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Numerical semigroups

Definition

A numerical semigroup S C N: additive submsemigroup, [N\ S| < oco.
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Numerical semigroups

Definition

A numerical semigroup S C N: additive submsemigroup, [N\ S| < oco.

McN = (6,9,20) = {0,6,9,12,15,18,20,...}. “McNugget Semigroup”
Factorizations:

60 = 7(6)+2(9)
= 3(20)
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Numerical semigroups

Definition

A numerical semigroup S C N: additive submsemigroup, [N\ S| < oco.

McN = (6,9,20) = {0,6,9,12,15,18,20,...}. “McNugget Semigroup”
Factorizations:

60 = 7(6) + 2(9) N (7,2,0)
- 3(20) (0,0,3)
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Numerical semigroups

Fix a numerical semigroup S = (n1,..., ng).
Z(n):{aeNk:n:alnl—i----—i-aknk}

is the set of factorizations of n € S.
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Numerical semigroups

Fix a numerical semigroup S = (n1,..., ng).
Z(n):{aeNk ; n:alnl—l—---—l-aknk}
is the set of factorizations of n € S.

|a| = a1 + - - - + ak (length of a)

S = (6,9,20):
Z(60) = {(10,0,0),(7,2,0), (4,4,0), (1,6,0), (0,0,3)}
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Numerical semigroups

Fix a numerical semigroup S = (n1,..., ng).
Z(n):{aeNk ; n:alnl—l—---—l-aknk}
is the set of factorizations of n € S.

|a| = a1 + - - - + ak (length of a)

S =(6,9,20):
2(60) = {(107 0, 0)7 (77 2; 0)7 (47 4, 0)7 (17 8 0), (07 0, 3)}
Possible factorization lengths for n = 60: 3,7, 8,9, 10.
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Numerical semigroups

Fix a numerical semigroup S = (n1,..., ng).
Z(n):{aeNk ; n:alnl—l—---—l-aknk}
is the set of factorizations of n € S.

|a| = a1 + - - - + ak (length of a)

S =(6,9,20):
Z(60) = {(10,0,0),(7,2,0),(4,4,0),(1,6,0),(0,0,3)}
Possible factorization lengths for n = 60: 3,7, 8,9, 10.
Z(1000001) =
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Numerical semigroups

Fix a numerical semigroup S = (n1,..., ng).
Z(n):{aeNk ; n:alnl—l—---—l-aknk}
is the set of factorizations of n € S.

|a| = a1 + - - - + ak (length of a)

Example
S =(6,9,20):
Z(60) = {(10,0,0),(7,2,0),(4,4,0),(1,6,0),(0,0,3)}
Possible factorization lengths for n = 60: 3,7, 8,9, 10.
Z(1000001) = { s ey }

—_——— —_———
shortest longest
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Numerical semigroups

Fix a numerical semigroup S = (n1,..., ng).
Z(n):{aeNk ; n:alnl—l—---—l-aknk}
is the set of factorizations of n € S.

|a| = a1 + - - - + ak (length of a)

Example
S =(6,9,20):

Z(60) = {(10,0,0),(7,2,0),(4,4,0),(1,6,0),(0,0,3)}
Possible factorization lengths for n = 60: 3,7, 8,9, 10.

Z(1000001) = {(2,1,49999), ..., }
————— —— ———
shortest longest
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Numerical semigroups

Fix a numerical semigroup S = (n1,..., ng).
Z(n):{aeNk ; n:alnl—l—---—l-aknk}
is the set of factorizations of n € S.

|a| = a1 + - - - + ak (length of a)

Example
S =(6,9,20):

Z(60) = {(10,0,0),(7,2,0),(4,4,0),(1,6,0),(0,0,3)}
Possible factorization lengths for n = 60: 3,7, 8,9, 10.

