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Numerical semigroups

Definition
A numerical semigroup S ⊂ Z≥0: closed under addition.

Example
McN = 〈6, 9, 20〉 = {0, 6, 9, 12, 15, 18, 20, . . .}. “McNugget Semigroup”
Factorizations:

60 = 7(6) + 2(9)
= 3(20)

 
 

(7, 2, 0)
(0, 0, 3)
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Numerical semigroups
Fix a numerical semigroup S = 〈n1, . . . , nk〉 ⊂ Z≥0.

Z(n) =
{
a ∈ Zk

≥0 : n = a1n1 + · · ·+ aknk
}

is the set of factorizations of n ∈ S.

|a| = a1 + · · ·+ ak (length of a)

Example
S = 〈6, 9, 20〉:

Z(60) = {(10, 0, 0), (7, 2, 0), (4, 4, 0), (1, 6, 0), (0, 0, 3)}
Possible factorization lengths for n = 60: 3, 7, 8, 9, 10.

Z(1000001) = { ︸ ︷︷ ︸
shortest

, . . . , ︸ ︷︷ ︸
longest

}
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Numerical semigroups (a geometric viewpoint)
Fix a numerical semigroup S = 〈n1, . . . , nk〉 ⊂ Z≥0.

Z(n) =
{
a ∈ Zk

≥0 : n = a1n1 + · · ·+ aknk
}

A geometric viewpoint: non-negative integer solutions to linear equations.
Example: S = 〈6, 9, 20〉, n = 60.

Z(60) =
{
a ∈ Zk

≥0 : 60 = 6a1 + 9a2 + 20a3
}
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Maximum and minimum factorization length
Let S = 〈n1, . . . , nk〉. For n ∈ S,

L(n) = {a1 + · · ·+ ak : (a1, . . . , ak) ∈ Z(n)}
denotes the length set of n, and

M(n) = max L(n) and
m(n) = min L(n)

denote the maximum and minimum factorization lengths of n.

Observations
Max length factorization: lots of small generators
Min length factorization: lots of large generators

Example
S = 〈5, 16, 17, 18, 19〉:

m(82) = 5 and Z(82) = {(0, 3, 2, 0, 0), . . .}
m(462) = 25 and Z(462) = {(0, 3, 2, 0, 20), . . .}
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Maximum and minimum factorization length
Let S = 〈n1, . . . , nk〉. For n ∈ S,

M(n) = max L(n) m(n) = min L(n)

Theorem (Barron–O–Pelayo, 2014)
Let S = 〈n1, . . . , nk〉. For n > nk(nk−1 − 1),

M(n + n1) = 1 + M(n)
m(n + nk) = 1 + m(n)

Equivalently, M(n), m(n) are eventually quasilinear:
M(n) = 1

n1
n + a0(n)

m(n) = 1
nk

n + b0(n)
for periodic functions a0(n), b0(n).

Interpretation:
Factorizations are chaotic for small semigroup elements,

but stabalize for large semigroup elements
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Maximum and minimum factorization length
Let S = 〈n1, . . . , nk〉. For n > nk(nk−1 − 1),

M(n) = 1
n1

n + a0(n) m(n) = 1
nk

n + b0(n)
for periodic a0(n), b0(n).

S = 〈6, 9, 20〉:
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M(n) = 1
n1

n + a0(n) m(n) = 1
nk

n + b0(n)
for periodic a0(n), b0(n).
S = 〈5, 16, 17, 18, 19〉:
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Delta set
Fix a numerical semigroup S = 〈n1, . . . , nk〉 ⊂ Z≥0.

