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Numerical semigroups

Definition

A numerical semigroup S C N: additive submsemigroup, [N\ S| < oco.
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Definition
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Definition

A numerical semigroup S C N: additive submsemigroup, [N\ S| < oco.
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60 = 7(6)+2(9)
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Numerical semigroups

Definition

A numerical semigroup S C N: additive submsemigroup, [N\ S| < oco.

McN = (6,9,20) = {0,6,9,12,15,18,20,...}. “McNugget Semigroup”
Factorizations:

60 = 7(6)+2(9)
= 3(20)
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Numerical semigroups

Definition

A numerical semigroup S C N: additive submsemigroup, [N\ S| < oco.

McN = (6,9,20) = {0,6,9,12,15,18,20,...}. “McNugget Semigroup”
Factorizations:

60 = 7(6) + 2(9) N (7,2,0)
- 3(20) (0,0,3)
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Numerical semigroups

Fix a numerical semigroup S = (n1,..., ng).
Z(n):{aeNk:n:alnl—i----—i-aknk}

is the set of factorizations of n € S.
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Numerical semigroups

Fix a numerical semigroup S = (n1,..., ng).
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is the set of factorizations of n € S.
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Numerical semigroups

Fix a numerical semigroup S = (n1,..., ng).
Z(n):{aeNk ; n:alnl—l—---—l-aknk}
is the set of factorizations of n € S.

|a| = a1 + - - - + ak (length of a)

S = (6,9,20):
Z(60) = {(10,0,0),(7,2,0), (4,4,0), (1,6,0), (0,0,3)}
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Numerical semigroups

Fix a numerical semigroup S = (n1,..., ng).
Z(n):{aeNk ; n:alnl—l—---—l-aknk}
is the set of factorizations of n € S.

|a| = a1 + - - - + ak (length of a)

S =(6,9,20):
2(60) = {(107 0, 0)7 (77 2; 0)7 (47 4, 0)7 (17 8 0), (07 0, 3)}
Possible factorization lengths for n = 60: 3,7, 8,9, 10.
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Numerical semigroups

Fix a numerical semigroup S = (n1,..., ng).
Z(n):{aeNk ; n:alnl—l—---—l-aknk}
is the set of factorizations of n € S.

|a| = a1 + - - - + ak (length of a)

S =(6,9,20):
Z(60) = {(10,0,0),(7,2,0),(4,4,0),(1,6,0),(0,0,3)}
Possible factorization lengths for n = 60: 3,7, 8,9, 10.
Z(1000001) =
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Numerical semigroups

Fix a numerical semigroup S = (n1,..., ng).
Z(n):{aeNk ; n:alnl—l—---—l-aknk}
is the set of factorizations of n € S.

|a| = a1 + - - - + ak (length of a)

Example
S =(6,9,20):
Z(60) = {(10,0,0),(7,2,0),(4,4,0),(1,6,0),(0,0,3)}
Possible factorization lengths for n = 60: 3,7, 8,9, 10.
Z(1000001) = { s ey }

—_——— —_———
shortest longest
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Numerical semigroups

Fix a numerical semigroup S = (n1,..., ng).
Z(n):{aeNk ; n:alnl—l—---—l-aknk}
is the set of factorizations of n € S.

|a| = a1 + - - - + ak (length of a)

Example
S =(6,9,20):

Z(60) = {(10,0,0),(7,2,0),(4,4,0),(1,6,0),(0,0,3)}
Possible factorization lengths for n = 60: 3,7, 8,9, 10.

Z(1000001) = {(2,1,49999), ..., }
————— —— ———
shortest longest
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Numerical semigroups

Fix a numerical semigroup S = (n1,..., ng).
Z(n):{aeNk ; n:alnl—l—---—l-aknk}
is the set of factorizations of n € S.

|a| = a1 + - - - + ak (length of a)

Example
S =(6,9,20):

Z(60) = {(10,0,0),(7,2,0),(4,4,0),(1,6,0),(0,0,3)}
Possible factorization lengths for n = 60: 3,7, 8,9, 10.

