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Numerical monoids

Definition

A numerical monoid S is an additive submonoid of N with [N\ S| < occ.
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Definition

A numerical monoid S is an additive submonoid of N with [N\ S| < co.
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Definition

A numerical monoid S is an additive submonoid of N with [N\ S| < co.

McN = (6,9,20) = {0,6,9,12,15,18,20,21,...}. “McNugget Monoid"
Factorizations:
60 = 7(6)+2(9)
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Numerical monoids

Definition

A numerical monoid S is an additive submonoid of N with [N\ S| < co.

McN = (6,9,20) = {0,6,9,12,15,18,20,21,...}. “McNugget Monoid"
Factorizations:

60 = 7(6)+2(9)
= 3(20)
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Numerical monoids

Definition

A numerical monoid S is an additive submonoid of N with [N\ S| < co.

McN = (6,9,20) = {0,6,9,12,15,18,20,21,...}. “McNugget Monoid"
Factorizations:

60 = 7(6) + 2(9) N (7,2,0)
- 3(20) (0,0,3)
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The delta set

Fixne S=(m,...,n.) C (N,+).
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The delta set

Fixne S=(m,...,n.) C (N,+).
n=ainy + -+ axng a=(a1,...,a) € NK
Z(n)={acNK:n=ain +---+axng}
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The delta set
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The delta set

Fixne S=(m,...,n.) C (N,+).
n=ainy + -+ axng a=(a1,...,a) € NK
Z(n)={acNK:n=ain +---+axng}
L(n)={la|=a1+---+ax:aec”Z(n)}

Definition (The delta set)

For L(n) = {fl < ... < fr}, define A(n) = {f, — E,'_l}
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The delta set

Fixne S=(m,...,n.) C (N,+).
n=ainy + -+ axng a=(a1,...,a) € NK
Z(n)={acNK:n=ain +---+axng}
L(n)={la|=a1+---+ax:aec”Z(n)}

Definition (The delta set)

For L(n) = {fl < ... < E,}, define A(n) = {E, — E,'_l}

Compute A(S) = J,es A(n).
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The delta set

Fixne S=(m,...,n.) C (N,+).
n=ainy + -+ axng a=(a1,...,a) € NK
Z(n)={acNK:n=ain +---+axng}
L(n)={la|=a1+---+ax:aec”Z(n)}

Definition (The delta set)

For L(n) = {fl < ... < E,}, define A(n) = {E, — E,'_l}

Compute A(S) = J,es A(n).

S = (17,33,53,71).
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The delta set

Fixne S=(m,...,n.) C (N,+).
n=ainy + -+ axng a=(a1,...,a) € NK
Z(n)={acNK:n=ain +---+axng}
L(n)={la]=a1+---+ax:acZ(n)}

Definition (The delta set)

For L(n) = {fl < ... < E,}, define A(n) = {E, — E,'_l}

Compute A(S) = J,es A(n).

S =(17,33,53,71). A(S) = {2,4,6}.

Christopher O'Neill (Texas A&M University) Computing the delta set of a numerical mono January 9, 2016 3/8



The delta set

Fixne S=(m,...,n.) C (N,+).
n=ainy + -+ axng a=(a1,...,a) € NK
Z(n)={acNK:n=ain +---+axng}
L(n)={la]=a1+---+ax:acZ(n)}

Definition (The delta set)

For L(n) = {fl < ... < E,}, define A(n) = {E, — E,'_l}

Compute A(S) = J,es A(n).

S =(17,33,53,71). A(S) = {2,4,6}.
Z(401) = {(2,2,3,2),...,(10,7,0,0)}
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The delta set

Fixne S=(m,...,n.) C (N,+).
n=ainy + -+ axng a=(a1,...,a) € NK
Z(n)={acNK:n=ain +---+axng}
L(n)={la]=a1+---+ax:acZ(n)}

Definition (The delta set)

For L(n) = {fl < ... < E,}, define A(n) = {E, — E,'_l}

Compute A(S) = J,es A(n).
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The delta set

Fixne S=(m,...,n.) C (N,+).
n=ainy + -+ axng a=(a1,...,a) € NK
Z(n)={acNK:n=ain +---+axng}
L(n)={la|=a1+---+ax:aec”Z(n)}

Definition (The delta set)

For L(n) = {fl < ... < E,}, define A(n) = {E, — E,'_l}

Compute A(S) = J,es A(n).
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Computing the delta set of a numerical monoid

Theorem (Chapman—Hoyer—Kaplan, 2000)

S={(m,...,nx). For n>2knn?, A(n) = A(n+ nyny).
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Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)
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Computing the delta set of a numerical monoid

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)
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Computing the delta set of a numerical monoid

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(ny, ng)).

For n € S with 0 < n < Ns + lem(ny, nk),
compute:

Z(n):{aENk:n:aln1+...+aknk}
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Computing the delta set of a numerical monoid

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(ny, ng)).

