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Definition

A numerical semigroup S C Z>g: closed under addition.
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Affine semigroups

Definition

A numerical semigroup S C Z>g: closed under addition.
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Affine semigroups

Definition

A numerical semigroup S C Z>g: closed under addition.

McN = (6,9,20) = {0,6,9,12,15,18,20,...}. “McNugget Semigroup”
Factorizations:
60 = 7(6)+2(9)
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Affine semigroups

Definition

A numerical semigroup S C Z>g: closed under addition.

McN = (6,9,20) = {0,6,9,12,15,18,20,...}. “McNugget Semigroup”
Factorizations:

60 = 7(6)+2(9)
= 3(20)
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Affine semigroups

Definition

A numerical semigroup S C Z>g: closed under addition.

McN = (6,9,20) = {0,6,9,12,15,18,20,...}. “McNugget Semigroup”
Factorizations:

60 = 7(6)+ 2(9) ~ ( )
- 3(20) (0,0,3)
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Ine semigroups

Definition

An affine semigroup S C ZCZ’O: closed under vector addition.

Christopher O'Neill (SDSU) Computing delta sets of affine semigroups Feb 10, 2020 3/27



Affine semigroups

An affine semigroup S C ZdZO: closed under vector addition.

v

Example
S=((1,1),(1,5),(2,5).(3,5),(5,1), (5,2),(5,3)) C Z3,

v
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Affine semigroups

Definition

An affine semigroup S C Z‘_>’O: closed under vector addition.

S =((1,1),(1,5),(2,5),(3,5),(5,1),(5,2),(5,3)) C Z3,
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Affine semigroups

An affine semigroup S C Z‘_>’O: closed under vector addition.

v

Example

~ {(6,0,0,0,0,0,0),
Z((6’ 6)) B { (0, 1,0,0,1,0, O)
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Affine semigroups

Definition

An affine semigroup S C Z‘_>’O: closed under vector addition.

Example
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Affine semigroups

Definition

An affine semigroup S C Z‘_>’O: closed under vector addition.

Example

6,0,0,0,0,0,0),
0 1,0,0,1,0,0)

’1)
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Z((6,6)) = {
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Affine semigroups

Fix an affine semigroup S = (n1,...,ng) C Zdzo_
Z(n) = {aEZ’éO ; ”:31"1+"-+aknk}

is the set of factorizations of n € S.
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Affine semigroups

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
Z(n) = {aEZ’éO : n:alnl—i—---—i—aknk}
is the set of factorizations of n € S.

|a| = a1 + - - - + ak (length of a)
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Affine semigroups

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
Z(n) = {aEZ’éO : n:aln1+-~-+aknk}
is the set of factorizations of n € S.

|a| = a1 + - - - + ak (length of a)

Example
S = (6,9, 20):
Z(60) = {(10,0,0),(7,2,0),(4,4,0),(1,6,0),(0,0,3)}
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Affine semigroups

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
Z(n) = {aEZgo : n:alnl—l—-”—i-aknk}
is the set of factorizations of n € S.

|a| = a1 + - - - + ak (length of a)

Example
S =(6,9,20):

Z(60) = {(10,0,0),(7,2,0),(4,4,0),(1,6,0),(0,0,3)}
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Affine semigroups

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
Z(n) = {aEZgo : n:alnl—l—-”—i-aknk}
is the set of factorizations of n € S.

|a| = a1 + - - - + ak (length of a)

Example
S =(6,9,20):
Z(60) = {(10,0,0),(7,2,0),(4,4,0),(1,6,0),(0,0,3)}
Possible factorization lengths for n = 60: 3,7, 8,9, 10.
Z(1000001) =
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Affine semigroups

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
Z(n) = {aEZgo : n:alnl—l—-”—i-aknk}
is the set of factorizations of n € S.

|a| = a1 + - - - + ak (length of a)

Example
S =(6,9,20):
Z(60) = {(10,0,0),(7,2,0),(4,4,0),(1,6,0),(0,0,3)}
Possible factorization lengths for n = 60: 3,7, 8,9, 10.
Z(1000001) = { s ey }

—_——— —_———
shortest longest
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Affine semigroups

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
Z(n) = {aEZgo : n:alnl—l—-”—i-aknk}
is the set of factorizations of n € S.

|a| = a1 + - - - + ak (length of a)

Example
S =(6,9,20):

Z(60) = {(10,0,0),(7,2,0),(4,4,0),(1,6,0),(0,0,3)}
Possible factorization lengths for n = 60: 3,7, 8,9, 10.