Z(1000001) = {(2,1,49999), ..., (166662,1,1)}
shortest longest
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Maximum and minimum factorization length

Let S=(n,...,nk). Forne S,
M(n) = max length m(n) = min length
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Maximum and minimum factorization length

Let S=(n,...,nk). Forne S,

M(n) = max length m(n) = min length

@ Max length factorization: lots of small generators

@ Min length factorization: lots of large generators

S = (6,9,20):
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Maximum and minimum factorization length

Let S=(n,...,nk). Forne S,
M(n) = max length m(n) = min length

@ Max length factorization: lots of small generators

@ Min length factorization: lots of large generators

S = (6,9, 20):
M(40) = 2 and Z(40) = {(0,0,2)}

Christopher O'Neill (UC Davis) Augmented Hilbert series January 12, 2018 4 /19



Maximum and minimum factorization length

Let S=(n,...,nk). Forne S,
M(n) = max length m(n) = min length

Observations
@ Max length factorization: lots of small generators

@ Min length factorization: lots of large generators

Example
S = (6,9,20):

M(40) = 2 and Z(40) = {(0,0,2)}
S = (5,16,17,18,19):

| A
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Maximum and minimum factorization length

Let S=(n,...,nk). Forne S,
M(n) = max length m(n) = min length

Observations
@ Max length factorization: lots of small generators

@ Min length factorization: lots of large generators

| A

Example
S = (6,9,20):
M(40) = 2 and Z(40) = {(0,0,2)}
S = (5,16,17,18,19):
m82) = 5 and Z(82) = {(0,3,2,0,0),(5,0,0,0,3),...}
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Maximum and minimum factorization length

Let S=(n,...,nk). Forne S,
M(n) = max length m(n) = min length

Observations
@ Max length factorization: lots of small generators

@ Min length factorization: lots of large generators

| A

Example
S = (6,9,20):

M(40) = 2 and Z(40) = {(0,0,2)}
S = (5,16,17,18,19):

m82) = 5 and Z(82) = {(0,3,2,0,0),(5,0,0,0,3),...}
m(462) = 25 and Z(462) = {(0,3,2,0,20),...}
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Maximum and minimum factorization length

Let S=(n,...,nk). Forne S,
M(n) = max length m(n) = min length
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Maximum and minimum factorization length

Let S=(n,...,nk). Forne S,
M(n) = max length m(n) = min length

Theorem (Barron—0O.—Pelayo, 2014)

Let S = (m,...,nk). For n > ng(nk—1 — 1),
M(n+n1) = 1+ M(n)
m(n+nk) = 14+ m(n)
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Maximum and minimum factorization length

Let S=(n,...,nk). Forne S,
M(n) = max length m(n) = min length

Theorem (Barron—0O.—Pelayo, 2014)

Let S = (m,...,nk). For n > ng(nk—1 — 1),
M(n+n1) = 1+ M(n)
m(n+nk) = 14+ m(n)
Equivalently: M(n), m(n) eventually quasilinear
M(n) = Lo+ ao(n)
m(n) = nikn+ bo(n)

for periodic functions ag(n), bo(n).
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Maximum and minimum factorization length

Let S = (ny,...,nk). For n > ng(ng_1 — 1),
M(n) = L+ a(n) m(n) = L+ bo(n)
n),

for periodic ag(n), bo(n).
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Maximum and minimum factorization length

Let S = (ny,...,nk). For n > ng(ng_1 — 1),
M(n) = n%n—kao(n) m(n) = nikn—f-bo(n)
for periodic ag(n), bo(n).

S =1(6,9,20):
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Maximum and minimum factorization length

Let S = (ny,...,nk). For n > ng(ng_1 — 1),
M(n) = n%” + ao(n) m(n) = nikn + bo(n)
for periodic ag(n), bo(n).
S5 =(6,9,20):
10 ° 7Tt °
8 .... () oo o
[ X ] [ X J 5’ o000 00O
6} L oo 4t ee0 000 o000
[ N ] [ X J [ ]
4 .o .o .o 3t eee 000 oo °
oo X X 2t eee oo °
2 X X °
) ° 1 ee ®
10 20 30 40 50 60 10 20 30 40 50 60
M(n): S —N m(n):S — N
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Maximum and minimum factorization length

Let S = (ny,...,nk). For n > ng(ng_1 — 1),

M(n) = n%n—kao(n) m(n) = nikn—i-bo(n)
for periodic ag(n), bo(n).
S = (5,16,17,18, 19):
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Maximum and minimum factorization length

Let S = (ny,...,nk). For n > ng(ng_1 — 1),

M(n) = n%n—kao(n) m(n) = nikn—f-bo(n)
for periodic ag(n), bo(n).
S =(5,16,17,18,19):

6 . cosuces
5 . . cossscssssesssesces
4 . . csoss sossssssssse
3 . oeoss  sosesssees
2 . .
1 .
20 40 60 80 100
m(n): S — N

Christopher O'Neill (UC Davis) Augmented Hilbert series January 12, 2018 7 /19



Formal power series

Recall from Calculus 2:

1

e p— tn:]_ t t2 t3 AR

=2 +t+ 2+
n>0
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Formal power series

Recall from Calculus 2:

1

7 tzZt”:1+t+t2+t3+---
o n>0

Why?
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Formal power series

Recall from Calculus 2:

1
—— =Y t"=14+t+ P+
riadd +t+P+0+
n>0
Why? Telescoping sums: 1 = (L +t +t2 + 3 +---)(1 - t).
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Formal power series

Recall from Calculus 2:

1
riadd +t+P+0+
n>0
Why? Telescoping sums: 1 = (L +t +t2 + 3 +---)(1 - t).
Proof is algebraic! No calculus needed!
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Formal power series

Recall from Calculus 2:

1
riadd +t+P+0+
n>0
Why? Telescoping sums: 1 = (L +t +t2 + 3 +---)(1 - t).
Proof is algebraic! No calculus needed!

