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Factorial domains

Definition

An integral domain R is factorial if for each non-unit r ∈ R,

1 there is a factorization r = u1 · · · uk as a product of irreducibles, and

2 this factorization is unique (up to reordering and unit multiple).
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Factorial domains

Definition

An integral domain R is atomic if for each non-unit r ∈ R,

1 there is a factorization r = u1 · · · uk as a product of irreducibles, and

2 this factorization is unique (up to reordering and unit multiple).
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Z is factorial: each z = p1 · · · pk for primes p1 · · · pk .
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Factorial domains

Definition

An integral domain R is atomic if for each non-unit r ∈ R,

1 there is a factorization r = u1 · · · uk as a product of irreducibles, and

2 this factorization is unique (up to reordering and unit multiple).

Example

Z is factorial: each z = p1 · · · pk for primes p1 · · · pk .

Example

If R = Z[
√
−5], then 6 ∈ R has two distinct factorizations:

6 = 2 · 3 = (1 +
√
−5)(1−

√
−5)
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Factorial domains
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An integral domain R is atomic if for each non-unit r ∈ R,

1 there is a factorization r = u1 · · · uk as a product of irreducibles, and

2 this factorization is unique (up to reordering and unit multiple).

Example

Z is factorial: each z = p1 · · · pk for primes p1 · · · pk .

Example

If R = Z[
√
−5], then 6 ∈ R has two distinct factorizations:

6 = 2 · 3 = (1 +
√
−5)(1−

√
−5)

To prove: define a valuation a + b
√
−5 7→ a2 + 5b2.
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Factorial domains

Definition

An integral domain R is atomic if for each non-unit r ∈ R,

1 there is a factorization r = u1 · · · uk as a product of irreducibles, and

2 this factorization is unique (up to reordering and unit multiple).

Example

Z is factorial: each z = p1 · · · pk for primes p1 · · · pk .

Example

If R = Z[
√
−5], then 6 ∈ R has two distinct factorizations:

6 = 2 · 3 = (1 +
√
−5)(1−

√
−5)

To prove: define a valuation a + b
√
−5 7→ a2 + 5b2.

The point: it’s nontrivial.

Christopher O’Neill (UC Davis) Invariants of non-unique factorization September 27, 2015 2 / 33



Factorial domains

Definition

An integral domain R is atomic if for each non-unit r ∈ R,

1 there is a factorization r = u1 · · · uk as a product of irreducibles, and

2 this factorization is unique (up to reordering and unit multiple).

Example

Z is factorial: each z = p1 · · · pk for primes p1 · · · pk .

Example
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Factorial domains

Definition

An integral domain R is atomic if for each non-unit r ∈ R,

1 there is a factorization r = u1 · · · uk as a product of irreducibles, and

2 this factorization is unique (up to reordering and unit multiple).

Example

Z is factorial: each z = p1 · · · pk for primes p1 · · · pk .

Example

Let R = C[x2, x3].

1 x2 and x3 are irreducible.

2 x6 = x3 · x3 = x2 · x2 · x2.
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Factorial domains

Definition

An integral domain R is atomic if for each non-unit r ∈ R,

1 there is a factorization r = u1 · · · uk as a product of irreducibles, and

2 this factorization is unique (up to reordering and unit multiple).

Example

Z is factorial: each z = p1 · · · pk for primes p1 · · · pk .

Observation

Where’s the addition?

Factorization in (cancellative comutative) monoids:
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Factorial domains

Definition

An integral domain R is atomic if for each non-unit r ∈ R,

1 there is a factorization r = u1 · · · uk as a product of irreducibles, and

2 this factorization is unique (up to reordering and unit multiple).

Example

Z is factorial: each z = p1 · · · pk for primes p1 · · · pk .

Observation

Where’s the addition?

Factorization in (cancellative comutative) monoids:

(R,+, ·)  (R \ {0}, ·)
(C[M],+, ·)  (M, ·)
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Interesting monoids

Definition

An arithmetical congruence monoid is a multiplicative submonoid

Ma,b = {n : n ≡ a mod b} ⊂ Z>0

for a, b > 0 with a2 ≡ a mod b.

