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Definition (Numerical monoid)

A numerical monoid S is an additive submonoid of N with |N\ S| < 0.
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delta set

Definition (Numerical monoid)

A numerical monoid S is an additive submonoid of N with |N\ S| < 0.

Fixne S=(nm,...,ng).

n=ainy +---+ agng a:(al,...,ak)eNk
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The delta set

Definition (Numerical monoid)

A numerical monoid S is an additive submonoid of N with |N\ S| < 0.

Fixne S=(nm,...,ng).
n=ainy +---+ agng a:(al,...,ak)eNk

Z(n):{aENk:n:aln1+...+aknk}
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The delta set

Definition (Numerical monoid)

A numerical monoid S is an additive submonoid of N with |N\ S| < 0.

Fixne S=(nm,...,ng).
n=ainy +---+ agng a:(al,...,ak)eNk
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The delta set

Definition (Numerical monoid)

A numerical monoid S is an additive submonoid of N with |N\ S| < 0.

Fixne S=(nm,...,ng).
n=ainy +---—+ aghg a:(al,...,ak)eNk

Z(n):{aENk:n:aln1+...+aknk}
L(n):{’a‘:al+...+ak:aez(n)}

Definition (The delta set)

For L(n) = {l1 < ... </}, define A(n) = {¢; — 4;_1}
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The delta set

Definition (Numerical monoid)

A numerical monoid S is an additive submonoid of N with |N\ S| < 0.

Fixne S=(nm,...,ng).
n=ainy +---—+ aghg a:(al,...,ak)eNk

Z(n):{aENk:n:aln1+...+aknk}
L(n):{’a‘:al+...+ak:aez(n)}

Definition (The delta set)

For L(n) = {l1 < ... </}, define A(n) = {¢; — 4;_1}

Compute A(S) = ,es A(n).
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Computing the delta set of a numerical monoid

Theorem (Chapman—Hoyer—Kaplan, 2000)

S={(m,...,nx). Forn>2knn?, A(n) = A(n+ nyny).
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Computing the delta set of a numerical monoid

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)
S={(m,...,nk). Forn> Ns, A(n) = A(n+ lcm(ny, ny)).
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Computing the delta set of a numerical monoid

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)
S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(nyny)).

For n € S with 0 < n < Ng + lem(ny, nk),
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Computing the delta set of a numerical monoid

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(nyny)).

For n € S with 0 < n < Ng + lem(ny, nk),
compute:

Z(n):{aENk:n:aln1+...+aknk}
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Computing the delta set of a numerical monoid

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(nyny)).

For n € S with 0 < n < Ng + lem(ny, nk),
compute:

Z(n) = {a
Z(n) ~ L

eN n:alnl—i---'—i-aknk}
)=

(n)={a1+---+ax:acZ(n)}
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Computing the delta set of a numerical monoid

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(nyny)).

For n € S with 0 < n < Ng + lem(ny, nk),
compute:

Z(n)={acNfK:n=ain +--+axng}
(n)={a1+---+ac:aecZ(n)}
1<...<l}~A(n)={l;i —¥li1}
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Computing the delta set of a numerical monoid

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(nyny)).

For n € S with 0 < n < Ng + lem(ny, nk),
compute:

Z(n):{aENk:n:aln1+...+aknk}
={a1+ - +a:acZ(n)}
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Computing the delta set of a numerical monoid

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(nyny)).

For n € S with 0 < n < Ng + lem(ny, nk),
compute:
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Computing the delta set of a numerical monoid

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(nyny)).

For n € S with 0 < n < Ng + lem(ny, nk),
compute:

—~Z(n)={acNK:n=ain +--+axng} «
={a1+---+ax:ac”Z(n)}

|Z(n)| = "t
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Computing the delta set of a numerical monoid

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(nyny)).

For n € S with Ns < n < Ng + ny,
compute:

— Z(n):{aeNk n—31n1+"'+3knk} —
(n)={a1+---+ax:ae”Z(n)}
1<...<l}~A(n)={l;i —¥li1}
Compute A(S) =1, A(n).

|Z(n)| = "t
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A solution: dynamic programming

Fixne S=(m,...,ng).
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Fix ne S=(m,...,ny). Foreach i <k,
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,
¢iZ(n—n;)) — Z(n)
a — a+te;
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,
¢iZ(n—n;)) — Z(n)
a — a+te;

S = (6,9,20):
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,
¢iZ(n—n;)) — Z(n)
a — a+te;