_22" t" =142t +4t> + 83+
n>0
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Formal power series

Recall from Calculus 2:
1
- = th=14+1¢ 2 3.,
riadd +t+2+8+
n>0
Why? Telescoping sums: 1 = (1 +t+ 2 + 3 +---)(1 — t).
Proof is algebraic! No calculus needed!

=) 2""=1+2t+4t>+ 8t +
n>0
Calculus proof: substitution t ~~ 2t.

1—2t
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Formal power series

Recall from Calculus 2:

1
riadd +t+P+0+
n>0
Why? Telescoping sums: 1 = (L +t +t2 + 3 +---)(1 - t).
Proof is algebraic! No calculus needed!

= 2"t" =1+ 2t + 4t% + 813
1_2t =Y +2t+4t° +8t% +
n>0
Calculus proof: substitution t ~~ 2t.

Algebraic proof: 1 = (1 + 2t + 4t2 +8t3 + ... )(1 — 2t).
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Formal power series

Recall from Calculus 2:

1
riadd +t+P+0+
n>0
Why? Telescoping sums: 1 = (L +t +t2 + 3 +---)(1 - t).
Proof is algebraic! No calculus needed!

= 2"t" =1+ 2t + 4t% + 813
1_2t =Y +2t+4t° +8t% +
n>0
Calculus proof: substitution t ~~ 2t.

Algebraic proof: 1 = (1 + 2t + 4t2 +8t3 + ... )(1 — 2t).

1
W:Z(”Jrl)t”:1+2t+3t2+4t3+...
n>0
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Formal power series

Recall from Calculus 2:

1
riadd +t+P+0+
n>0
Why? Telescoping sums: 1 = (L +t +t2 + 3 +---)(1 - t).
Proof is algebraic! No calculus needed!

= 2"t" =1+ 2t + 4t% + 813
1_2t =Y +2t+4t° +8t% +
n>0
Calculus proof: substitution t ~~ 2t.

Algebraic proof: 1 = (1 + 2t + 4t2 +8t3 + ... )(1 — 2t).

1
W:Z(”"‘l)tn:1+2t+3t2+4t3+...
n>0

Calculus proof: 4[] both sides.

Christopher O'Neill (UC Davis) Augmented Hilbert series January 12, 2018



Formal power series

Recall from Calculus 2:

1
riadd +t+P+0+
n>0
Why? Telescoping sums: 1 = (L +t +t2 + 3 +---)(1 - t).
Proof is algebraic! No calculus needed!

= 2"t" =1+ 2t + 4t% + 813
1_2t =Y +2t+4t° +8t% +
n>0
Calculus proof: substitution t ~~ 2t.

Algebraic proof: 1 = (1 + 2t + 4t2 +8t3 + ... )(1 — 2t).

1
= (N 1)t =142t + 32 + 483 4
(1—-1) =
Calculus proof: 4[] both sides.
Algebraic proof: 1 = (1 — t)?(1 42t +3t> + 434 ---).
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Formal power series
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Formal power series

General idea:
@ Take an integer sequence ag, a1, a, . . . you want to study
e Make them coefficients in a power series: ag + ait + axt> + - - -
@ Use power series algebra to extract information
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Formal power series

General idea:
@ Take an integer sequence ag, a1, a, . . . you want to study
e Make them coefficients in a power series: ag + ait + axt> + - - -
@ Use power series algebra to extract information

Classic Example

Fibonacci numbers: 0,1,1,2,3,5,8,13,...
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Formal power series

General idea:
@ Take an integer sequence ag, a1, a, . . . you want to study
e Make them coefficients in a power series: ag + ait + axt> + - - -
@ Use power series algebra to extract information

Classic Example

Fibonacci numbers: 0,1,1,2,3,5,8,13,...
fo=0  HA=1 fh=Ff1+f o forn>2
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Formal power series

General idea:
@ Take an integer sequence ag, a1, a, . . . you want to study
e Make them coefficients in a power series: ag + ait + axt> + - - -
@ Use power series algebra to extract information

