknk}
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The structure theorem for sets of length

Fix a numerical semigroup S = (n1,..., nx) C Z>o.
Ln)={a1+---+ax:n=ainm+---+ aknk}

Example: S = (5,11,12) and n = 80,81,82,...

(80 [ 81828384 85]86]87]88]89]90]091]092]
14
13
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The structure theorem for sets of length

Fix a numerical semigroup S = (n1,..., nx) C Z>o.
Ln)={a1+---+ax:n=ainm+---+ aknk}

Example: S = (5,11,12) and n = 80,81,82,...

(80 [ 81828384 85]86]87]88]89]90]091]092]

In the structure theorem, when we write
L(n) = {m(n),m(n) +d,...,M(n)} \ ((m(n) + dA") U (M(n) — dA))

the sets A, A’ depend only on the equivalence class of n modulo ny, ny.
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Result 1: extremal t-norms

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Le(n) = {llall¢ : n = a1m + -~ + axni}
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Result 1: extremal t-norms

Fix a numerical semigroup S = (n1,...,nx) C Z>o.
Le(n) = {llall¢ : n = a1m + -~ + axni}

Ift €[1,00], and 1/t +1/q =1, then for n>> 0, we have

M
lim t(n) = i,
n—o00 n n
1
lim () =
n=co (1, -5 ni)llq

(in particular, ¢ = 1 if t = 0o and visa-versa).
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Result 1: extremal t-norms

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Le(n) = {llall¢ : n = a1m + -~ + axni}
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Result 1: extremal t-norms

Fix a numerical semigroup S = (n1,...,nx) C Z>o.
Le(n) = {llallt : n=arm +--- + axni}
(Theorem |
For n> 0, we have
Moo (n+ n1) = Moo(n) + 1,
Moo(N+ n 4 -+ nk) = moo(n) +1
Equivalently, M (n), mso(n) are eventually quasilinear:

,,Lln—l-_ if n=0mod m
Moo (n) = ,,%n-i- ifn=1mod m
mn‘i'_ ifn=0mod (ny + -+ ng)
Moo(n) = mn-l- ifn=1mod (ny + -+ ng)
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Result 1: extremal t-norms

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Le(n) = {llall¢ : n = a1m + -~ + axni}
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Result 1: extremal t-norms

Fix a numerical semigroup S = (n1,...,nx) C Z>o.
Le(n) = {llall¢ : n = a1m + -~ + axni}

For n> 0, we have
ma(n+nd+---+n2)2 =mp(n)2+2n+n?+-- +n.

In particular,

anr n+ ifn=0mod (n}+- -+ n?

L -+ __ n+ ifn=1mod (n? +---+ n?

m2(n)2 = P m——
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Result 2: a structure theorem for sets of oco-length

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Loo(n) = {max(a1,...,ak) : n=ain + -+ axng}
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Result 2: a structure theorem for sets of oco-length

Fix a numerical semigroup S = (n1, ..., nk) C Z>o.
Loo(n) = {max(a1,...,ak) : n=ain + -+ axng}

—— Moo(n, 1)
Variable r o

Region 1 <
— Muo(n1) -
g1 Spacing {

\/arlable . Moe(n,2)

R 2
egion —*—M (n2)— B,

:}31
"
-0 —— My(n,3)
[1.min(e:. &2)] . o
Spacing
—— Mao(n, k)
(—*ﬁ meo(m 1)+ by
R\/arlabl; ) mec(n,1) — Moo(n, 2) + by
egion { ' ma(n,2)
Moo ()
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