7(1000001) = {(2,1,49999), ..., }
—_—— —_———
shortest longest
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Affine semigroups

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
Z(n) = {aEZgo : n:alnl—l—-”—i-aknk}
is the set of factorizations of n € S.

|a| = a1 + - - - + ak (length of a)

Example
S =(6,9,20):

Z(60) = {(10,0,0),(7,2,0),(4,4,0),(1,6,0),(0,0,3)}
Possible factorization lengths for n = 60: 3,7, 8,9, 10.

Z(1000001) = {(2,1,49999), ..., (166662,1,1)}
—_—— ~—_———
shortest longest
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Affine semigroups (a geometric viewpoint)

Fix an affine semigroup S = (n1,...,nk) C Zdzo.

Z(n):{aEZgo:n:aln1+...+aknk}
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Affine semigroups (a geometric viewpoint)

Fix an affine semigroup S = (n1,...,ng) C Zdzo_
Z(n) = {aEZ’éO ; ”:31"1+"-+aknk}

A geometric viewpoint: non-negative integer solutions to linear equations.
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Fix an affine semigroup S = (n1,...,ng) C Zdzo_
Z(n) = {aEZ’éO ; ”:31"1+"-+aknk}

A geometric viewpoint: non-negative integer solutions to linear equations.
Example: S = (6,9,20), n = 60.
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Affine semigroups (a geometric viewpoint)

Fix an affine semigroup S = (n1,...,ng) C Zdzo_
Z(n) = {ango ; ”:31"1+"-+aknk}

A geometric viewpoint: non-negative integer solutions to linear equations.
Example: S = (6,9,20), n = 60.

o 2(60) = {a € Z¥, : 60 = 62 + 92, + 2023 }

ay

a3
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Affine semigroups (a geometric viewpoint)

Fix an affine semigroup S = (n1,...,ng) C Zdzo-
Z(n) = {aEZ’éO ; ”:31"1+"-+aknk}

A geometric viewpoint: non-negative integer solutions to linear equations.
Example: S = (6,9,20), n = 60.

o 2(60) = {a € Z¥, : 60 = 62 + 92, + 2023 }

{1,6,0)
.

ay

(10,0,0)

a3
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Delta set

Fix an affine semigroup S = (n1,...,nk) C Zdzo.

Z(n):{aEZgo:n:aln1+...+aknk}
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Delta set

Fix an affine semigroup S = (n1,...,ng) C Zdzo_
Z(n) = {aEZ’éO ; ”:31"1+"-+aknk}

a:(al,...,ak)ezgo ~ |a|:al+"'+ak
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Delta set

Fix an affine semigroup S = (n1,...,nk) C Zdzo.

Z(n):{aEZgo:n:aln1+...+aknk}

a:(al,...,ak)eZ’éo ~ |a|:al+"'+ak
L(n) = {jal - a € Z(n))
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Delta set

Fix an affine semigroup S = (n1,...,nk) C Zdzo.

Z(n):{ango:n:aln1+...+aknk}

a:(al,...,ak)eZ’éo ~ |a|:al+"'+ak
L(n) = {jal - a € Z(n))

Definition
The deltasetof n€ Sis A(n)={lp — {1, ..., b, — L1}
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Delta set

Fix an affine semigroup S = (n1,...,nk) C Zdzo.

Z(n):{aEZ;O:n:aln1+,,,+aknk}

a:(al,...,ak)eZ’éo ~ |a|:al+"'+ak
L(n) = {jal - a € Z(n))

Definition
The deltasetof n€ Sis A(n)={lp — {1, ..., b, — L1}

S =(6,9,20): Z(60) = {(10,0,0),(7,2,0),(4,4,0),(1,6,0),(0,0,3)}
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Delta set

Fix an affine semigroup S = (n1,...,nk) C Zdzo.