Z(1000001) = {(2,1,49999), ..., (166662,1,1)}
shortest longest
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Maximum and minimum factorization length

Let S=(n,...,nk). Forne S,
M(n) = max length m(n) = min length
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Maximum and minimum factorization length

Let S=(n,...,nk). Forne S,
M(n) = max length m(n) = min length

@ Max length factorization: lots of small generators

@ Min length factorization: lots of large generators

S = (6,9, 20):
M(40) = 2 and Z(40) = {(0,0,2)}
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Maximum and minimum factorization length

Let S=(n,...,nk). Forne S,
M(n) = max length m(n) = min length

Observations
@ Max length factorization: lots of small generators

@ Min length factorization: lots of large generators

Example
S = (6,9,20):

M(40) = 2 and Z(40) = {(0,0,2)}
S = (5,16,17,18,19):

| A
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Maximum and minimum factorization length

Let S=(n,...,nk). Forne S,
M(n) = max length m(n) = min length

Observations
@ Max length factorization: lots of small generators

@ Min length factorization: lots of large generators

| A

Example
S = (6,9,20):
M(40) = 2 and Z(40) = {(0,0,2)}
S = (5,16,17,18,19):
m82) = 5 and Z(82) = {(0,3,2,0,0),(5,0,0,0,3),...}
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Maximum and minimum factorization length

Let S=(n,...,nk). Forne S,
M(n) = max length m(n) = min length

Observations
@ Max length factorization: lots of small generators

@ Min length factorization: lots of large generators

| A

Example
S = (6,9,20):

M(40) = 2 and Z(40) = {(0,0,2)}
S = (5,16,17,18,19):

m82) = 5 and Z(82) = {(0,3,2,0,0),(5,0,0,0,3),...}
m(462) = 25 and Z(462) = {(0,3,2,0,20),...}
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Maximum and minimum factorization length

Let S=(n,...,nk). Forne S,
M(n) = max length m(n) = min length
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Maximum and minimum factorization length

Let S=(n,...,nk). Forne S,
M(n) = max length m(n) = min length

Theorem (Barron—0O.—Pelayo, 2014)

Let S = (m,...,nk). For n > ng(nk—1 — 1),
M(n+n1) = 1+ M(n)
m(n+nk) = 14+ m(n)
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Maximum and minimum factorization length

Let S=(n,...,nk). Forne S,
M(n) = max length m(n) = min length

Theorem (Barron—0O.—Pelayo, 2014)

Let S = (m,...,nk). For n > ng(nk—1 — 1),
M(n+n1) = 1+ M(n)
m(n+nk) = 14+ m(n)
Equivalently: M(n), m(n) eventually quasilinear
M(n) = Lo+ ao(n)
m(n) = nikn+ bo(n)

for periodic functions ag(n), bo(n).
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Maximum and minimum factorization length

Let S = (ny,...,nk). For n > ng(ng_1 — 1),
M(n) = L+ a(n) m(n) = L+ bo(n)
n),

for periodic ag(n), bo(n).
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Maximum and minimum factorization length

Let S = (ny,...,nk). For n > ng(ng_1 — 1),
M(n) = n%n—kao(n) m(n) = nikn—f-bo(n)
for periodic ag(n), bo(n).

S =1(6,9,20):
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Maximum and minimum factorization length

Let S = (ny,...,nk). For n > ng(ng_1 — 1),

M(n) = n%n—kao(n) m(n) = nikn—i-bo(n)
for periodic ag(n), bo(n).
S = (5,16,17,18, 19):
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Maximum and minimum factorization length

Let S = (ny,...,nk). For n > ng(ng_1 — 1),

M(n) = n%n—kao(n) m(n) = nikn—f-bo(n)
for periodic ag(n), bo(n).
S =(5,16,17,18,19):

s e esessssse

...................
oooooooooooooooooo

m(n): S —N
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Hilbert series

Let S = (n,...,nk). The Hilbert series of S is the formal power series

H(S;t):Z:t":M

nesS 1—t
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Hilbert series

Let S = (n,...,nk). The Hilbert series of S is the formal power series

H(S;t):Zt”:@

nes 1-t
Example: S = (6,9, 20)

f(t
H(S;t):1+t6—1—t9—|-t12—1—t15+t18+t20+~--:1(_)t

fA)=1—t+1° —t" +¢7 — 042 — B3 415 — 10 4 418 419
420 _ $22 4 424 425 4 426 _ 428 4 420 4314 432 _ 434
35 37 4 438 _ 443 4 44
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Hilbert series

Let S = (n,...,nk). The Hilbert series of S is the formal power series
f(t)
. — n __
H(S:t)=> t"= -
nes
Example: S = (6,9, 20)
f(t
H(S;t):1+t6—1—t9—|-t12—1—t15+t18+t20+~--:1(_)t