Classic Example

Fibonacci numbers: 0,1,1,2,3,5,8,13,...
fo=0  HA=1 fh=Ff1+f o forn>2

f_ L (1B 1 (1-VB)"
"5 2 NG 2
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Formal power series

General idea:
@ Take an integer sequence ag, a1, a, . . . you want to study
e Make them coefficients in a power series: ag + ait + axt> + - - -
@ Use power series algebra to extract information

Classic Example
Fibonacci numbers: 0,1,1,2,3,5,8,13,...
fo =0, =1, fo="f1+f—o forn>2

f_ L (1B 1 (1-VE\T 1 1
"5 2 NG 2 N
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Formal power series

General idea:
@ Take an integer sequence ag, a1, a, . . . you want to study
e Make them coefficients in a power series: ag + ait + axt> + - - -
@ Use power series algebra to extract information

Classic Example

Fibonacci numbers: 0,1,1,2,3,5,8,13,...
fo=0  HA=1 fh=Ff1+f o forn>2

e L(LEVE) UL (1-VEY' 1, 1,

VAN VB 2 VBV
F(t) = fot"

n>0
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Formal power series

General idea:
@ Take an integer sequence ag, a1, a, . . . you want to study
e Make them coefficients in a power series: ag + ait + axt> + - - -
@ Use power series algebra to extract information

Classic Example

Fibonacci numbers: 0,1,1,2,3,5,8,13,...
fo=0  HA=1 fh=Ff1+f o forn>2

e L(LEVE) UL (1-VEY' 1, 1,

VB2 VB 2 V5 W5
F(t)=> ft"=0+t+ > (fou1 + fo2)t”

n>0 n>2
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Formal power series

General idea:
@ Take an integer sequence ag, a1, a, . . . you want to study
e Make them coefficients in a power series: ag + ait + axt> + - - -
@ Use power series algebra to extract information

Classic Example

Fibonacci numbers: 0,1,1,2,3,5,8,13,...

fo=0  HA=1 f,=f_1+fo forn>2
1 (1+vE\" 1 (1-VB\" 1
VER: VER: \/_ \/_

t) = Z fat" =0+t + Z(fn—l + fr0)t" = t + tF(t) + t2F(t)
n>0 n>2

fo = —=¢"
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Formal power series

General idea:
@ Take an integer sequence ag, a1, az, you want to study
@ Make them coefficients in a power series: ag + ait + art> +

@ Use power series algebra to extract information
Classic Example
: ? ? 9 9 PR

Fibonacci numbers: 0,1,1,2,3,5,8,13
fo=0  HA=1 fh=Ff1+f o forn>2

P Y 6 EVCA RS U G Vo) RS SRS S
VAN VAU f f
=) " =0+t+ Y (foo1+ fa2)t" = t+ tF(t) + F(t)

n>0 t n>2
Fle) = 1—t—1t?

January 12, 2018
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Formal power series

General idea:

@ Take an integer sequence ag, a1, a, . . . you want to study
e Make them coefficients in a power series: ag + ait + axt> + - - -
@ Use power series algebra to extract information

Classic Example

Fibonacci numbers: 0,1,1,2,3,5,8,13,...
fo=0  HA=1 fh=Ff1+f o forn>2

P Y 6 EVCA RS U G Vo) RS SRS S
VB 2 VB 2 f f
)= ft"=0+t+ Y (foo1+ fo2)t" =t + tF(t) + 2F(t)
n>0 t n>2 +
Flt) = 1—t—2 (1-o¢t)1—o¢ 11
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Formal power series

General idea:

@ Take an integer sequence ag, a1, a, . . . you want to study
e Make them coefficients in a power series: ag + ait + axt> + - - -
@ Use power series algebra to extract information

Classic Example

Fibonacci numbers: 0,1,1,2,3,5,8,13,...
fo=0  HA=1 fh=Ff1+f o forn>2

e L(LEVE) UL (1-VEY' 1, 1,
T\ 2 s\ 2 ) TV R
F(t) =Y fut" =0+t + > (foo1 + foa)t" = t + tF(t) + t2F(t)
B = b= & W B

1—t—12 (Q—ot)(1—9¢t) 1—¢t 1—o¢ it
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Formal power series

General idea:

@ Take an integer sequence ag, a1, a, . . . you want to study
e Make them coefficients in a power series: ag + ait + axt> + - - -
@ Use power series algebra to extract information