Z(n):{aEZ;O:n:aln1+,,,+aknk}

a:(al,...,ak)eZ’éo ~ |a|:al+"'+ak
L(n) = {jal - a € Z(n))

Definition
The deltasetof n€ Sis A(n)={lp — {1, ..., b, — L1}

S = (6,9,20): Z(60) = {(10,0,0), (7,2,0), (4,4,0), (L,6,0),(0,0,3)}
L(60) = {3,7,8,9,10} A(60) = {1,4}
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Delta set

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
Z(n):{aEZgo:n:aln1+-~-—|—aknk}
a:(al,...,ak)eZgo s la| =ay + -+ ax
L(n) = {Jal : a € Z(n)}
={l < - <}

Definition
The deltasetof n€ Sis A(n)={lp — {1, ..., b, — L1}

S =(6,9,20): Z(60) = {(10,0,0), (7,2,0), (4,4,0),(1,6,0),(0,0,3)}
L(60) = {3,7,8,9, 10} A(60) = {1,4}
L(142) = {10,11,12,14,15,16,17,18,19}  A(142) = {1,2}
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Delta set

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
Z(n) = {aEZ’éO : n:alnl—l—---—i—aknk}
a:(al,...,ak)eZgo s la| = ay + -+ ax
Lin)={ < - < {} A(n) = {l;i = li—1}
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Delta set

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
Z(n) = {aEZgo : n:aln1+-~-+aknk}
a:(al,...,ak)eZgo s la| = ay + -+ ax
Lin)={ < - < {} A(n) = {l;i = li—1}

Facts for large n € S

min A(n) is as small as possible for S
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Delta set

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
Z(n) = {aEZgo : n:aln1+-~-+aknk}
a:(al,...,ak)eZgo s la| = ay + -+ ax
Lin)={ < - < {} A(n) = {l;i = li—1}

Facts for large n € S

min A(n) is as small as possible for S
5=(3,5,7):
L(110) = {16,18,...,34,36}, A(110) = {2}
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Delta set

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
Z(”):{aezgo3”:31n1+-~-+aknk}
a:(al,...,ak)eZ’éo ~ |a‘:al+"'+ak

L(n) = {51 < e < ér} A(n) = {f,’ — 5,'_1}

Facts for large n € S

min A(n) is as small as possible for S
5=(3,5,7):
L(110) = {16,18,...,34,36}, A(110) = {2}

L(n) is an arithmetic sequence with a few values removed near the ends

Feb 10, 2020 7/27

Christopher O'Neill (SDSU) Computing delta sets of affine semigroups



Delta set

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
Z(”):{aezgo3”:31n1+-~-+aknk}
a:(al,...,ak)eZ’éo ~ |a‘:al+"'+ak

L(n) = {51 < e < ér} A(n) = {f,’ — 5,'_1}

Facts for large n € S

min A(n) is as small as possible for S
5=(3,5,7):
L(110) = {16,18,...,34,36}, A(110) = {2}
L(n) is an arithmetic sequence with a few values removed near the ends
S = (42,86, 245, 285, 365, 463):
L(3023) = {7,9,11,12, ...,46,47,58,62,64}, A(3023) = {1,2,4,9}
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Delta set (a geometric viewpoint)

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
Z(n) = {aEZ’éO : n:alnl—l—---—i—aknk}
a:(al,...,ak)eZgo s la| = ay + -+ ax
Lin)={ < - < {} A(n) = {l;i = li—1}

Christopher O'Neill (SDSU) Computing delta sets of affine semigroups Feb 10, 2020 8 /27



Delta set (a geometric viewpoint)

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
Z(n) = {aEZ’éO : n:alnl—l—---—i—aknk}
a:(al,...,ak)eZgo s la| = ay + -+ ax
Lin)={ < - < {} A(n) = {l;i = li—1}

A geometric viewpoint: lattice width
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Delta set (a geometric viewpoint)

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
Z(n) = {aEZ’éO : n:aln1+-~-+aknk}
a:(al,...,ak)eZgo s la| = ay + -+ ax
Lin)={ < - < {} A(n) = {l;i = li—1}

A geometric viewpoint: lattice width
az
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Delta set (a geometric viewpoint)

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
Z(n) = {aEZ’éO : n:aln1+-~-+aknk}
a:(al,...,ak)eZgo s la| = ay + -+ ax
Lin)={ < - < {} A(n) = {l;i = li—1}

A geometric viewpoint: lattice width
a2 la| = ||lall1 (the ¢1-norm)
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Delta set (a geometric viewpoint)

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
Z(n) = {aEZ’éO : n:aln1+-~-+aknk}
a:(al,...,ak)eZgo s la| = ay + -+ ax
Lin)={ < - < {} A(n) = {l;i = li—1}