Z(n) =
{

a ∈ Zk
≥0 : n = a1n1 + · · ·+ aknk

}

a = (a1, . . . , ak) ∈ Zk
≥0  |a| = a1 + · · ·+ ak

L(n) = {|a| : a ∈ Z(n)}
= {`1 < · · · < `r}

Definition
The delta set of n ∈ S is ∆(n) = {`2 − `1, . . . , `r − `r−1}

Example
S = 〈6, 9, 20〉: Z(60) = {(10, 0, 0), (7, 2, 0), (4, 4, 0), (1, 6, 0), (0, 0, 3)}

L(60) = {3, 7, 8, 9, 10} ∆(60) = {1, 4}

L(142) = {10, 11, 12, 14, 15, 16, 17, 18, 19} ∆(142) = {1, 2}
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Delta set (a geometric viewpoint)
Fix a numerical semigroup S = 〈n1, . . . , nk〉 ⊂ Z≥0.

Z(n) =
{

a ∈ Zk
≥0 : n = a1n1 + · · ·+ aknk

}
a = (a1, . . . , ak) ∈ Zk

≥0  |a| = a1 + · · ·+ ak

L(n) = {`1 < · · · < `r} ∆(n) = {`i − `i−1}

A geometric viewpoint: lattice width
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A geometric viewpoint: lattice width

|a| = ‖a‖1 (the `1-norm)
min ∆(n): min `1 width
extremal lengths near vertices
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Eventual behavior?

Fix a numerical semigroup S = 〈n1, . . . , nk〉 ⊂ Z≥0.

Theorem (Chapman–Hoyer–Kaplan, 2000)
For n ≥ 2kn2n2

k , ∆(n) = ∆(n + n1nk).

Example: S = 〈6, 9, 20〉: 2kn2n2
k = 21600

20 40 60 80 100 120 140
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4

(n, d) ! d ∈ ∆(n)
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Plenty more where that came from!

Fix a numerical semigroup S = 〈n1, . . . , nk〉 ⊂ Z≥0.

Theorem (O, 2015)
For n� 0, we have |L(n)| = nk−n1

δn1nk
n + a0(n) with a0(n) periodic in n.

Theorem (O–Pelayo, 2014)
For n� 0, the ω-primality invariant ω(n) is quasilinear in n.

Theorem (Chapman–Coralles–Gotti–Kalauli–Miller2–Patel, 2016)
For n� 0, the catenary degree invariant c(n) is periodic in n.

Interpretation:
Factorizations are chaotic for small semigroup elements,

but stabalize for large semigroup elements
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To shift a numerical semigroup. . .
Fix r1 < · · · < rk ∈ Z≥1, and consider the parametrized family

j  Mj = 〈j , j + r1, . . . , j + rk〉.

Delta set ∆(Mj) =
⋃

n∈Mj ∆(n): set of all possible length differences in Mj .

Theorem (Chapman-Kaplan-Lemburg-Niles-Zlogar, 2014)
The delta set ∆(Mj) is singleton for j � 0.

Mj = 〈j , j + 6, j + 9, j + 20〉:

∆(Mj) = {1} for all j ≥ 48
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To shift a numerical semigroup. . .
Fix r1 < · · · < rk ∈ Z≥1, and consider the parametrized family

j  Mj = 〈j , j + r1, . . . , j + rk〉.

Catenary degree c(Mj) = maxn∈Mj c(n): maximum catenary degree in Mj .

Theorem (Conaway–Gotti–Horton–O–Pelayo–Williams–Wissman)
The catenary degree c(Mj) is quasilinear for j � 0.

Mj = 〈j , j + 6, j + 9, j + 20〉: c(Mj) is quasilinear for j ≥ 126.

50 100 150 2000
2
4
6
8
10
12
14

Christopher O’Neill (SDSU) Numerical semigroup invariants January 16, 2019 14 / 19



To shift a numerical semigroup. . .
Fix r1 < · · · < rk ∈ Z≥1, and consider the parametrized family

j  Mj = 〈j , j + r1, . . . , j + rk〉.

Catenary degree c(Mj) = maxn∈Mj c(n): maximum catenary degree in Mj .

Theorem (Conaway–Gotti–Horton–O–Pelayo–Williams–Wissman)
The catenary degree c(Mj) is quasilinear for j � 0.