Classic Example

Fibonacci numbers: 0,1,1,2,3,5,8,13,...
fo=0  HA=1 fh=Ff1+f o forn>2

1 1+v5)" 1 (1-v&\" 1 . 1

s\ 2 vE\ 2 ) TV s
)= Fat" =0+t + > (f1+Ffoo)t” = t+ tF(t) + 2F(2)
O _ VB 1B

1—t—t2_(1—¢t)(1—¢> Iy  1—¢t 1—¢ 't
S NS S

n>0 n>0
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Hilbert series

Let S = (n,...,nk). The Hilbert series of S is the formal power series

H(S;t)=> t"

neS
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Hilbert series

Let S = (m,...,nk). The Hilbert series of S is the formal power series

-y o=

neS
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Hilbert series

Let S = (m,...,nk). The Hilbert series of S is the formal power series

-y o=

nes
Example: S =(3,5,7)
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Hilbert series

Let S = (n,...,nk). The Hilbert series of S is the formal power series
3 f(t)
H( ) nes 1-1t

Example: S =(3,5,7)
HSt) =1+ + 2+ +tT + 8+ %+
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Hilbert series

Let S = (n,...,nk). The Hilbert series of S is the formal power series
3 f(t)
H( ) nes 1-1t

Example: S =(3,5,7)

HSt) =1+ + 2+ +tT + 8+ %+
1 2 .4
= —t—t2—¢t
1—t
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Hilbert series

Let S = (n,...,nk). The Hilbert series of S is the formal power series
3 f(t)
H( ) nes 1-1t

Example: S =(3,5,7)

HSt) =1+ + 2+t +tT + 8+ %+
1 1—t+t3—t*+¢°
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Let S = (n,...,nk). The Hilbert series of S is the formal power series
3 f(t)
H( ) nes 1-1t

Example: S =(3,5,7)
HSt) =1+ + 2+t +tT + 8+ %+

1 1—t+t3—t*+¢°
— 2o + +
1—t 1-t
Example: S = (6,9, 20) ;
t
H(S;t):1+t6+t9+t12+t15+t18+t2°+-~:1( )t
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Hilbert series

Let S = (m,...,nk). The Hilbert series of S is the formal power series

=) t"=
neS 1_t
Example: S =(3,5,7)
HSt) =1+ + 2+t +tT + 8+ %+

1 1—t+t3—th4td
= —t—t? -ttt = * i
1—t 1-t
Example: S = (6,9, 20) ;
t
HSit) =1+t + 2+t 4+t 4 e8¢0 4. = ()

F(£) =1—t+ 5 —t7 41 — 104 12 413 4 415 _ 416 4 418 _ 419
4§20 422 4 424 425 4 426 428 4 420 4314 432 434
4§35 437 4 438 _ 443 44
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Hilbert series

Let S = (m,...,nk). The Hilbert series of S is the formal power series

-y e=1

nes
Example: S =(3,5,7)

1—t+t3—t*+¢°
H(S;t) = -
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Hilbert series

Let S = (n,...,nk). The Hilbert series of S is the formal power series
N (D)
H(S;t)=> t"= -

Example: S =(3,5,7)

H(S_t)_l—t+t3—t4+t5 1+t+t2
e 1—t 1+t+t2
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Hilbert series

Let S = (n,...,nk). The Hilbert series of S is the formal power series
N (D)
H(S;t)=> t"= -
Example: S =(3,5,7)
1—t+ 3 —t*+1t° [1+t+1t 1+t +1¢f
H(S: ) = + + +t+ _ 1t
1—t 1+t+t2 1—1¢3
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Hilbert series

Let S = (n,...,nk). The Hilbert series of S is the formal power series

hy — n_ f(1)
H(S;t)=> t"= —

1
Example: S =(3,5,7)
1—t+t3—t*+t> (14 t+t2 1+t +¢f
H(S;t): + + _ +
1—1¢ 1+ t+ t2 1—1¢3

Example: S = (6,9, 20)

H(S; t) = {(_t)t
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Hilbert series

Let S = (n,...,nk). The Hilbert series of S is the formal power series

hy — n_ f(1)
H(S;t)=> t"= —

1
Example: S =(3,5,7)
1—t+t3—t*+t> (14 t+t2 1+t +¢f
H(S;t): + + _ +
1—1¢ 1+ t+ t2 1—1¢3

Example: S = (6,9, 20)

oy f) (14t
H(S't)_l—t<1+t+-~+t5>

Christopher O'Neill (UC Davis) Augmented Hilbert series January 12, 2018 1 /19



Hilbert series

Let S = (n,...,nk). The Hilbert series of S is the formal power series

hy — n_ f(1)
H(S;t)=> t"= —

1
Example: S =(3,5,7)
1—t+t3—t*+t> (14 t+t2 1+t +¢f
H(S;t): + + _ +
1—1¢ 1+ t+ t2 1—1¢3

Example: S = (6,9, 20)