A geometric viewpoint: lattice width
a2 la| = ||lall1 (the ¢1-norm)
min A(n): min ¢; width

ay

as

Christopher O'Neill (SDSU) Computing delta sets of affine semigroups Feb 10, 2020



Delta set (a geometric viewpoint)

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
Z(n) = {aEZ’éO ; n:alnl—l—-”—i-aknk}
a:(al,...,ak)eZgo ~ la| = a1 + -+ ak
L(n) = {51 < - < Kr} A(n) = {f,’ — f,'_l}

A geometric viewpoint: lattice width
az |]a| = ||a||l1 (the ¢1-norm)
min A(n): min ¢; width
extremal lengths near vertices
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Delta set of a semigroup

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
Z(n) = {aEZ’éO : n:alnl—l—---—i—aknk}
a:(al,...,ak)eZgo s la| = ay + -+ ax
Lin)={ < - < {} A(n) = {l;i = li—1}
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Delta set of a semigroup

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
Z(n) = {ango ; n:aln1+-~-+aknk}
a:(al,...,ak)eZgo s la| = ay + -+ ax
Lin)={t1 < --- < 4} A(n)={t;i —li_1}
Definition
The delta set of S is the union A(S) = U,cs A(n)
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Delta set of a semigroup

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
Z(”):{aezgo3”:31n1+'“+3knk}
a:(al,...,ak)eZ’éo ~ |a|:al+"'+ak

L(n) = {51 < e < Kr} A(n) = {f,’ — f,'_l}

Definition
The delta set of S is the union A(S) = U,cs A(n)

Given np, ..., ng as input, compute A(S).
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Delta set of a semigroup

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
Z(n) = {aEZ’éO : n:aln1+-~-+aknk}
a:(al,...,ak)eZgo s la| = ay + -+ ax
Lin)={ < - < {} A(n) = {l;i = li—1}

Definition
The delta set of S is the union A(S) = U,cs A(n)

Given np, ..., ng as input, compute A(S).

The primary difficulty: this is an infinite union!
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Delta set of a semigroup

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
Z(n) = {aEZgo ; n:alnl—l—-”—i-aknk}
a:(al,...,ak)eZgo s la| = ay + -+ ax
Lin)={t1 < --- < 4} A(n)={t;i —li_1}
Definition
The delta set of S is the union A(S) = U,cs A(n)

Given np, ..., ng as input, compute A(S).

The primary difficulty: this is an infinite union!

S = (17,33,53,71), A(S) = {2,4,6}.
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Delta set of a semigroup

Fix an affine semigroup S = (n1,...,ng) C Zdzo-

a:(al,...,ak)eZ’éo ~ |a‘:al+"'+ak
Um={t < - <L) A)=1{l—bi1)

Definition
The delta set of S is the union A(S) = U,cs A(n)

Given np, ..., ng as input, compute A(S).

The primary difficulty: this is an infinite union!

S =(17,33,53,71), A(S) = {2,4,6}. 6 € A(266), A(283), A(300).
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The first breakthrough: numerical semigroups

Fix a numerical semigroup S = (n1,...,nx) C Z>o.
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The first breakthrough: numerical semigroups

Fix a numerical semigroup S = (n1,...,nx) C Z>o.

Theorem (Chapman—Hoyer—Kaplan, 2009)

For n > 2knan2, A(n) = A(n+ nyny).
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A faster solution: dynamic programming

Fixne S=(n,...,nk).
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¢i:Z(n—n;) — Z(n) Yi:L(n—n;) — L(n)
a — a-+te; { — 1+1
Z(n) = U<k #i(Z(n — n;)) L(n) = Ui<k ¥i(L(n — n;))
neS=(6,9,20) L(n)
0 {0}
6 {1y 021
9 {1} 01
12 {2} 132
15 {2} 122
152
18 2,3} 223
22
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A faster solution: dynamic programming

Fix n€ S=(m,...,nk). For each j < k,

¢i:Z(n—n;) — Z(n) Yi:L(n—n;) — L(n)
a — a-+te; { — 1+1
Z(n) = U<k #i(Z(n — n;)) L(n) = Ui<k ¥i(L(n — n;))
neS=(6,9,20) L(n)
0 107
6 {1y 021
9 {1} 01
12 {2} 132
15 {2} 122
152
18 2,3} 223
152
20 {1} 021
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A faster solution: dynamic programming