Example

The Hilbert monoid M1,4 = {1, 5, 9, 13, 17, . . .}.
Every product in M1,4 is a product in Z.

9, 21, 49 ∈ M1,4 are irreducible.

441 = 9 · 49 = 21 · 21
= (32) · (72) = (3 · 7) · (3 · 7).
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Interesting monoids

Definition

A numerical monoid S is an additive submonoid of N with |N \ S | <∞.

Example

Let S = 〈2, 3〉 = {0, 2, 3, 4, 5, . . .} under addition. C[S ] = C[x2, x3].

x6 = x3 · x3 = x2 · x2 · x2  6 = 3 + 3 = 2 + 2 + 2.

Factorizations in S are additive!

Example

McN = 〈6, 9, 20〉 = {0, 6, 9, 12, 15, 18, 20, 21, . . .}. “McNugget Monoid”
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Factorization invariants

Definition

Fix a commutative, cancellative monoid (M, ·). For each non-unit m ∈ M,

Z(m) = {factorizations m =
∏

i ui}
denotes the set of factorizations of m. The elasticity of m is

ρ(m) =
max length in Z(m)

min length in Z(m)
.

The elasticity of M is ρ(M) = supm∈M ρ(m).
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i ui}
denotes the set of factorizations of m. The elasticity of m is

ρ(m) =
max length in Z(m)

min length in Z(m)
.

The elasticity of M is ρ(M) = supm∈M ρ(m).

Example (The good)

The Hilbert monoid: ρ(M1,4) = 1.

Every factorization of m ∈ M1,4 has the same length.

This is (almost) the best we could hope for.
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Factorization invariants

Definition

Fix a commutative, cancellative monoid (M, ·). For each non-unit m ∈ M,

Z(m) = {factorizations m =
∏

i ui}
denotes the set of factorizations of m. The elasticity of m is

ρ(m) =
max length in Z(m)

min length in Z(m)
.

The elasticity of M is ρ(M) = supm∈M ρ(m).

Example (The bad)

Numerical monoids: S = 〈6, 9, 20〉 ⊂ N. ρ(S) = 20/6.

6 · 20 = 6 + · · ·+ 6 = 20 + · · ·+ 20, so ρ(6 · 20) = 20/6.

ρ(n) ≤ 20/6 for all n ∈ S .
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Factorization invariants

Definition

Fix a commutative, cancellative monoid (M, ·). For each non-unit m ∈ M,

Z(m) = {factorizations m =
∏

i ui}
denotes the set of factorizations of m. The elasticity of m is

ρ(m) =
max length in Z(m)

min length in Z(m)
.

The elasticity of M is ρ(M) = supm∈M ρ(m).

Example (The ugly)

The Meyerson monoid: ρ(M4,6) = 2.

ρ(m) < 2 for all m ∈ M4,6!

Elasticity of M4,6 is not accepted.
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Numerical monoids

Definition

A numerical monoid S is an additive submonoid of N with |N \ S | <∞.

Example

McN = 〈6, 9, 20〉 = {0, 6, 9, 12, 15, 18, 20, 21, . . .}. “McNugget Monoid”

60 = 7(6) + 2(9)
= 3(20)

 
 

(7, 2, 0)
(0, 0, 3)

Definition

Fix a numerical monoid S = 〈n1, . . . , nk〉. For n ∈ S ,

ZS(n) =
{
a = (a1, . . . , ak) ∈ Nk : n = a1n1 + · · ·+ aknk

}
denotes the set of factorizations of n.
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A brief aside for motivation...

Fix a numerical monoid S = 〈n1, . . . , nk〉.

Motivation: discrete optimization

Let A = [n1 n2 · · · nk ].

ZS(n) =
{
a = (a1, . . . , ak) ∈ Nk : n = a1n1 + · · ·+ aknk

}
= {a ∈ Nk : n = A · a}

is the set of solutions to a knapsack problem.

Motivation: additive combinatorics

Let F (S) = max(N \ S) denote the Frobenius number of S .