’H(S't)—f(t) Tt4-+ 5 1+t + 20 4 ¢29 4 140 4 149
1t \ 14+t 2] 116
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Hilbert series

Let S = (n,...,nk). The Hilbert series of S is the formal power series

’H(S;t):Zt"zlf(_t)t

Example: S =(3,5,7)
1—t+t3—t*+t> (14 t+t2 1+t +¢f
H(S;t) = + + _
1—1¢ 1+ t+ t2 1—1¢3

Example: S = (6,9, 20)

’H(S't)—f(t) Tt4-+ 5 1+t + 20 4 ¢29 4 140 4 149
1t \ 14+t 2] 116

Ap(S) ={0,9,20,29, 40,49}, the set of minimal elements modulo n; = 6.
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Hilbert series

Let S = (n,...,nk). The Hilbert series of S is the formal power series
f(t)
Sit)y=> t"=
H( ) nes 1-1t

Example: S =(3,5,7)
1—t+3—t44+t> (14+t+ 2 1+t +t7
H(S: 1) = - - ( tt+?) 140+

1—t 1+t+1¢t2 1—13
Example: S = (6,9, 20)

f(t) (14+t+---+1¢° 1+ t9 4 20 4 29 4 40 4 449
H(S;t)—()<++ +>:+ +t20 4129 4 40 4

Cl—t\l4t4 20 1—to
Ap(S) ={0,9,20,29, 40,49}, the set of minimal elements modulo n; = 6.
For 2 mod 6: {2,8,14,20,26,32,...} N S = {20,26,32,...}
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Hilbert series

Let S = (n,...,nk). The Hilbert series of S is the formal power series
f(t)
Sit)y=> t"=
H( ) nes 1-1t

Example: S =(3,5,7)

1—t4+3 -t 4> (14+t+¢t2 1+t +¢f
H(S;t) = + + _

1—t 1+t+1¢t2 1—13
Example: S = (6,9, 20)

f(t) (14+t+---+1¢° 1+ t9 4 20 4 29 4 40 4 449
H(S;t)—()<++ +>:+ +t20 4129 4 40 4

Cl—t\l4t4 20 1—to
Ap(S) ={0,9,20,29, 40,49}, the set of minimal elements modulo n; = 6.

For 2 mod 6: {2,8,14,20,26,32,...} NS = {20,26,32,...}
For 3 mod 6: {3,9,15,21,...} NS ={9,15,21,...}
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Let S = (n,...,nk). The Hilbert series of S is the formal power series
f(t)
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H( ) nes 1-1t
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Let S = (n,...,nk). The Hilbert series of S is the formal power series
3 f(t)
H( ) nes 1-1t
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Let S = (n,...,nk). The Hilbert series of S is the formal power series
f(t)
Sit)y=> t"=
H( ) nes 1-1t

Example: S =(3,5,7)
1—t+3—t44+t> (14+t+ 2 1+t +t7
H(S: 1) = - - ( tt+?) 140+

1—t 1+t+1¢t2 1—13
Example: S = (6,9, 20)
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Hilbert series

Let S = (n,...,nk). The Hilbert series of S is the formal power series
f(t)
Sit)y=> t"=
H( ) nes 1-1t

Example: S =(3,5,7)
1—t+3—t44+t> (14+t+ 2 1+t +t7
H(S: 1) = - - ( tt+?) 140+

1—t 14+ t4 t2 1—13
Example: S = (6,9, 20)
f(t) (14+t+---+1¢° 1+ t9 + 20 4 29 4 40 4 449
H(S: 1) ()<++ +>:++ + 2+ 140 4

T 1t \l+t+--t15 1—¢6
Ap(S) ={0,9,20,29, 40,49}, the set of minimal elements modulo n; = 6.
For 2 mod 6: {2,8,14,20,26,32,...} NS = {20,26,32,...}
For 3 mod 6: {3,9,15,21,...} NS = {9,15,21,...}
For 4 mod 6: {4,10,16,22,...} N S = {40,46,52,...}

9
Key: =5 =1+ 7+ 24+ 6% 1)
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Hilbert series

Let S = (n,...,nk).

If Ap(S) = {ao0, a1, ...}, then the Hilbert series of S can be written as

t30_|_t31_|_...
1—tm

H(S:t)=) t"=

nes
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Let S = (n,...,nk).

If Ap(S) = {ao0, a1, ...}, then the Hilbert series of S can be written as

t30_|_t31_|_...
1—tm

H(S:t)=) t"=

nes

Same power series, new look!
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If Ap(S) = {ao0, a1, ...}, then the Hilbert series of S can be written as

t30_|_t31_|_...
1—tm
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Same power series, new look!
Key idea: different algebraic expression uncovers additional information.
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Same power series, new look!
Key idea: different algebraic expression uncovers additional information.
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Let S = (n,...,nk).