Fix n€ S=(m,...,nk). For each j < k,

¢i:Z(n—n;) — Z(n) Yi:L(n—n;) — L(n)
a — a-+te; { — 1+1
Z(n) = U<k #i(Z(n — n;)) L(n) = Ui<k ¥i(L(n — n;))
neS=(6,9,20) L(n)
0 107
6 {1y 021
9 {1} 01
12 {2} 132
15 {2} 122
132
18 2,3} 223
122

20 {1} 021
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Computing the delta set dynamically

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)
S=(m,...,nk). Forn> Ns, A(n) = A(n+ lem(ny, ng)).
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Computing the delta set dynamically

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S=(m,...,nk). Forn> Ns, A(n) = A(n+ lem(ny, ng)).

For n € S with 0 < n < Ns + lem(nq, ng),
compute:
Z(n):{an’éO cn=ainm +- -+ akng}
Z(n) ~> L(n)
L(n) ~ A(n)
Compute A(S) = U, A(n).
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Computing the delta set dynamically

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S=(m,...,nk). Forn> Ns, A(n) = A(n+ lem(ny, ng)).

For n € S with 0 < n < Ns + lem(nq, ng),

compute:
L(n— %) ~ L(n)
L(n) ~ A(n)

Compute A(S) = U, A(n).
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Computing the delta set dynamically

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S=(m,...,nk). Forn> Ns, A(n) = A(n+ lem(ny, ng)).

For n € S with 0 < n < Ns + lem(nq, ng),

compute:
L(n— %) ~ L(n)
L(n) ~ A(n)

Compute A(S) = U, A(n).

This is significantly faster!
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Computing the delta set dynamically

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)

S=(m,...,nk). Forn> Ns, A(n) = A(n+ lem(ny, ng)).

For n € S with 0 < n < Ns + lem(nq, ng),

compute:
L(n— %) ~ L(n)
L(n) ~ A(n)

Compute A(S) = U, A(n).
This is significantly faster!

Z(n)] =~
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Computing the delta set dynamically

Theorem (Garcia-Garcia—Moreno-Frias—Vigneron-Tenorio, 2014)
S=(m,...,nk). Forn> Ns, A(n) = A(n+ lem(ny, ng)).

For n € S with 0 < n < Ns + lem(nq, ng),

compute:
L(n— %) ~ L(n)
L(n) ~ A(n)

Compute A(S) = U, A(n).
This is significantly faster!

1Z(n)|
IL(n)]

nkfl

Q
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Runtime comparison
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http://www.gap-system.org/Packages/numericalsgps.html

Runtime comparison

S Ns A(S) Manual Dynamic
(7,15, 17, 18, 20) 1935 {1,2,3} Im 285 146ms
(11,53,73,87) 14381  {2,4,6,8,10,22} Om 49s 2.5s
(31,73,77,87,91) 31364 {2,4,6} 400m 12s 4.2s
(100,121,142, 163, 284) 24850 {21} Om 3.6s
(1001,1211,1421,1631,2841) 2063141 {10, 20,30} — 1m 56s
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http://www.gap-system.org/Packages/numericalsgps.html

Runtime comparison

S Ns A(S) Manual Dynamic
(7,15, 17, 18, 20) 1935 {1,2,3} Im 285 146ms
(11,53,73,87) 14381  {2,4,6,8,10,22} Om 49s 2.5s
(31,73,77,87,91) 31364 {2,4,6} 400m 12s 4.2s
(100,121,142, 163, 284) 24850 {21} Om 3.6s
(1001,1211,1421,1631,2841) 2063141 {10, 20,30} — 1m 56s

GAP Numerical Semigroups Package, available at
http://www.gap-system.org/Packages/numericalsgps.html.
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Generalize to affine semigroups?

Key obstruction: what does “eventually periodic” mean?

Christopher O'Neill (SDSU) Computing delta sets of affine semigroups Feb 10, 2020 17 / 27



Generalize to affine semigroups?

Key obstruction: what does “eventually periodic” mean?

Example: S = ((1,1),(1,5),(2,5),(3,5),(5,1),(5,2), (5,3)) C Z2,
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Generalize to affine semigroups?

Key obstruction: what does “eventually periodic” mean?