S =(6,9,20):
Z(n)
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®
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,
¢iZ(n—n;)) — Z(n)
a — a+te;

S =(6,9,20):
Z(n — 6) /\ Z(n)
o
PY o
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A solution: dynamic programming
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,
¢iZ(n—n;)) — Z(n)
a — a+te;

S = (6,9,20):
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A solution: dynamic programming

k). For each i < k,

FixneS={(n,...,n
¢iZ(n—n;)) — Z(n)
a — a-te;

Z(n) = Uigk ¢i(Z(n — n;))
S5 =(6,9,20):

Z(n — 6) /_\

(n—9 / —_—
R

June 13, 2015 4 /13
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,
¢iZ(n—n;)) — Z(n)
a — a+te;

Z(n) = Uigk ¢i(Z(n — n;))
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,
¢iZ(n—n;)) — Z(n)
a — a+te;
Z(n) = Uigk ¢i(Z(n — n;))

neS=(6,9,20) Z(n) L(n)
0 {0} {0}
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,
¢iZ(n—n;)) — Z(n)
a — a+te;
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,
¢iZ(n—n;)) — Z(n)
a — a+te;
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,
¢iZ(n—n;)) — Z(n)
a — a+te;

Z(n) = Uigk ¢i(Z(n — n;))

neS=(6,9,20) Z(n) L(n)
0 {0} {o}
6 0 «9) e; {el} {1}
9 02e {eo} {1}
12 e > 2e {2e;} {2}
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,
¢iZ(n—n;)) — Z(n)
a — a+te;

Z(n) = Uigk ¢i(Z(n — n;))

neS=(6,9,20) Z(n) L(n)
0 {0} {0}
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,
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neS=(6,9,20) Z(n) L(n)
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,
¢iZ(n—n;)) — Z(n)
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0 {0} {0}
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,
¢iZ(n—n;)) — Z(n)
a — a+te;

Z(n) = Uigk ¢i(Z(n — n;))

neS=(6,9720) Z(n) L(n)

0 {0} {0}

6 02e {e1} {1}

9 02e {eo} {1}

12 e > 2e {2e;} {2}
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,
¢i:Z(n—n;) — Z(n) Yi:L(n—n;) — L(n)
a — a+te;
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,
¢i:Z(n—n;) — Z(n) Yi:L(n—n;) — L(n)
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,
¢i:Z(n—n;) — Z(n) Yi:L(n—n;) — L(n)
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Z(n) = Uigk ¢i(Z(n — n;)) L(n) = Uigk Yi(L(n — n;))
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,
¢i:Z(n—n;) — Z(n) Yi:L(n—n;) — L(n)
a — a+te; £ — 1+1

Z(n) = Uigk ¢i(Z(n — n;)) L(n) = Uigk Yi(L(n — n;))
nesS=(6,9720) L(n)
0 {0}
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12
15

18

20
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,

¢i:Z(n—n;) — Z(n) Yi:L(n—n;) — L(n)
a — a+te; £ — 1+1

Z(n) = Uigk ¢i(Z(n — n;)) L(n) = Uigk Yi(L(n — n;))

nesS=(6,9720) L(n)

0 {0}

6 {1y 021

9

12

15

18

20

Christopher O'Neill (Texas A&M University) Computing the delta set and w-primality in n June 13, 2015 4 /13




A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,

¢i:Z(n—n;) — Z(n) Yi:L(n—n;) — L(n)
a — a+te; £ — 1+1

Z(n) = Uigk ¢i(Z(n — n;)) L(n) = Uigk Yi(L(n — n;))
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,

¢i:Z(n—n;) — Z(n) Yi:L(n—n;) — L(n)
a — a+te; £ — 1+1

Z(n) = Uigk ¢i(Z(n — n;)) L(n) = Uigk Yi(L(n — n;))
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,

¢i:Z(n—n;) — Z(n) Yi:L(n—n;) — L(n)
a — a+te; £ — 1+1
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,

¢i:Z(n—n;) — Z(n) Yi:L(n—n;) — L(n)
a — a+te; £ — 1+1
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,

¢i:Z(n—n;) — Z(n) Yi:L(n—n;) — L(n)
a — a+te; £ — 1+1
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,
¢i:Z(n—n;) — Z(n) Yi:L(n—n;) — L(n)
a — a+te; £ — 1+1
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,
¢i:Z(n—n;) — Z(n) Yi:L(n—n;) — L(n)
a — a+te; £ — 1+1
Z(n) = Uigk ¢i(Z(n — n;)) L(n) = Uigk Yi(L(n — n;))
nesS=(6,9720) L(n)
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A solution: dynamic programming

Fix ne S=(m,...,ny). Foreach i <k,
¢i:Z(n—n;) — Z(n) Yi:L(n—n;) — L(n)
a — a+te; £ — 1+1
Z(n) = Uigk ¢i(Z(n — n;)) L(n) = Uigk Yi(L(n — n;))
nesS=(6,9720) L(n)
0 {0}
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Computing the delta set dynamically

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)
S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(ny1, nk)).
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Computing the delta set dynamically

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(ny1, nk)).