F (〈n1, n2〉) = n1n2 − n1 − n2
F (〈6, 9, 20〉) = 43

Frobenius coin-exchange problem: find the largest unchangeable value
with coins n1, . . . , nk .
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The set of factorizations: a complete invariant

Fix a numerical monoid S = 〈n1, . . . , nk〉. For n ∈ S ,

ZS(n) =
{
a ∈ Nk : n = a1n1 + · · ·+ aknk

}

Definition

The set of factorizations of S is the set

Z(S) = {ZS(n) : n ∈ S}
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. . .
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Definition

The set of factorizations of S is the set

Z(S) = {ZS(n) : n ∈ S}

Observations

Z(S) encapsulates all relations between n1, . . . , nk .

Z(S) determines S up to isomorphism.

Z(S) is enormous.

Example

In McN = 〈6, 9, 20〉, Z(60) uniquely determines Z(McN).
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A step in the right direction: length sets

Definition

Let S = 〈n1, . . . , nk〉. For n ∈ S ,

L(n) = {a1 + · · ·+ ak : (a1, . . . , ak) ∈ Z(n)}
denotes the length set of n.

Example

McN = 〈6, 9, 20〉:
Z(60) = {(0, 0, 3), (1, 6, 0), (4, 4, 0), (7, 2, 0), (10, 0, 0)}
L(60) = {3, 7, 8, 9, 10}

S = 〈7, 10, 13, 16〉:
Z(60) = {(0, 6, 0, 0), (1, 4, 1, 0), (2, 2, 2, 0), (3, 0, 3, 0), . . .}
L(60) = {6}
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S = 〈7, 10, 13, 16〉:
Z(60) = {(0, 6, 0, 0), (1, 4, 1, 0), (2, 2, 2, 0), (3, 0, 3, 0), . . .}
L(60) = {6}
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Maximum and minimum factorization length

Let S = 〈n1, . . . , nk〉. For n ∈ S ,

M(n) = max L(n) m(n) = min L(n)

Observations

Max length factorization: lots of small irreducibles

Min length factorization: lots of large irreducibles

Example

S = 〈6, 9, 20〉:
M(40) = 2 and Z(40) = {(0, 0, 2)}

S = 〈5, 16, 17, 18, 19〉:
m(82) = 5 and Z(82) = {(0, 3, 2, 0, 0), . . .}

m(462) = 25 and Z(462) = {(0, 3, 2, 0, 20), . . .}

Christopher O’Neill (UC Davis) Invariants of non-unique factorization September 27, 2015 11 / 33



Maximum and minimum factorization length

Let S = 〈n1, . . . , nk〉. For n ∈ S ,

M(n) = max L(n) m(n) = min L(n)

Observations

Max length factorization: lots of small irreducibles

Min length factorization: lots of large irreducibles

Example

S = 〈6, 9, 20〉:
M(40) = 2 and Z(40) = {(0, 0, 2)}

S = 〈5, 16, 17, 18, 19〉:
m(82) = 5 and Z(82) = {(0, 3, 2, 0, 0), . . .}

m(462) = 25 and Z(462) = {(0, 3, 2, 0, 20), . . .}

Christopher O’Neill (UC Davis) Invariants of non-unique factorization September 27, 2015 11 / 33



Maximum and minimum factorization length

Let S = 〈n1, . . . , nk〉. For n ∈ S ,

M(n) = max L(n) m(n) = min L(n)

Observations

Max length factorization: lots of small irreducibles

Min length factorization: lots of large irreducibles

Example

S = 〈6, 9, 20〉:
M(40) = 2 and Z(40) = {(0, 0, 2)}

S = 〈5, 16, 17, 18, 19〉:
m(82) = 5 and Z(82) = {(0, 3, 2, 0, 0), . . .}

m(462) = 25 and Z(462) = {(0, 3, 2, 0, 20), . . .}

Christopher O’Neill (UC Davis) Invariants of non-unique factorization September 27, 2015 11 / 33