Mj = 〈j , j + 6, j + 9, j + 20〉: c(Mj) is quasilinear for j ≥ 126.

50 100 150 2000
2
4
6
8
10
12
14

Christopher O’Neill (SDSU) Numerical semigroup invariants January 16, 2019 14 / 19



To shift a numerical semigroup. . .
Fix r1 < · · · < rk ∈ Z≥1, and consider the parametrized family

j  Mj = 〈j , j + r1, . . . , j + rk〉.

Catenary degree c(Mj) = maxn∈Mj c(n): maximum catenary degree in Mj .

Theorem (Conaway–Gotti–Horton–O–Pelayo–Williams–Wissman)
The catenary degree c(Mj) is quasilinear for j � 0.

Mj = 〈j , j + 6, j + 9, j + 20〉: c(Mj) is quasilinear for j ≥ 126.

50 100 150 2000
2
4
6
8
10
12
14

Christopher O’Neill (SDSU) Numerical semigroup invariants January 16, 2019 14 / 19



To shift a numerical semigroup. . .
Fix r1 < · · · < rk ∈ Z≥1, and consider the parametrized family

j  Mj = 〈j , j + r1, . . . , j + rk〉.

Catenary degree c(Mj) = maxn∈Mj c(n): maximum catenary degree in Mj .

Theorem (Conaway–Gotti–Horton–O–Pelayo–Williams–Wissman)
The catenary degree c(Mj) is quasilinear for j � 0.

Mj = 〈j , j + 6, j + 9, j + 20〉: c(Mj) is quasilinear for j ≥ 126.

50 100 150 2000
2
4
6
8
10
12
14

Christopher O’Neill (SDSU) Numerical semigroup invariants January 16, 2019 14 / 19



To shift a numerical semigroup. . .
Fix r1 < · · · < rk ∈ Z≥1, and consider the parametrized family

j  Mj = 〈j , j + r1, . . . , j + rk〉.

Catenary degree c(Mj) = maxn∈Mj c(n): maximum catenary degree in Mj .

Theorem (Conaway–Gotti–Horton–O–Pelayo–Williams–Wissman)
The catenary degree c(Mj) is quasilinear for j � 0.

Mj = 〈j , j + 6, j + 9, j + 20〉: c(Mj) is quasilinear for j ≥ 126.

50 100 150 2000
2
4
6
8
10
12
14

Christopher O’Neill (SDSU) Numerical semigroup invariants January 16, 2019 14 / 19



To shift a numerical semigroup. . .
Fix r1 < · · · < rk ∈ Z≥1, and consider the parametrized family

j  Mj = 〈j , j + r1, . . . , j + rk〉.

Frobenius number F(Mj) = max(Z≥0 \Mj): maximum “gap” of Mj .

Theorem (O–Pelayo, 2018)
The Frobenius number F(Mj) is quasiquadratic for j � 0.

Mj = 〈j , j + 6, j + 9, j + 20〉: F(Mj) is quasiquadratic for j ≥ 44.
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So. . . what isn’t eventually quasipolynomial?
Fix a numerical semigroup S = 〈n1, . . . , nk〉 ⊂ Z≥0.

Z(n) =
{
a ∈ Zk

≥0 : n = a1n1 + · · ·+ aknk
}

L(n) =
{
a1 + · · ·+ ak : a ∈ Z(n)

}

Define the length multiset L[[n]] =
{{

a1 + · · ·+ ak : a ∈ Z(n)
}}

.
Example: S = 〈4, 5, 6, 7〉, n = 2520.

250 300 350 400 450 500
0

1e5

2e5

3e5

4e5

5e5

6e5

7e5

Mean length? Median length? Mode length?

Christopher O’Neill (SDSU) Numerical semigroup invariants January 16, 2019 16 / 19



So. . . what isn’t eventually quasipolynomial?
Fix a numerical semigroup S = 〈n1, . . . , nk〉 ⊂ Z≥0.