If Ap(S) = {ao0, a1, ...}, then the Hilbert series of S can be written as

t30_|_t31_|_...
1—tm

H(S:t)=) t"=

nes

Same power series, new look!
Key idea: different algebraic expression uncovers additional information.

Digging deeper: for S = (6,9, 20),

H(S; t) 16
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Hilbert series

Let S = (n,...,nk).

If Ap(S) = {ao0, a1, ...}, then the Hilbert series of S can be written as

t30_|_t31_|_...
1—tm

H(S:t)=) t"=

nes

Same power series, new look!
Key idea: different algebraic expression uncovers additional information.

Digging deeper: for S = (6,9, 20),

HS:) ¢ (1= ) (1 29
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Hilbert series

Let S = (n,...,nk).

If Ap(S) = {ao0, a1, ...}, then the Hilbert series of S can be written as

t30_|_t31_|_...
1—tm

H(S:t)=) t"=

nes

Same power series, new look!
Key idea: different algebraic expression uncovers additional information.

Digging deeper: for S = (6,9, 20),

B 1— o (1—t9)(1 - t20)
T (@) (1 - %)(1 - £20)
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Hilbert series

1_ ¢18 _ 460 | 478
For $=1(6,9,20): H(Sit) = Ty oy - )

What is special about 18,60,78 € S7
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Hilbert series

1_ ¢18 _ 460 | 478
For $=1(6,9,20): H(Sit) = Ty oy - )

What is special about 18,60,78 € S? “Minimal relations between gens”
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Hilbert series

1_ ¢18 _ 460 | 478
For $=1(6,9,20): H(Sit) = Ty oy - )

What is special about 18,60,78 € S? “Minimal relations between gens”
(a1, a2, a3) € Z(n) o n = 6a; + 9a> + 20a3
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Hilbert series

1_ ¢18 _ 460 | 478
For 5=1(6,9,200: M(S:t) = (7 =&y — )1 = 129)

What is special about 18,60,78 € S? “Minimal relations between gens”
(a1, a2, a3) € Z(n) o n = 6a; + 9a> + 20a3

Z(18):  Z(60):

(10,0, 0)

(3,0,0) (7,2,0)
I (0,0,3)® (4,4,0)
(0,2,0) (1,6,0)
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For 5=1(6,9,200: M(S:t) = (7 =&y — )1 = 129)

What is special about 18,60,78 € S? “Minimal relations between gens”
(a1, a2, a3) € Z(n) o n = 6a; + 9a> + 20a3

Z(18):  Z(60): Z(78):
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For 5=1(6,9,200: M(S:t) = (7 =&y — )1 = 129)

What is special about 18,60,78 € S? “Minimal relations between gens”
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Hilbert series

1_ ¢18 _ 460 | 478
For 5=1(6,9,200: M(S:t) = (7 =&y — )1 = 129)

What is special about 18,60,78 € S? “Minimal relations between gens”
(a1, a2, a3) € Z(n) o n = 6a; + 9a> + 20a3

Z(18):  Z(60): Z(78):

(10,0,0) (13,0.0)

(3,0,0) (7,2,0) (10, 2, 0)
I (0,0,3) (4,4,0) (3.0.3) (7,4.0)
0,2,0) w60 O3 (4.6,0)

(1,8.0)

Disconnected <+— minimal relation between generators
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Hilbert series

1_ ¢18 _ 460 | 478
For 5=1(6,9,200: M(S:t) = (7 =&y — )1 = 129)

What is special about 18,60,78 € S? “Minimal relations between gens”
(a1, a2, a3) € Z(n) o n = 6a; + 9a> + 20a3

Z(18):  Z(60): Z(78):

(10,0,0) (13,0.0)

(3,0,0) (7,2,0) (10, 2, 0)
I (0,0,3) (4,4,0) (3.0.3) (7,4.0)
0,2,0) w60 O3 (4.6,0)

(1,8.0)

Disconnected <+— minimal relation between generators
Cycles <+— relations between minimal relations
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The “Big Theorem”

The Big Theorem (Bruns, Herzog)

For any numerical semigroup S = (n1,..., ng),

Znes X(An)tn

H(Sit) = (1—tm)--(1— tm)

A, is the squarefree divisor complex: simplicial complex on {n1, ..., ng},
FeA, if n—->FeS

Euler characteristic: x(A,) = 1 — #vertices + #edges — - - -
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The “Big Theorem”

The Big Theorem (Bruns, Herzog)

For any numerical semigroup S = (n1,..., ng),

ZnES X(An)tn
(]_ — t”l)...(l — t”k)