F(E)=1—t 15 — 7 +19 —¢10 4 12 413 4 415 _ 416 4 418 _ 419
Gf20 g2 4 424 425 4 426 428 4 420 _ 4314 432 434
4 f35 _ §37 4 38 _ 43 g4

A more concise expression:

Z”EAp(S;nl) t" 1+ t2 + +20 + 129 + 40 + #49
H(Sit) = 1—tm - 1—t6

where Ap(S; ny) = the Apéry set of S.
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The “Big Theorem”

The Big Theorem (Bruns, Herzog)

For any numerical semigroup S = (n1,..., ng),

CF) — Ene X(A”)tn
H(S;t) = 1- t"li' (1 —t™)

A, is the squarefree divisor complex: simplicial complex on {n1,..., nk},
FeA, if n—>FeS
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The “Big Theorem”

The Big Theorem (Bruns, Herzog)

For any numerical semigroup S = (n1,..., ng),

CF) — Ene X(A”)tn
H(S;t) = 1- t"li' (1 —t™)

A, is the squarefree divisor complex: simplicial complex on {n1,..., nk},
FeA, if n—>FeS
(1—t9)(1 — t%)(1 — t29)

Example: S = (6,9, 20) H(S;t) =

6
® ®
Algi 6 9 Aﬁoi I ® 20
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The “Big Theorem”

The Big Theorem (Bruns, Herzog)

For any numerical semigroup S = (n1,..., ng),

CF) — Ene X(A”)tn
H(S;t) = 1- t"li' (1 —t™)

A, is the squarefree divisor complex: simplicial complex on {n1,..., nk},
FeA, if n—>FeS

Example: S = (6,9, 20) H(S:t) = (1— t5)(1 — t9)(1 — t29)

6
[ ] o
Algi 6 9 Aﬁoi I ® 20
9
(3,0,0),(0,2,0) € (18) (7,2,0),(0,0,3) € Z(60)
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The “Big Theorem”

The Big Theorem (Bruns, Herzog)

For any numerical semigroup S = (n1,..., ng),

CF) — Ene X(A”)tn
H(S;t) = 1- t”li' (1 —t™)

A, is the squarefree divisor complex: simplicial complex on {n1,..., nk},
FeA, if n—>FeS
(1—t9)(1 — t%)(1 — t29)

Example: S = (6,9, 20) H(S;t) =

6
[ ] o
Algi 6 9 Aﬁoi ® 20
9
(3,0,0),(0,2,0) € (18) (7,2,0),(0,0,3) € Z(60)

Disconnected complexes «— minimal relations between generators
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Augmented Hilbert series

Let S = (n1,...,nk). For n>> 0, max factorization length M(n) satisfies
M(n) = n%” + ao(n)

with ag(n) ni-periodic (M(n) is eventually quasilinear).
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Augmented Hilbert series

Let S = (n1,...,nk). For n>> 0, max factorization length M(n) satisfies
M(n) = n%” + ao(n)

with ag(n) ni-periodic (M(n) is eventually quasilinear).

Definition

The augmented Hilbert series of S is

Hwm(S; t) = Z M(n)t"

neS
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Augmented Hilbert series

Let S = (n1,...,nk). For n>> 0, max factorization length M(n) satisfies
M(n) = n%” + ao(n)

with ag(n) ni-periodic (M(n) is eventually quasilinear).

Definition
The augmented Hilbert series of S is

Hm (S t) = Z M(n)t"

neS

f
Hwm(S; t) = (1_(:)”1)2, f(t):Z(M(n)—2M(n—n1)+M(n—2n1))t"
nesS
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Augmented Hilbert series

Let S = (n1,...,nk). For n>> 0, max factorization length M(n) satisfies
M(n) = n%” + ao(n)

with ag(n) ni-periodic (M(n) is eventually quasilinear).