For n € S with 0 < n < Ns + lem(ny, nk),
compute:

Z(n) = {a
Z(n) ~ L

eN n:alnl—i---'—i-aknk}
)=

(n)={a1+---+ax:acZ(n)}
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Computing the delta set of a numerical monoid

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(ny, ng)).

For n € S with 0 < n < Ns + lem(ny, nk),
compute:

Z(n)={acNFk:n=ain +--+axng}
(n)={a1+---+ac:aecZ(n)}
1<...<l}~A(n)={l;i —¥li_1}
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Computing the delta set of a numerical monoid

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(ny, ng)).

For n € S with 0 < n < Ns + lem(ny, nk),
compute:

Z(n):{aENk:n:aln1+...+aknk}
={a1+ - +a:acZ(n)}
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Computing the delta set of a numerical monoid

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(ny, ng)).

For n € S with 0 < n < Ns + lem(ny, nk),
compute:

—>Z(n):{a€Nk n—31n1+"'+aknk}<—
(n)={a1+---+ax:ae”Z(n)}
1<...<l}~A(n)={l;i —¥li_1}

Compute A(S) =1, A(n).
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Computing the delta set of a numerical monoid

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(ny, ng)).

For n € S with 0 < n < Ns + lem(ny, nk),
compute:

—Z(n)={acNK:n=ain +--+axng} «
={a1+---+ax:ac”Z(n)}

|Z(n)| = "t
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A solution: dynamic programming

Fixne S=(m,...,ng).
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A solution: dynamic programming

Fixne S=(m,...,ny). Foreach i <k,
¢iZ(n—n;)) — Z(n)
a — a+te;
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A solution: dynamic programming

Fixne S=(m,...,ny). Foreach i <k,
¢iZ(n—n;)) — Z(n)
a — a+te;

S =(6,9,20):

Christopher O'Neill (Texas A&M University) Computing the delta set of a numerical mono January 9, 2016 5/8



A solution: dynamic programming

Fixne S=(m,...,ny). Foreach i <k,
¢iZ(n—n;)) — Z(n)
a — a+te;

S =(6,9,20):
Z(n)
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°
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A solution: dynamic programming

Fixne S=(m,...,ny). Foreach i <k,
¢iZ(n—n;)) — Z(n)
a — a+te;

S =(6,9,20):
Z(n —6) /\ Z(n)
®
PY ®
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A solution: dynamic programming

Fixne S=(m,...,ny). Foreach i <k,
¢iZ(n—n;)) — Z(n)
a — a+te;

S =(6,9,20):
Z(n — 6) /_\ Z(n)
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A solution: dynamic programming

Fixne S=(m,...,ny). Foreach i <k,
¢iZ(n—n;)) — Z(n)
a — a+te;
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A solution: dynamic programming

k). For each i < k,

FixneS={(n,...,n
¢iZ(n—n;)) — Z(n)
a — a-te;

Z(n) = Uigk ¢i(Z(n — n;))
S =(6,9,20):

Z(n —6) /_\ Z(n)

(n—9 / —_—
R
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A solution: dynamic programming

Fixne S=(m,...,ny). Foreach i <k,
¢iZ(n—n;)) — Z(n)
a — a+te;

Z(n) = Uigk ¢i(Z(n — n;))
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A solution: dynamic programming

Fixne S=(m,...,ny). Foreach i <k,
¢i:Z(n—n;) — Z(n)
a — a+te;
Z(n) = Uigk ¢i(Z(n — n;))
n€ McN = (6,9,20) Z(n) L(n)
0 {0} {0}
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A solution: dynamic programming

Fixne S=(m,...,ny). Foreach i <k,
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a — a+te;
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n€ McN = (6,9,20) Z(n) L(n)
0 {0} {0}
6 0 «9) e {el} {1}
9 0 3* e {32} {1}
12 e > 2e {2e;} {2}
15 e > (1,1,0)  {(1,1,0)} {2}

Christopher O'Neill (Texas A&M University) Computing the delta set of a numerical mono January 9, 2016



A solution: dynamic programming
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A solution: dynamic programming

Fixne S=(m,...,ny). Foreach i <k,

¢i:Z(n—n;) — Z(n) Yi:L(n—n;) — L(n)
a — a+te; £ — 1+1
Z(n) = Uigk ¢i(Z(n — n;)) L(n) = Uigk Yi(L(n — n;))
n € McN = (6,9,20) L(n)
0 {0}
6
9
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A solution: dynamic programming

Fixne S=(m,...,ny). Foreach i <k,
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¢i:Z(n—n;) — Z(n) Yi:L(n—n;) — L(n)
a — a+te; £ — 1+1

Z(n) = Uigk ¢i(Z(n — n;)) L(n) = Uigk Yi(L(n — n;))

n € McN = (6,9,20) L(n)

0 {0}

6 {1y 021

9 {1} 01

12

15

18

20

Christopher O'Neill (Texas A&M University) Computing the delta set of a numerical mono January 9, 2016




A solution: dynamic programming
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A solution: dynamic programming