H(S;t) =

A, is the squarefree divisor complex: simplicial complex on {n1, ..., ng},
FeA, if n—->FeS

Euler characteristic: x(A,) = 1 — #vertices + #edges — - - -

A, is a contraction of complex from previous slide:

Z(18): Z(60): (10,0,0)  Z(78): (13,0,0)
(3,0,0) (7,2,0) (10,2,0)
R (e
(0,2,0) (1,6,0) T o

(1,8,0)
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The “Big Theorem”

The Big Theorem (Bruns, Herzog)

For any numerical semigroup S = (n1, ..., ng),
f(t)
St
H(Sit) =1
for some polynomial f(t),
0 4t ...
where Ap(S) = {ao, a1, ...} is the Apéry set of S, and
7‘[(5 1_.) —_ ZnES X(An)tn

(L—tm)---(1—tm)
where A, is the squarefree divisor complex of n € S.
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The “Big Theorem”

The Big Theorem (Bruns, Herzog)

For any numerical semigroup S = (n1, ..., ng),
f(t)
H(S;t
H(Sit) =1
for some polynomial f(t),
0 4t ...
H(S;t) = ———
where Ap(S) = {ao, a1, ...} is the Apéry set of S, and
7‘[(5 1_.) —_ ZnES X(An)tn

(L—tm)---(1—tm)
where A, is the squarefree divisor complex of n € S.

— Algebraic manipulation reveals deep structures! —
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Augmented Hilbert series

Let S = (m,...,nk). For n>> 0, max factorization length M(n) satisfies
M(n) = n—lln + ao(n)

with ag(n) ni-periodic (M(n) is eventually quasilinear).
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Augmented Hilbert series

Let S = (m,...,nk). For n>> 0, max factorization length M(n) satisfies
M(n) = n—lln + ao(n)

with ag(n) ni-periodic (M(n) is eventually quasilinear).

Definition

The augmented Hilbert series of S is

Hw(S;t) = 3 M(n)¢"

nes

Example: S = (6,9, 20)
Hm(Sit) =1+t 4+ 1% +2¢12 4 2615 43418 4 420 ..
- (- o
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Augmented Hilbert series

Theorem (Glenn—O.—Ponomarenko-Sepanski)

For any numerical semigroup S = (n1,..., ng),

N g(t)
7-lM(S' t) - (1_ tn1)...(1_ t”k)
_ h(2) a3t
_(1_tn1)...(]__tnk)+H(5't);1—t”"

where the coefficients of g(t) and h(t) are weighted Euler characteristics.
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Augmented Hilbert series

Theorem (Glenn—O.—Ponomarenko—Sepanski)

For any numerical semigroup S = (n1,..., ng),

Hm(S; t) = (i- t,,l)éf(.t.)(l ~ )
_ h(t) (s t)i t
(1—¢tm)- (1 —tm) — L=
where the coefficients of g(t) and h(t) are weighted Euler characteristics. )
S = (9,10,23):
HS: 1) = 1— 40 — 90 — 63 4 ¢73 4 186

(1= )1 — )1 - 3)

g(t) =17 +t 04 1 4204123 4 27 130 4 20 %0 ¢
£45 _ p46 _ 3450 | 454 _ 455 456 _ 459 _ 2463 _ 164 _

$66 _ $68 | 0473 _ 476 _ 477 4 3486 _ ;90 4 4113

h(t) = —2t% — 4t%0 — 5¢% 4+ 517 4 6150 — %0 4 113
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Augmented Hilbert series

Theorem (Glenn—O.—Ponomarenko-Sepanski)

For any numerical semigroup S = (n1,..., ng),

L g(t)
7-lM(S' t) - (1 _ tm)...(]_ — t”k)
- h(t) S
_(1_tn1)...(]__tnk +H(5t; — thi

where the coefficients of g(t) and h(t) are a weighted Euler characteristics.

v
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Augmented Hilbert series

Theorem (Glenn—O.—Ponomarenko—Sepanski)

For any numerical semigroup S = (n1,..., ng),

L g(t)
7-lM(S' t) - (1 _ tm)...(]_ — t”k)
- h(t) S
_(1_tn1)...(]__t"k +H(5t; — thi

where the coefficients of g(t) and h(t) are a weighted Euler characteristics.

v

S = (11,18, 24):

1 _ $66 _ ;72 | 4138
(S t) = +

(1 _ tll)(l _ t18)(1 _ t24)

g(t)=t" + %4 24 24 34 04 M4y
54 4§55 _ 066 _ 472 _ 483 _ 484 9490 _ ;94

$102 _ 4105 _ 4114 _ 4116 _ 4120 _ 4127 | 44138

h(t) = —3t% — 37 — 90 4 71138
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