Maximum and minimum factorization length

Let S = 〈n1, . . . , nk〉. For n ∈ S ,

M(n) = max L(n) m(n) = min L(n)

Observations

Max length factorization: lots of small irreducibles

Min length factorization: lots of large irreducibles

Example

S = 〈6, 9, 20〉:
M(40) = 2 and Z(40) = {(0, 0, 2)}

S = 〈5, 16, 17, 18, 19〉:
m(82) = 5 and Z(82) = {(0, 3, 2, 0, 0), . . .}

m(462) = 25 and Z(462) = {(0, 3, 2, 0, 20), . . .}

Christopher O’Neill (UC Davis) Invariants of non-unique factorization September 27, 2015 11 / 33



Maximum and minimum factorization length

Let S = 〈n1, . . . , nk〉. For n ∈ S ,

M(n) = max L(n) m(n) = min L(n)

Observations

Max length factorization: lots of small irreducibles

Min length factorization: lots of large irreducibles

Example

S = 〈6, 9, 20〉:

M(40) = 2 and Z(40) = {(0, 0, 2)}
S = 〈5, 16, 17, 18, 19〉:

m(82) = 5 and Z(82) = {(0, 3, 2, 0, 0), . . .}
m(462) = 25 and Z(462) = {(0, 3, 2, 0, 20), . . .}

Christopher O’Neill (UC Davis) Invariants of non-unique factorization September 27, 2015 11 / 33



Maximum and minimum factorization length

Let S = 〈n1, . . . , nk〉. For n ∈ S ,

M(n) = max L(n) m(n) = min L(n)

Observations

Max length factorization: lots of small irreducibles

Min length factorization: lots of large irreducibles

Example

S = 〈6, 9, 20〉:
M(40) = 2 and Z(40) = {(0, 0, 2)}

S = 〈5, 16, 17, 18, 19〉:
m(82) = 5 and Z(82) = {(0, 3, 2, 0, 0), . . .}

m(462) = 25 and Z(462) = {(0, 3, 2, 0, 20), . . .}

Christopher O’Neill (UC Davis) Invariants of non-unique factorization September 27, 2015 11 / 33



Maximum and minimum factorization length

Let S = 〈n1, . . . , nk〉. For n ∈ S ,

M(n) = max L(n) m(n) = min L(n)

Observations

Max length factorization: lots of small irreducibles

Min length factorization: lots of large irreducibles

Example

S = 〈6, 9, 20〉:
M(40) = 2 and Z(40) = {(0, 0, 2)}

S = 〈5, 16, 17, 18, 19〉:

m(82) = 5 and Z(82) = {(0, 3, 2, 0, 0), . . .}
m(462) = 25 and Z(462) = {(0, 3, 2, 0, 20), . . .}

Christopher O’Neill (UC Davis) Invariants of non-unique factorization September 27, 2015 11 / 33



Maximum and minimum factorization length

Let S = 〈n1, . . . , nk〉. For n ∈ S ,

M(n) = max L(n) m(n) = min L(n)

Observations

Max length factorization: lots of small irreducibles

Min length factorization: lots of large irreducibles

Example

S = 〈6, 9, 20〉:
M(40) = 2 and Z(40) = {(0, 0, 2)}

S = 〈5, 16, 17, 18, 19〉:
m(82) = 5 and Z(82) = {(0, 3, 2, 0, 0), . . .}

m(462) = 25 and Z(462) = {(0, 3, 2, 0, 20), . . .}

Christopher O’Neill (UC Davis) Invariants of non-unique factorization September 27, 2015 11 / 33



Maximum and minimum factorization length

Let S = 〈n1, . . . , nk〉. For n ∈ S ,

M(n) = max L(n) m(n) = min L(n)

Observations

Max length factorization: lots of small irreducibles

Min length factorization: lots of large irreducibles

Example

S = 〈6, 9, 20〉:
M(40) = 2 and Z(40) = {(0, 0, 2)}

S = 〈5, 16, 17, 18, 19〉:
m(82) = 5 and Z(82) = {(0, 3, 2, 0, 0), . . .}

m(462) = 25 and Z(462) = {(0, 3, 2, 0, 20), . . .}

Christopher O’Neill (UC Davis) Invariants of non-unique factorization September 27, 2015 11 / 33