Example: S = ((1,1),(1,5),(2,5),(3,5), (5,1),(5,2),(5,3)) C Z3,
Y Yy
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C0DCO00 * *e CO0ODCO0OCe L JEely N N J *
oCcoLooe * *e CLCOLOCCee OCeeee o
D00 e L ] e D0 @00 LN N ) * e
OO0 e e . LR ] OO eCO0O0 LR N cee
COoOOeeeese LR ] COOCOCOCe LR N LR ]
CO0CO0OO0CCCee LR ] COCO0OO0CCee LR e LR el
OCO0OQCO0OODO0CCeeee o e OCO0OQCO00O0C @O0 ® OO0 L Jele]
OCO0CeeeCe cee [e3EelN JNelNelNe] [e3RelNe) o C o
COLeeeCCe O e 0 CoOeCOCCe CLOeCOC e
ool I GGG JONCICIONeIe) QOO0 0 000
o000 D000 O00OO0ODCOO0CO0O o000 D000 0O0DCO0O0CO0O
(e olNe] o [ elNoN o e eNe) (e ole] (e olNe] o [ elNoN o e eNe) (e ole]

o D00 (ol ele] [e2ne] o D00 (ol ele] [e2ne]
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Generalize to affine semigroups?

Key obstruction: what does “eventually periodic” mean?

Example: S = ((1,1),(1,5),(2,5),(3,5), (5,1),(5,2),(5,3)) C Z3,
Y Yy

DO0Ceeoeeseee o follelN JololeN I I IO I AN )
[o3xelnely IR BN BN BN BN BN B BN N N J [o3xelnelNololNoN BN BN JReN BN N N J
CODCOO0OCe eGSO SSES CODCOOCeee OGO RS
[ CICINCICICION I B N B BN N I N J [CRCICONCION I I JNON I I N N e
OGO BN BN BN BN B BN BN NN AN J OGN INCIGION I I I I JNeN )
OD00 S 60606080800 [OJRelN JNoNoINON I I I I JNON N J
COO S © 6860600680000 COOCOCOCeeee8e e
(o eleloleIoINoN BN BN I B B AN I N J (o cleloNeeN I I I I el I e
[oXxolielololNeNelN BN I I BN N N oM N J [oXEolelolNo el ToNoN I JEoIeINel JNelel
OCO0CeeeCeOeOeC O OC0OeCOoOCeOOCE®OCC
COLVee®® O OO0 CO®QCOCLUOELCOLO®OCOCe
ool I GGG JONCICIONeIe) QOO0 0 000
o000 D000 O00OO0ODCOO0CO0O o000 D000 0O0DCO0O0CO0O
(e olNe] o [ elNoN o e eNe) (e ole] (e olNe] o [ elNoN o e eNe) (e ole]

o D00 (ol ele] [e2ne] o D00 (ol ele] [e2ne]

o] o 00 [oXxel le] o] 20 [oXxel le]
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1e A(S)

Need a new approach!
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nx) C Z4,,.
n=ainy +---+ axnhg sy a:(al,...,ak)GZ’éO
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
n=ayny +---+ akn TANS a:(al,...,ak)GZ’;O
Factorization homomorphism: -
25 — (m,...,ng)
a —— ayhy+---+ aghg
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nx) C Z4,,.
n=ayny +---+ akn TANS a_:(al,...,ak)GZ’;O
Factorization homomorphism: -
25 — (m,...,ng)

a —— ain +---+ akhg

Definition

The kernel ker 7 is the relation ~ on Zgo with a ~ b whenever
m(a) = m(b)
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
n=ayny +---+ akn TANS a:(al,...,ak)GZ’;O
Factorization homomorphism: -
25 — (m,...,ng)
a —— ain +---+ akhg

Definition

The kernel ker 7 is the relation ~ on Zgo with a ~ b whenever
m(a) = m(b)

ker 7 is a congruence: an equivalence relation
a~a
a~b=b~a
a~bandb~c=a~c
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
n=ayny +---+ akn TANS a:(al,...,ak)GZ’;O
Factorization homomorphism: -
25 — (m,...,ng)
a —— ain +---+ akhg

Definition

The kernel ker 7 is the relation ~ on Zgo with a ~ b whenever
m(a) = m(b)

ker 7 is a congruence: an equivalence relation
a~a
a~b=b~a
a~bandb~c=a~c
that is closed under translation.
a~b=a+c~b+c
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
n=ayny +---+ akn TANS a:(al,...,ak)GZ’éO
Factorization homomorphism:
25 — (m,...,ng)
a +—— ayhy+ -+ aghg