For n € S with 0 < n < Ns + lem(ny, nk),
compute:
Z(n)={aecNK:n=an +--+axny}
Z(n) ~ L(n)
L(n) ~ A(n)
Compute A(S) =1, A(n).
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Computing the delta set dynamically

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(ny1, nk)).

For n € S with 0 < n < Ns + lem(ny, nk),
compute:
L(n—x) ~ L(n)
L(n) ~ A(n)
Compute A(S) =1, A(n).
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Computing the delta set dynamically

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(ny1, nk)).

For n € S with 0 < n < Ns + lem(ny, nk),
compute:
L(n—x) ~ L(n)
L(n) ~ A(n)
Compute A(S) =1, A(n).

This is significantly faster!
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Computing the delta set dynamically

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(ny1, nk)).

For n € S with 0 < n < Ns + lem(ny, nk),
compute:
L(n—x) ~ L(n)
L(n) ~ A(n)
Compute A(S) =1, A(n).

This is significantly faster!

Z(n)] =
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Computing the delta set dynamically

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(ny1, nk)).

For n € S with 0 < n < Ns + lem(ny, nk),
compute:
L(n—x) ~ L(n)
L(n) ~ A(n)
Compute A(S) =1, A(n).

This is significantly faster!

|Z(n)|
IL(n)]

nkfl

Q
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Runtime comparison
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http://www.gap-system.org/Packages/numericalsgps.html

Runtime comparison

S Ns A(S) Existing Dynamic
(7,15, 17,18, 20) 1935 {1,2,3} Im 285 146ms
(11,53,73,87) 14381  {2,4,6,8,10,22} Om 49s 2.5s
(31,73,77,87,91) 31364 {2,4,6} 400m 12s 4.2s
(100,121,142, 163, 284) 24850 {21} Om 3.6s
(1001,1211,1421,1631,2841) 2063141 {10, 20,30} — 1m 56s
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http://www.gap-system.org/Packages/numericalsgps.html

Runtime comparison

S Ns A(S) Existing Dynamic
(7,15, 17,18, 20) 1935 {1,2,3} Im 285 146ms
(11,53,73,87) 14381  {2,4,6,8,10,22} Om 49s 2.5s
(31,73,77,87,91) 31364 {2,4,6} 400m 12s 4.2s
(100,121,142, 163, 284) 24850 {21} Om 3.6s
(1001,1211,1421,1631,2841) 2063141 {10, 20,30} — 1m 56s

GAP Numerical Semigroups Package, available at
http://wuw.gap-system.org/Packages/numericalsgps.html.
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w-primality

As usual, n€ S = (n,...,ng).
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As usual, n€ S = (n,...,ng).

Definition (w-primality)

i1Xi)—negSforr>m,
there exists T C {1,...,r} with |[T| < mand (3 ;c7x)—n€S.

ws(n) is the minimal m such that whenever (3
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As usual, n€ S = (n,...,ng).

Definition (w-primality)

ws(n) is the minimal m such that whenever (3-7_; x;) —n€ S for r > m,
there exists T C {1,...,r} with |[T| < mand (3 ;c7x)—n€S.

v

A bullet for n € S is a tuple b = (by, ..., br) € N such that

(i) byny +---+ bxknk —n € S, and

(i) binm +---+ (b —1)n;j + -+ + bxng — n ¢ S for each b; > 0.
The set of bullets of n is denoted bul(n).
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w-primality

As usual, n€ S = (n,...,ng).

Definition (w-primality)

ws(n) is the minimal m such that whenever (3-7_; x;) —n€ S for r > m,
there exists T C {1,...,r} with |[T| < mand (3 ;c7x)—n€S.