Fixne S=(m,...,ny). Foreach i <k,

¢i:Z(n—n;) — Z(n) Yi:L(n—n;) — L(n)
a — a+te; £ — 1+1

Z(n) = Uigk ¢i(Z(n — n;)) L(n) = Uigk Yi(L(n — n;))

n € McN = (6,9,20) L(n)

0 {0}

6 {1} N

9 {1} 01

12 {2} 132

15 {2} 132

18

20

Christopher O'Neill (Texas A&M University) Computing the delta set of a numerical mono January 9, 2016 5/8




A solution: dynamic programming

Fixne S=(m,...,ny). Foreach i <k,
¢i:Z(n—n;) — Z(n) Yi:L(n—n;) — L(n)
a — a+te; £ — 1+1
Z(n) = Uigk ¢i(Z(n — n;)) L(n) = Uigk Yi(L(n — n;))
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a — a+te; £ — 1+1
Z(n) = Uigk ¢i(Z(n — n;)) L(n) = Uigk Yi(L(n — n;))
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A solution: dynamic programming

Fixne S=(m,...,ny). Foreach i <k,
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a — a+te; £ — 1+1
Z(n) = Uigk ¢i(Z(n — n;)) L(n) = Uigk Yi(L(n — n;))
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A solution: dynamic programming

Fixne S=(m,...,ny). Foreach i <k,
¢i:Z(n—n;) — Z(n) Yi:L(n—n;) — L(n)
a — a+te; £ — 1+1
Z(n) = Uigk ¢i(Z(n — n;)) L(n) = Uigk Yi(L(n — n;))
n € McN = (6,9,20) L(n)
0 {0}
6 {1y 021
9 {1} 01
12 {2} 132
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18 2,3} 223
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A solution: dynamic programming

Fixne S=(m,...,ny). Foreach i <k,
¢i:Z(n—n;) — Z(n) Yi:L(n—n;) — L(n)
a — a+te; £ — 1+1
Z(n) = Uigk ¢i(Z(n — n;)) L(n) = Uigk Yi(L(n — n;))
n € McN = (6,9,20) L(n)
0 {0}
6 {1y 021
9 {1} 01
12 {2} 132
15 {2} 132
152
18 2,3} 223
1252
20

20 {1} 0321

Christopher O'Neill (Texas A&M University) Computing the delta set of a numerical mono January 9, 2016 5/8




Computing the delta set dynamically

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)
S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(ny1, nk)).
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Computing the delta set dynamically

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(ny1, nk)).

For n € S with 0 < n < Ns + lem(ny, nk),
compute:
Z(n)={acNK:n=an +--+axns}
Z(n) ~ L(n)
L(n) ~ A(n)
Compute A(S) =1, A(n).
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Computing the delta set dynamically

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(ny1, nk)).

For n € S with 0 < n < Ns + lem(ny, nk),
compute:
L(n—x) ~ L(n)
L(n) ~ A(n)
Compute A(S) =1, A(n).
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Computing the delta set dynamically

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(ny1, nk)).

For n € S with 0 < n < Ns + lem(ny, nk),
compute:
L(n—x) ~ L(n)
L(n) ~ A(n)
Compute A(S) =1, A(n).

This is significantly faster!
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Computing the delta set dynamically

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(ny1, nk)).

For n € S with 0 < n < Ns + lem(ny, nk),
compute:
L(n—x) ~ L(n)
L(n) ~ A(n)
Compute A(S) =1, A(n).

This is significantly faster!

Z(n)] =
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Computing the delta set dynamically

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S={(m,...,nk). Forn> Ns, A(n) = A(n+ lem(ny1, nk)).

For n € S with 0 < n < Ns + lem(ny, nk),
compute:
L(n—x) ~ L(n)
L(n) ~ A(n)
Compute A(S) =1, A(n).

This is significantly faster!

|Z(n)|
IL(n)]

nkfl

Q
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Runtime comparison
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http://www.gap-system.org/Packages/numericalsgps.html

Runtime comparison

S Ns A(S) Existing Dynamic
(7,15, 17, 18, 20) 1935 {1,2,3} Im 285 146ms
(11,53,73,87) 14381  {2,4,6,8,10,22} Om 49s 2.55
(31,73,77,87,91) 31364 {2,4,6} 400m 12s 4.2s
(100,121,142, 163, 284) 24850 {21} Om 3.6s
(1001,1211,1421,1631,2841) 2063141 {10, 20,30} — 1m 56s
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Runtime comparison

S Ns A(S) Existing Dynamic
(7,15, 17, 18, 20) 1935 {1,2,3} Im 285 146ms
(11,53,73,87) 14381  {2,4,6,8,10,22} Om 49s 2.55
(31,73,77,87,91) 31364 {2,4,6} 400m 12s 4.2s
(100,121,142, 163, 284) 24850 {21} Om 3.6s
(1001,1211,1421,1631,2841) 2063141 {10, 20,30} — 1m 56s

GAP Numerical Semigroups Package, available at
http://wuw.gap-system.org/Packages/numericalsgps.html.
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