Definition

The augmented Hilbert series of S is

Hm (S t) = Z M(n)t"

neS

f
Hwm(S; t) = (1_(:)”1)2, f(t):Z(M(n)—2M(n—n1)+M(n—2n1))t"
nesS

Example: S = (6,9, 20)

f(t
Hm(S;t) =1+t + % 42612 42415 4 3418 1 20 ... = oy (t)6)2
where f(t) = t®+ % + 20 4 2¢29 — 35 4 2440 — £46 4 3449 _ 2455
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Augmented Hilbert series

Proposition (Glenn—O.—Ponomarenko—Sepanski)

For any numerical semigroup S = (ny, ..., ng),

Hu(S:1) = s MG

XM(Ay) is the weighted Euler characteristic:
F € A, has weight M(n — 3" F)

Christopher O'Neill (UC Davis) Augmented Hilbert series January 12, 2018 11 /16



Augmented Hilbert series

Proposition (Glenn—O.—Ponomarenko—Sepanski)

For any numerical semigroup S = (ny, ..., ng),

Hu(S:1) = s MG

XM(Ay) is the weighted Euler characteristic:
F € A, has weight M(n — 3" F)

Example: S = (6,9, 20)

Christopher O'Neill (UC Davis) Augmented Hilbert series January 12, 2018 11 /16



Augmented Hilbert series

Proposition (Glenn—O.—Ponomarenko—Sepanski)

For any numerical semigroup S = (ny, ..., ng),

Hu(S:1) = s MG

XM(Ay) is the weighted Euler characteristic:
F € A, has weight M(n — 3" F)

Example: S = (6,9, 20)

o o o (I
Algi 6 9 A@()I 7 ® 20
8
9
Xm(Ag) =3—-(24+1)=0 Xm(Ago) =10 —19+7 = -2
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Augmented Hilbert series

Proposition (Glenn—O.—Ponomarenko—Sepanski)

For any numerical semigroup S = (ny, ..., ng),

Hu(S:1) = s MG

XM(Ay) is the weighted Euler characteristic:
F € A, has weight M(n — 3" F)

Example: S = (6,9, 20)

o o o (I
Algi 6 9 A@()I 7 ® 20
8
9
Xm(Ag) =3—-(24+1)=0 Xm(Ago) =10 —19+7 = -2

B £6 4 9 4 412 4 420 _ 438 L 440 _ 458 _ 0460 _ 466 _ 460 _ 472 4 T8

Hu(S:1) 1 — o)1 o)1 _ D)
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Augmented Hilbert series

Theorem (Glenn—O.—Ponomarenko-Sepanski)

For any numerical semigroup S = (ny, ..., ng),
o) — _ 2nes XM(An)t" £
Hm(S;t) = (= tm)- (1 — ") + H(S; t)z

This time, xm(A,) is computed as follows:
F € A, has weight |[F|+M(n— 3 F)
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Augmented Hilbert series

Theorem (Glenn—O.—Ponomarenko-Sepanski)

For any numerical semigroup S = (n1,..., ng),

> nes Xxm(Ap)t"

H(Sit) = T2y gy S t)z e

This time, xm(A,) is computed as follows:
F € A, has weight |[F|+M(n— 3 F)

Example: S = (6,9, 20)

Christopher O'Neill (UC Davis) Augmented Hilbert series January 12, 2018 12 /16



Augmented Hilbert series

Theorem (Glenn—O.—Ponomarenko-Sepanski)

For any numerical semigroup S = (ny, ..., ng),
Dones Xxm(An)t" th
) = t
HM(S ) (1 _ t"l) (1 t"k) + H(S )Z
This time, xm(A,) is computed as follows:
F € A, has weight |[F|+M(n— 3 F)
Example: S = (6,9, 20)
3 2 69
A § 9 Agp: 9 ‘020
6 9 &
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Augmented Hilbert series

Theorem (Glenn—O.—Ponomarenko-Sepanski)

For any numerical semigroup S = (ny, ..., ng),
Dones Xxm(An)t" th
) = t
HM(S ) (1 _ t"l) (1 t"k) + H(S )Z
This time, xm(A,) is computed as follows:
F € A, has weight |[F|+M(n— 3 F)
Example: S = (6,9, 20)
3 2 6o,
JANT'S z ; Agp: 9 ‘e 20
9e
xm(Ag) =3 - (3+2) =2 xm(Aeo) =10 —22+9 = -3
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Augmented Hilbert series

Theorem (Glenn—O.—Ponomarenko-Sepanski)