Definition
A bullet for n € S is a tuple b = (by, ..., br) € N such that
(i) byny +---+ bxknk —n € S, and
(ii) by +---+(bi —1)nj+---+ bgnk — n ¢ S for each b; > 0.
The set of bullets of n is denoted bul(n).

| A

Proposition
ws(n) = max{|b| : b € bul(n)}.
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Using bullets to compute w-primality

Algorithm: Compute bul(n), then compute w(n) = max{|b| : b € bul(n)}.
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Using bullets to compute w-primality

Algorithm: Compute bul(n), then compute w(n) = max{|b| : b € bul(n)}.

S = (6,9,20) = {0,6,9,12,15,18,20,21,...}.
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Using bullets to compute w-primality

Algorithm: Compute bul(n), then compute w(n) = max{|b| : b € bul(n)}.

S =(6,9,20) ={0,6,9,12,15,18,20,21,...}. “McNugget Monoid”
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Using bullets to compute w-primality

Algorithm: Compute bul(n), then compute w(n) = max{|b| : b € bul(n)}.

S =(6,9,20) ={0,6,9,12,15,18,20,21,...}. “McNugget Monoid”
bul(60) = {(4,4,0),(7,2,0),(10,0,0),(1,6,0),(0,8,0),(0,0,3)}
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Using bullets to compute w-primality

Algorithm: Compute bul(n), then compute w(n) = max{|b| : b € bul(n)}.

S =(6,9,20) ={0,6,9,12,15,18,20,21,...}. “McNugget Monoid”
bul(60) = {(4,4,0),(7,2,0),(10,0,0),(1,6,0),(0,8,0),(0,0,3)}
8-9-60=12¢S
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Using bullets to compute w-primality

Algorithm: Compute bul(n), then compute w(n) = max{|b| : b € bul(n)}.

S =(6,9,20) ={0,6,9,12,15,18,20,21,...}. “McNugget Monoid”
bul(60) = {(4,4,0),(7,2,0),(10,0,0),(1,6,0),(0,8,0),(0,0,3)}

8-9-60=12€5S
7-9-60=3¢5
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Using bullets to compute w-primality

Algorithm: Compute bul(n), then compute w(n) = max{|b| : b € bul(n)}.

S =(6,9,20) ={0,6,9,12,15,18,20,21,...}. “McNugget Monoid”
bul(60) = {(4,4,0),(7,2,0),(10,0,0),(1,6,0),(0,8,0),(0,0,3)}

8-9-60=12€5S
7-9-60=3¢5

= (0,8,0) € bul(60)
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Using bullets to compute w-primality

Algorithm: Compute bul(n), then compute w(n) = max{|b| : b € bul(n)}.

S =(6,9,20) ={0,6,9,12,15,18,20,21,...}. “McNugget Monoid”
bul(60) = {(4,4,0),(7,2,0),(10,0,0),(1,6,0),(0,8,0),(0,0,3)}

8-9-60=12€5S
7-9-60=3¢5

1-6+6-9-60=0€S

= (0,8,0) € bul(60)
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Using bullets to compute w-primality

Algorithm: Compute bul(n), then compute w(n) = max{|b| : b € bul(n)}.

S =(6,9,20) ={0,6,9,12,15,18,20,21,...}. “McNugget Monoid”
bul(60) = {(4,4,0),(7,2,0),(10,0,0),(1,6,0),(0,8,0),(0,0,3)}
8-9-60=12¢S
7.9-60=3¢S
1-6+6-9-60=0€ S
6-9-60=-6¢S5

= (0,8,0) € bul(60)
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Using bullets to compute w-primality

Algorithm: Compute bul(n), then compute w(n) = max{|b| : b € bul(n)}.

S =(6,9,20) ={0,6,9,12,15,18,20,21,...}. “McNugget Monoid”

bul(60) = {(4,4,0),(7,2,0),(10,0,0), (1,6,0), (0,8,0), (0,0,3)}
8:9-60=12€5S
7-9-60=3¢5
1-64+6-9-60=0€S

6-9-60=-6¢S
1.64+5-9-60=-9¢S

= (0,8,0) € bul(60)
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Using bullets to compute w-primality

Algorithm: Compute bul(n), then compute w(n) = max{|b| : b € bul(n)}.

S =(6,9,20) ={0,6,9,12,15,18,20,21,...}. “McNugget Monoid”

bul(60) = {(4,4,0), (7,2,0),(10,0,0), (1,6,0), (0,8,0), (0,0,3)}
8:9-60=12€5S
7-9-60=3¢5
1-64+6-9-60=0€S

6:9-60=-6¢S = (1,6,0) € bul(60)
1.64+5-9-60=-9¢S

= (0,8,0) € bul(60)
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Using bullets to compute w-primality

Algorithm: Compute bul(n), then compute w(n) = max{|b| : b € bul(n)}.