Maximum and minimum factorization length

Let S = 〈n1, . . . , nk〉. For n ∈ S ,

M(n) = max L(n) m(n) = min L(n)

Theorem (Barron–O–Pelayo, 2014)

Let S = 〈n1, . . . , nk〉. For n > nk(nk−1 − 1),

M(n + n1) = 1 + M(n)
m(n + nk) = 1 + m(n)

Equivalently, M(n), m(n) are eventually quasilinear:

M(n) = 1
n1
n + a0(n)

m(n) = 1
nk
n + b0(n)

for periodic functions a0(n), b0(n).

Interpretation:
Factorizations are chaotic for small monoid elements,

but stabalize for large monoid elements
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Maximum and minimum factorization length

Let S = 〈n1, . . . , nk〉. For n > nk(nk−1 − 1),

M(n) = 1
n1
n + a0(n) m(n) = 1

nk
n + b0(n)

for periodic a0(n), b0(n).

S = 〈6, 9, 20〉:
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M(n) : S → N m(n) : S → N
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Let S = 〈n1, . . . , nk〉. For n > nk(nk−1 − 1),

M(n) = 1
n1
n + a0(n) m(n) = 1
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for periodic a0(n), b0(n).

S = 〈5, 16, 17, 18, 19〉:
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Return to elasticity

Let S = 〈n1, . . . , nk〉. For n ∈ S ,

ρ(n) = M(n)/m(n)

denotes the elasticity of n.

Let R(S) = {ρ(n) : n ∈ S}.

Theorem (Chapman–Holden–Moore, 2006)

ρ(S) = supR(S) = ρ(n1nk) = nk/n1.

supR(S) is the only accumulation point of R(S).

Idea:

(nk , 0, . . . , 0), (0, . . . , 0, n1) ∈ Z(n1nk).

More generally:

ρ(m) = nk/n1 ⇔ n1, nk divide m
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Return to elasticity

S = 〈20, 21, 45〉:
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Return to elasticity

Let S = 〈n1, . . . , nk〉. For n ∈ S ,

ρ(n) = M(n)/m(n)

denotes the elasticity of n. Let R(S) = {ρ(n) : n ∈ S}.

Theorem (Barron–O–Pelayo, 2014)

Fix a numerical monoid S = 〈n1, . . . , nk〉. For n� 0,

M(n + n1) = 1 + M(n)
m(n + nk) = 1 + m(n)

Theorem (Barron–O–Pelayo, 2014)

Aside from finitely many values, the set R(S) equals a union of finitely
many monotone increasing sequences, each approaching ρ(S) = nk/n1.

ρ(n + n1nk) =
M(n) + nk
m(n) + n1
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Return to elasticity

S = 〈27, 45, 62, 93〉:
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The delta set

Fix a numerical monoid S = 〈n1, . . . , nk〉. For n ∈ S , write

L(n) = {a1 + · · ·+ ak : (a1, . . . , ak) ∈ Z(n)}

= {`1 < `2 < · · · }
The delta set of n is the set

∆(n) = {`i − `i−1} .

Example

McN = 〈6, 9, 20〉:
Z(60) = {(0, 0, 3), (1, 6, 0), (4, 4, 0), (7, 2, 0), (10, 0, 0)}
L(60) = {3, 7, 8, 9, 10}

∆(60) = {1, 4}
S = 〈7, 10, 13, 16〉:

Z(60) = {(0, 6, 0, 0), (1, 4, 1, 0), (2, 2, 2, 0), (3, 0, 3, 0), . . .}
L(60) = {6}

∆(60) = ∅
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The delta set

Theorem (Chapman–Hoyer–Kaplan, 2000)

S = 〈n1, . . . , nk〉. For n ≥ 2kn2n
2
k ,

∆(n) = ∆(n + n1nk).