Z(n) =
{
a ∈ Zk

≥0 : n = a1n1 + · · ·+ aknk
}

L(n) =
{
a1 + · · ·+ ak : a ∈ Z(n)

}
Define the length multiset L[[n]] =

{{
a1 + · · ·+ ak : a ∈ Z(n)

}}
.

Example: S = 〈4, 5, 6, 7〉, n = 2520.

250 300 350 400 450 500
0

1e5

2e5

3e5

4e5

5e5

6e5

7e5

Mean length? Median length? Mode length?

Christopher O’Neill (SDSU) Numerical semigroup invariants January 16, 2019 16 / 19



So. . . what isn’t eventually quasipolynomial?
Fix a numerical semigroup S = 〈n1, . . . , nk〉 ⊂ Z≥0.

Z(n) =
{
a ∈ Zk

≥0 : n = a1n1 + · · ·+ aknk
}

L(n) =
{
a1 + · · ·+ ak : a ∈ Z(n)

}
Define the length multiset L[[n]] =

{{
a1 + · · ·+ ak : a ∈ Z(n)

}}
.

Example: S = 〈4, 5, 6, 7〉, n = 2520.

250 300 350 400 450 500
0

1e5

2e5

3e5

4e5

5e5

6e5

7e5

Mean length? Median length? Mode length?

Christopher O’Neill (SDSU) Numerical semigroup invariants January 16, 2019 16 / 19



So. . . what isn’t eventually quasipolynomial?
Fix a numerical semigroup S = 〈n1, . . . , nk〉 ⊂ Z≥0.

Z(n) =
{
a ∈ Zk

≥0 : n = a1n1 + · · ·+ aknk
}

L(n) =
{
a1 + · · ·+ ak : a ∈ Z(n)

}
Define the length multiset L[[n]] =

{{
a1 + · · ·+ ak : a ∈ Z(n)

}}
.

Example: S = 〈4, 5, 6, 7〉, n = 2520.

250 300 350 400 450 500
0

1e5

2e5

3e5

4e5

5e5

6e5

7e5

Mean length? Median length? Mode length?
Christopher O’Neill (SDSU) Numerical semigroup invariants January 16, 2019 16 / 19



So. . . what isn’t eventually quasipolynomial?
Fix a numerical semigroup S = 〈n1, . . . , nk〉 ⊂ Z≥0.

Z(n) =
{
a ∈ Zk

≥0 : n = a1n1 + · · ·+ aknk
}

L(n) =
{
a1 + · · ·+ ak : a ∈ Z(n)

}
Define the length multiset L[[n]] =

{{
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Theorem (Garćıa–O–Yih)
For k = 3, the mean length is eventually quasirational for n� 0:

µ(n) =
∑

a∈Z(n) |a|
|Z(n)| ,

and

lim
n→∞

µ(n)
n = 1

3

( 1
n1

+ 1
n2

+ 1
n3

)
.

Christopher O’Neill (SDSU) Numerical semigroup invariants January 16, 2019 17 / 19



So. . . what isn’t eventually quasipolynomial?
Fix a numerical semigroup S = 〈n1, . . . , nk〉 ⊂ Z≥0.

Z(n) =
{
a ∈ Zk

≥0 : n = a1n1 + · · ·+ aknk
}

L(n) =
{
a1 + · · ·+ ak : a ∈ Z(n)

}
Define the length multiset L[[n]] =

{{
a1 + · · ·+ ak : a ∈ Z(n)

}}
.

Theorem (Garćıa–O–Yih)
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Theorem (Garćıa–O–Yih)
For k = 3, the median length η(n) is asymptotically linear:

lim
n→∞

η(n)
n = a very complicated formula

The point: the very complicated formula is sometimes irrational.

For S = 〈3, 4, 5〉, lim
n→∞

η(n)/n = 1
30

(
10−

√
5
)

.

For S = 〈12, 15, 20〉, lim
n→∞

η(n)/n = 1
15 .
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