S = (6,9,20) = {0,6,9,12,15,18,20,21,...}.
bul(60) = {(4,4,0),(7,2,0),(10,0,0), (1,6,0), (0,8,0), (0,0,3)}

“McNugget Monoid”

8-9-60=12€¢ S

7.9-60=3¢5 = (0,8,0) € bul(60)

1-6+6-9-60=0€S

6-9-60=-6¢S = (1,6,0) € bul(60)

1-6+5-9-60=-9¢5S
n€eS w(n) mbul nesS w(n) neS w(n) mbul
6 3 3e3 15 4 21 5 5e;
9 3 3e; 18 3 24 4 4e,
12 3 3es 20 10 26 11 1le;
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Using bullets to compute w-primality

Algorithm: Compute bul(n), then compute w(n) = max{|b| : b € bul(n)}.

S = (6,9,20) = {0,6,9,12,15,18,20,21,...}.
bul(60) = {(4,4,0),(7,2,0),(10,0,0), (1,6,0), (0,8,0), (0,0,3)}

“McNugget Monoid”

8-9-60=12€¢ S

7.9-60=3¢5 = (0,8,0) € bul(60)

1-6+6-9-60=0€S

6-9-60=-6¢S = (1,6,0) € bul(60)

1-6+5-9-60=-9¢5S
n€eS w(n) mbul nesS w(n) neS w(n) mbul
6 3 3e3 15 4 21 5 5e;
9 3 3e; 18 3 24 4 4e,
12 3 3es 20 10 26 11 1le;

Moral of this talk: bullets behave like factorizations!

June 13, 2015
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Toward a dynamic algorithm. . . the inductive step

Recall: for n € S = (ny,...ny), Z(n) = {a € Nk Zf'(:l ajnj = n}.
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Toward a dynamic algorithm. . . the inductive step

Recall: for n € S = (ny,...ny), Z(n) = {a € Nk Zf'(:l ajnj = n}.
For each i < k,
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Toward a dynamic algorithm. . . the inductive step

Recall: for n € S = (ny,...ny), Z(n) = {a € Nk Zf'(:l ajnj = n}.
For each i < k,
¢iZ(n—n;)) — Z(n)
a —— a-+te;.
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Toward a dynamic algorithm. . . the inductive step

Recall: for n € S = (ny,...ny), Z(n) = {a € Nk Zf'(:l ajnj = n}.
For each i < k,
¢i:Z(n—n;)) — Z(n)
a — a-+te;.
In particular,

Z(n) = | J 6i(Z(n - m))

i<k
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Toward a dynamic algorithm. .. the inductive step

Recall: for n € S = (ny,...ny), Z(n) = {a € Nk Zf'(:l ajnj = n}.
For each i < k,
¢i:Z(n—n;)) — Z(n)
a —— a-+te;.
In particular,

Z(n) = | J 6i(Z(n - m))

i<k

Definition /Proposition (Cover morphisms)
Fix n € S and i < k. The i-th cover morphism for n is the map
;i = bul(n — n;) — bul(n)
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Toward a dynamic algorithm. .. the inductive step

Recall: for n € S = (ny,...ny), Z(n) = {a € Nk Zf'(:l ajnj = n}.
For each i < k,
¢i:Z(n—n;)) — Z(n)
a —— a-+te;.
In particular,

Z(n) = | J 6i(Z(n - m))

i<k

Definition /Proposition (Cover morphisms)

Fix n € S and i < k. The i-th cover morphism for n is the map
;i = bul(n — n;) — bul(n)

given by

k
b b+ e; Zjl-(:lbjnj—n—n,-¢5
b ijlbjnj—n—n,-eS
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Toward a dynamic algorithm. .. the inductive step

Recall: for n € S = (ny,...ny), Z(n) = {a € Nk Zf'(:l ajnj = n}.
For each i < k,
¢i:Z(n—n;)) — Z(n)
a —— a-+te;.
In particular,

2(n) = | 9i(2(n — m)
i<k
Definition /Proposition (Cover morphisms)
Fix n € S and i < k. The i-th cover morphism for n is the map
;i = bul(n — n;) — bul(n)
given by

k
b b+ e; Zjl-(:lbjnj—n—n,-¢5
b ijlbjnj—n—n,-eS

Moreover, bul(n) = ;< i(bul(n — n;)).**
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Toward a dynamic algorithm. . . the base case