S = 〈6, 9, 20〉:

50 100 150

1
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4

Interpretation:
Factorizations are chaotic for small monoid elements,

but stabalize for large monoid elements
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The catenary degree

Definition

Let S = 〈n1, . . . , nk〉. For factorizations a,b ∈ Z(n) of n ∈ S ,

gcd(a,b) = (min(a1, b1), . . . ,min(ak , bk))
d(a,b) = max {|a− gcd(a,b)|, |b− gcd(a,b)|}

Example

S = 〈4, 6, 7〉 ⊂ N,

g = gcd(a,b)

d(a,b)
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The catenary degree: definition by a big example

S = 〈11, 36, 39〉, n = 450
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The catenary degree: a big example (method 2)

S = 〈11, 36, 39〉, n = 450
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The catenary degree: eventual periodicity

S = 〈5, 23, 26〉:

50 100 150
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14

c : S → N

Theorem (Chapman-Corrales-Miller-Miller-Patel, 2014)

Let S = 〈n1, . . . , nk〉. For n� 0,

c(n) = c(n + n1 · · · nk).
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The ω-primality invariant

Fix an integral domain R and nonzero, nonunit x ∈ R.

Definition

x is prime if x | ab implies x | a or x | b.

Idea: ω(x) ∈ Z>0 such that ω(x) = 1 if and only if x is prime.

Definition (ω-primality)

Define ω(x) = m minimal such that

x |
∏r

i=1 qi , r > m
⇒ x |

∏
i∈T qi , |T | ≤ m

Fact

R is factorial if and only if every irreducible element of R is prime.
Moreover, ω(p1 · · · pr ) = r for any primes p1, . . . , pr ∈ R.
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The ω-primality invariant

Fix a numerical monoid S = 〈n1, . . . , nk〉.

Definition (ω-primality, additive version)

For n ∈ S , define ω(n) = m minimal such that∑r
i=1 qi − n ∈ S , r > m

⇒
∑

i∈T qi − n ∈ S , |T | ≤ m

Warnings

In S , n divides n′ if n + m = n′ for some m ∈ S . Equivalently,

n divides n′ ! n′ − n ∈ S

“Prime element of S” is different from “prime integer”
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The ω-primality invariant

Fix a numerical monoid S = 〈n1, . . . , nk〉.

Facts

The ω-function is unbounded.

The ω-function is sub-additive, i.e.

ω(a + b) ≤ ω(a) + ω(b)

Wild conjecture

Is the ω-function eventually quasilinear?

Theorem (O–Pelayo, 2013)

Let S = 〈n1, . . . , nk〉 ⊂ N. For n� 0,

ω(n) = 1
n1
n + a0(n)

for some n1-periodic function a0(n). Equivalently,

ω(n + n1) = 1 + ω(n)
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The ω-primality invariant

Theorem (O–Pelayo, 2013)

Let S = 〈n1, . . . , nk〉 ⊂ N. For n� 0,

ω(n) = 1
n1
n + a0(n)

where a0(n) periodic with period n1.
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S = 〈3, 7〉 S = 〈6, 9, 20〉
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Bringing it all together

For any numerical monoid S = 〈n1, . . . , nk〉:

M(n) and m(n) are eventually quasilinear

ω(n) is eventually quasilinear

c(n) is eventually periodic

∆(n) is eventually periodic

Question

Why?

Interpretation:

Factorizations are chaotic for small monoid elements,
but stabalize for large monoid elements

Question

Ok sure, but why??? What’s the underlying reason??
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Bringing it all together

Answer: Hilbert functions!

Graded module N
over graded algebra R

 
Hilbert function H(N; n)

defined for n ≥ 0

Hilbert’s Theorem

The Hilbert function of any finitely generated positively graded module N
is eventually quasipolynomial.

Theorem (O, 2015)

The values of M(n), m(n), ω(n), ∆(n), and c(n) over any numerical
monoid are each determined by Hilbert functions.

For instance:

S numerical monoid  
Graded module N

with H(N; n) = M(n)

Hilbert’s Theorem ⇒ M(n) is quasilinear.
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