For any numerical semigroup S = (ny, ..., ng),
Dones Xxm(An)t" t"
) = t
HM(S ) (1 _ t"l) (1 t"k) + H(S )Z
This time, xm(A,) is computed as follows:
F € A, has weight |[F|+M(n— 3 F)
Example: S = (6,9,20) ZXM = —2t!8 _3¢%0 1 5¢78
nes
3 2 69
JANT'S z ; Agp: 9 ‘e 20
9
9
xm(Ag) =3 - (3+2) =2 xm(Aeo) =10 —22+9 = -3
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Augmented Hilbert series

Theorem (Glenn—O.—Ponomarenko-Sepanski)

For any numerical semigroup S = (ny, ..., ng),
o) — _ 2nes XM(An)t" £
Hm(S;t) = (= tm)- (1 — ") + H(S; t)z

This time, xm(A,) is computed as follows:
F € A, has weight |[F|+M(n— 3 F)

Example: S = (6,9, 20) > xm(Bn)t" = —2¢18 — 3¢ 4 5¢78

nesS
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Augmented Hilbert series

Theorem (Glenn—O.—Ponomarenko-Sepanski)

For any numerical semigroup S = (ny, ..., ng),
o) — _ 2nes XM(An)t" £
Hm(S;t) = (= tm)- (1 — ") + H(S; t)z

This time, xm(A,) is computed as follows:
F € A, has weight |[F|+M(n— 3 F)

Example: S = (6,9, 20) > xm(Bn)t" = —2¢18 — 3¢ 4 5¢78

nesS

A1381

xm(A13g) =0
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Augmented Hilbert series

Let S = (nm,...,ng).

. _ ZnES XM(A”)tn . : £
Hu(Sit) = g gy S t); T
Znes X\M(A”)tn

(1_t”1)...(1_t”k)
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Augmented Hilbert series

Let S = (nm,...,ng).

k .
> nes Xm(An)t" t"
Hm(S: t) = ne H(S; t)
m(S:t) (1_tn1)...(]__t”k ;1—1‘”’
_ Ties m(An)t"
(]_ — tnl)...(]_ — t”k)
S =(9,10,23):
ZX t_l to—t63+t73+t86
nesS
D xm(An)t" = — 2t% — 450 — 553 4 5773 4 6150 — %0 4 113
nesS
D ORM(ANET =10 4104 18 420 4 2 g 274 30y 436 4 440y
s $45 _ 446 _ 3450 | 454 _ 455 _ 456 _ 459 _ 2463 _ 464 _
$66 _ 168 | 0473 _ 476 _ 477 4 3486 _ 490 | 4113
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Augmented Hilbert series

Let S = (nm,...,ng).

. _ ZnES XM(A”)tn . : £
Hu(Sit) = g gy S t); T
Znes X\M(A”)tn

(1_t”1)...(1_t”k)
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Augmented Hilbert series

Let S = (nm,...,ng).

k .
D ones Xm(An)t" £
Hu(S; t) = e H(S; t)
M( ) (]_—t”l)---(].—tnk ;1-1’"’
_ 2nes xm(An)t"
(]_ — tnl)...(]_ — t”k)
S = (11,18, 24):
D XDt =1 — 156 — 72 4 1138
neS
ZXM(An)t" — 3466 _ 3472 _ 490 | 74138
nesS
STRM(A)E = p 18 2 24 33 30y g a8y
nes t54 4 t55 _ 2t66 _ t72 _ t83 _ t84 _ 2t90 _ t94 _

$102 _ 4105 _ 4114 _ 4116 _ 4120 _ 4127 4 4,138
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Augmented Hilbert series

Let S = (nm,...,ng).

o 2nes Xm(An)t" : S
Hu(S: 1) = g S0 T

ZnGS XM(An)tn
(1 — tnl)...(]_ — t”k)

i=1

S = (11,18, 24):
11

D O X(Ap)tT =1 50 — 72 4 £138 Ao

nesS 90-
ST (D)7 = —3t50 — 3¢72 — 20 4 74138 18 24
nes
STRMANET =6 ¢ 18 22 2y B 0y My 8y
nes t54 4 t55 _ 2t66 _ t72 _ t83 _ t84 _ 2t90 _ t94 _

$102 _ 4105 _ 4114 _ 4116 _ 4120 _ 4127 4 4,138
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