Definition (w-primality in numerical monoids)

Fix a numerical monoid S and n € S.
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Toward a dynamic algorithm. . . the base case

Definition (w-primality in numerical monoids)

Fix a numerical monoid S and n € S.
ws(n) is the minimal m such that whenever (3~7_; x;) —n € S for r > m,
there exists T C {1,...,r} with |[T| < mand (3 ;c7x) —n€S.
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Toward a dynamic algorithm. . . the base case

Definition (w-primality in numerical monoids)

Fix a numerical monoid S and n € S.
ws(n) is the minimal m such that whenever (3~7_; x;) —n € S for r > m,
there exists T C {1,...,r} with |[T| < mand (3 ;c7x) —n€S.
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Toward a dynamic algorithm. . . the base case

Definition (w-primality in numerical monoids)

Fix a numerical monoid S and n € Z = q(5).
ws(n) is the minimal m such that whenever (3~7_; x;) —n € S for r > m,

there exists T C {1,...,r} with |[T| < mand (3 ;c7x) —n€S.

June 13, 2015 10 / 13
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Toward a dynamic algorithm. . .the base case

Definition (w-primality in numerical monoids)

Fix a numerical monoid S and n € Z = q(S).
ws(n) is the minimal m such that whenever (3~7_; x;) —n € S for r > m,

there exists T C {1,...,r} with |[T| < mand (3 ;c7x) —n€S.

All properties of w extend from S to Z.
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Toward a dynamic algorithm. . .the base case

Definition (w-primality in numerical monoids)

Fix a numerical monoid S and n € Z = q(S).
ws(n) is the minimal m such that whenever (3~7_; x;) —n € S for r > m,
there exists T C {1,...,r} with |[T| < mand (3 ;c7x) —n€S.

All properties of w extend from S to Z.

Proposition

For n € Z, the following are equivalent:
(i) w(n) =0,
(i) bul(n) = {0},
(i) —n € S.
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A dynamic algorithm!

S = (6,9,20) = {0,6,9,12,15,18,20,21,...}.
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A dynamic algorithm!

S =(6,9,20) = {0,6,9,12,15,18,20, 21, .. .}.
neZ w(n) bul(n) neZ w(n) bul(n)
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A dynamic algorithm!

S =(6,9,20) = {0,6,9,12,15,18,20, 21, .. .}.
neZ w(n) bul(n) neZ w(n) bul(n)

<-4 0 {0
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A dynamic algorithm!

S =(6,9,20) = {0,6,9,12,15,18,20,21,...}.

neZ w(n) bul(n) neZ w(n) bul(n)
<4 0 {0
—43 1 {el, es, e3}
y
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A dynamic algorithm!

S =(6,9,20) = {0,6,9,12,15,18,20, 21, .. .}.
neZ w(n) bul(n) neZ w(n) bul(n)

<-4 0 {0}
—43 1 {61,62763}
42 0 {0}
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A dynamic algorithm!

S =(6,9,20) = {0,6,9,12,15,18,20, 21, .. .}.
neZ w(n) bul(n) neZ w(n) bul(n)

<-4 0 {0}
—43 1 {61,62763}
42 0 {0}

% 0 (0}
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A dynamic algorithm!

S = (6,9,20) = {0,6,9,12,15,18,20,21,...}.

neZ w(n) bul(n) neZ w(n) bul(n)
<4 0 [0}

—43 1 {el, e, e3}

2 0 {0}

0 0)

—37 2 {261,62,83}
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A dynamic algorithm!

S = (6,9,20) = {0,6,9,12,15,18,20,21,...}.

neZ w(n) bul(n) neZ w(n) bul(n)
<4 0 {0

—43 1 {el, es, e3}

42 0 {0}

38 0 {0}

37 2 {261, €y, e3}

-3 0 {0}

35 0 {0}
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A dynamic algorithm!

S =(6,9,20) = {0,6,9,12,15,18,20,21,...}.
neZ w(n) bul(n) neZ w(n) bul(n)
<4 0 {0
—43 1 {61,62763}
42 0 {0}
—38 0 {0}
37 2 {261,62,83}
—36 o {0}
—35 0o {0}
—34 2 {81,282,93}
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A dynamic algorithm!

S =(6,9,20) = {0,6,9,12,15,18,20,21,...}.
neZ w(n) bul(n) neZ w(n) bul(n)
<4 0 {0

—43 1 {el, es, e3}
42 0 {0}

—38 0 {0}

37 2 {261, €y, e3}
—36 o {0}

—35 0o {0}

—34 2 {el, 282, 93}
—33 0 {0}

32 0 {0}
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A dynamic algorithm!

S =(6,9,20) = {0,6,9,12,15,18,20,21,...}.
neZ w(n) bul(n) neZ w(n) bul(n)
<4 0 {0

—43 1 {el, es, e3}
42 0 {0}

38 0 {0}

—37 2 {261, €y, e3}
-3 0 {0}

35 0 {0}

—34 2 {el, 282, 93}
33 0 {0}

32 0 {0}

=3 3 {3e1,e2,e3}

Christopher O'Neill (Texas A&M University) Computing the delta set and w-primality in n June 13, 2015



A dynamic algorithm!

S =(6,9,20) = {0,6,9,12,15,18,20,21,...}.
neZ w(n) bul(n) neZ w(n) bul(n)
<4 0 {0

—43 1 {el, es, e3}
42 0 {0}

38 0 {0}

—37 2 {261, €y, e3}
-3 0 {0}

35 0 {0}

—34 2 {el, 282, 93}
33 0 {0}

32 0 {0}

=3 3 {3e1,e2,e3}
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A dynamic algorithm!

S =(6,9,20) ={0,6,9,12,15,18,20,21,...}.
neZ w(n) bul(n) neZ w(n) bul(n)
<-4 0 {0} 1 5 {5e1,(2,1,0),...}
—43 1 {el, es, e3}
—42 0 {0}
—38 0 {0}
37 2 {261, €y, e3}
—36 0 {0}
-35 0 {0}
—34 2 {el, 282, 93}
-33 0 {0}
-32 0 {0}
=3 3 {3e1,e2,e3}
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A dynamic algorithm!

S = (6,9,20) = {0,6,9,12,15,18,20,21,...}.

n€Z w(n) bul(n) neZ w(n)
< —44 0 {0} 1 5
—43 1 {el, es, e3} 2 7
—42 0 {0}
38 0 {0}
—37 2 {261, €y, e3}
36 0 {0}
-3 0 {0}
—34 2 {el, 282, 93}
—33 0 {0}
—32 0 {0}
-31 3 {3e1,e2,e3}

{561, (2a 170)7 oo }
{761, 6327 oo }
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A dynamic algorithm!

S =(6,9,20) ={0,6,9,12,15,18,20,21,...}.
n€?Z w(n) bul(n) neZ w(n) bul(n)
<-4 0 {0} 1 5 {5e1,(2,1,0),...}
—43 1 {er,eres} 2 7 {7e1,6e27. bt
—42 0o {0} 3 3 {3e3,2e5,...}

4 4 {4-81,4—827 o }
—38 0 {0} 5 9 {9e1,(6,1,0),...}
—37 2 {261,62,83} 6 3 {363,292, o }
—36 0 {0} 7 6 {6e1,(3,1,0),...}
-35 0 {0} 8 8 {8e1,(5,2,0),...,}
—34 2 {el, 282, 93} 9 3 {381, 3837 .. }
-33 0 {0} : : :

—32 0 {0}
=3 3 {3e1,e2,e3}

Christopher O'Neill (Texas A&M University) Computing the delta set and w-primality in n June 13, 2015 11 /13



A dynamic algorithm!

S —

(6,9,20) = {0,6,9,12,15,18,20,21, ..

n€Z w(n) bul(n)
<4 0 {0
—43 1 {el, es, e3}
—42 0 {0}
38 0 {0}
—37 2 {261, €y, e3}
-3 0 {0}
35 0 {0}
—34 2 {el, 282, 93}
33 0 {0}
32 0 {0}
=3 3 {3e1,e2,e3}

S
m
N
S

3.

(n)

bul(n)

TO 00 NO O, WN

148

TWOoOOoO WO R~ WO

R
oo

{51, (2,1,0), ...
{761,6627. }
{3es,2ey,...}
{481,482,. }
{9e, (6,1,0),. ..
{363,292, }
{661,(3,1,0)7...
{8ey,(5,2,0), ...
{3e1, 3e3, ...}

. = -

(28e1,...}
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A dynamic algorithm!

S =(6,9,20) = {0,6,9,12,15,18,20,21,...}.
n€?Z w(n) bul(n) neZ w(n) bul(n)
<-4 0 {0} 1 5 {5e1,(2,1,0),...}
—43 1 {er,eres} 2 7 {7e1,6e27. bt
—42 o {0} 3 3 {3e3,2e5,...}

4 4 {481,462,. }
—38 0 {0} 5 9 {%e1,(6,1,0),...}
—37 2 {261,62,83} 6 3 {363,292, o }
—36 0 {0} 7 6 {6e1,(3,1,0),...}
-35 0 {0} 8 8 {8ey1,(5,2,0),...,}
—34 2 {el, 282, 93} 9 3 {381, 3337 .. }
—-33 o {0} : : :

—32 o {0} 148 28 {28ey,...}
—-31 3  {3ei,eye3} 149 33 {33ey,...}
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A dynamic algorithm!

S =(6,9,20) = {0,6,9,12,15,18,20,21,...}.
n€?Z w(n) bul(n) neZ w(n) bul(n)
<-4 0 {0} 1 5 {5e1,(2,1,0),...}
—43 1 {er,eres} 2 7 {7e1,6e27. bt
—42 o {0} 3 3 {3e3,2e5,...}

4 4 {481,462,. }
—38 0 {0} 5 9 {%e1,(6,1,0),...}
—37 2 {261,62,83} 6 3 {363,292, o }
—36 0 {0} 7 6 {6e1,(3,1,0),...}
-35 0 {0} 8 8 {8ey1,(5,2,0),...,}
—34 2 {el, 282, 93} 9 3 {381, 3337 .. }
—-33 o {0} : : :

—32 o {0} 148 28 {28ey,...}
—-31 3  {3ei,eye3} 149 33 {33ey,...}
: : : 150 25 {25e1,...}
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A dynamic algorithm!

S =(6,9,20) = {0,6,9,12,15,18,20,21,...}.
neZ w(n) bul(n) neZ w(n) bul(n)
6 3 {363,292,...}
9 3 {3e1, 3e3, ...}
148 28 {28ei,...}
149 33 {33ey,...}
150 25  {25ey,...}
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Runtime comparison
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http://www.gap-system.org/Packages/numericalsgps.html

Runtime comparison

neS ws(n) Existing Dynamic

(6 9,20) 1000 170 Im 1.3s 6ms
(11,13,15) 1000 97 Om 10.7s 5ms
(11,13,15) 3000 279 14m 34.7s 15ms
(11,13, 15) 10000 915 42ms
(15,27,32,35) 1000 69 3m 54.7s 9ms
(100, 121,142,163, 284) 25715 308 Om 27s
(1001,1211,1421,1631,2841) 357362 405 —— 57m 27s

GAP Numerical Semigroups Package, available at
http://www.gap-system.org/Packages/numericalsgps.html.

Christopher O'Neill (Texas A&M University) Computing the delta set and w-primality in n June 13, 2015 12 /13


http://www.gap-system.org/Packages/numericalsgps.html

References

B

B

C. O'Neill, R. Pelayo (2014)
How do you measure primality?
American Mathematical Monthly, 122 (2014), no. 2, 121-137.

J. Garcia-Garcia, M. Moreno-Frias, A. Vigneron-Tenorio (2014)
Computation of delta sets of numerical monoids.
preprint.

T. Barron, C. O'Neill, R. Pelayo (2015)
On the computation of delta sets and w-primality in numerical monoids.
preprint.

M. Delgado, P. Garcia-Sénchez, J. Morais
GAP Numerical Semigroups Package
http://www.gap-system.org/Packages/numericalsgps.html.

Christopher O'Neill (Texas A&M University) Computing the delta set and w-primality in n June 13, 2015


http://www.gap-system.org/Packages/numericalsgps.html

References

B

B

C. O'Neill, R. Pelayo (2014)
How do you measure primality?
American Mathematical Monthly, 122 (2014), no. 2, 121-137.

J. Garcia-Garcia, M. Moreno-Frias, A. Vigneron-Tenorio (2014)
Computation of delta sets of numerical monoids.
preprint.

T. Barron, C. O'Neill, R. Pelayo (2015)
On the computation of delta sets and w-primality in numerical monoids.
preprint.

M. Delgado, P. Garcia-Sénchez, J. Morais
GAP Numerical Semigroups Package
http://www.gap-system.org/Packages/numericalsgps.html.

Thanks!

Christopher O'Neill (Texas A&M University) Computing the delta set and w-primality in n June 13, 2015


http://www.gap-system.org/Packages/numericalsgps.html