Definition

The kernel ker 7 is the relation ~ on Zgo with a ~ b whenever
m(a) = 7(b)

ker  is a congruence: an equivalence relation
a~a
a~b=b~a
a~bandb~c=a~c
that is closed under transl/ation
a~b=a+c~b+c
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
n=ayny +---+ akn TANS a:(al,...,ak)GZ’;O
Factorization homomorphism: Monomial map: B
W:Zgo — (N1, nk)

a —— ainy+ -+ aghg

Definition

The kernel ker 7 is the relation ~ on Zgo with a ~ b whenever
m(a) = 7(b)

ker  is a congruence: an equivalence relation
a~a
a~b=b~a
a~bandb~c=a~c
that is closed under transl/ation
a~b=a+c~b+c
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nx) C Z4,,.

n=ayn + -+ agng NS a_:(al,...,ak)GZ’;O
Factorization homomorphism: Monomial map: B

25 — (m,...,ng) o k[xt,....x] — Kk[w]

a —— aing+ -+ ang X +— whi
Definition
The kernel ker 7 is the relation ~ on Zgo with a ~ b whenever

m(a) = 7 (b)

ker  is a congruence: an equivalence relation
a~a
a~b=b~a
a~bandb~c=a~c
that is closed under transl/ation
a~b=a+c~b+c
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nx) C Z4,,.
n=ayny +---+ akn TANS a_:(al,...,ak)GZ’;O
Factorization homomorphism: Monomial map: B
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a —— aing+ -+ ang X +— whi
Definition
The kernel ker 7 is the relation ~ on Zgo with a ~ b whenever
m(a) = 7(b) x? —xP € ls =keryp

ker  is a congruence: an equivalence relation
a~a
a~b=b~a
a~bandb~c=a~c
that is closed under transl/ation
a~b=a+c~b+c
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nx) C Z4,,.
n=ayny +---+ akn TANS a_:(al,...,ak)GZ’;O
Factorization homomorphism: Monomial map: B
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a —— aing+ -+ ang X +— whi
Definition
The kernel ker 7 is the relation ~ on Zgo with a ~ b whenever
m(a) = 7(b) x? —xP € ls =keryp

ker  is a congruence: an equivalence relation
a~a x2—x2=0¢€ls
a~b=b~a
a~bandb~c=a~c
that is closed under transl/ation
a~b=a+c~b+c
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nx) C Z4,,.
n=ayny +---+ akn TANS a_:(al,...,ak)GZ’;O
Factorization homomorphism: Monomial map: B
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a —— aing+ -+ ang X +— whi
Definition
The kernel ker 7 is the relation ~ on Zgo with a ~ b whenever
m(a) = 7(b) x? —xP € ls =keryp

ker  is a congruence: an equivalence relation
a~a x2—x2=0¢€ls
a~b=b~a x2—xPels=xP—x?els
a~bandb~c=a~c
that is closed under translation
a~b=a+c~b+c
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nx) C Z4,,.
n=ayny +---+ akn TANS a_:(al,...,ak)GZ’;O
Factorization homomorphism: Monomial map: B
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a —— aing+ -+ ang X +— whi
Definition
The kernel ker 7 is the relation ~ on Zgo with a ~ b whenever
m(a) = 7(b) x? —xP € ls =keryp

ker  is a congruence: an equivalence relation

a~a x2—x2=0¢€ls
a~b=b~a x2—xPels=xP—x?els
a~bandb~c=a~c (x* — xP) + (xP — x€) = x® — x©

that is closed under translation
a~b=a+c~b+c
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nx) C Z4,,.
n=ayny +---+ akn TANS a_:(al,...,ak)GZ’;O
Factorization homomorphism: Monomial map: B
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a —— aing+ -+ ang X +— whi
Definition
The kernel ker 7 is the relation ~ on Zgo with a ~ b whenever
m(a) = 7(b) x? —xP € ls =keryp

ker  is a congruence: an equivalence relation

a~a x2—x2=0¢ls
a~b=b~a x2—xPels=xP—x?els
a~bandb~c=a~c (x* — xP) + (xP — x€) = x® — x©
that is closed under transl/ation
a~b=a+c~b+c x?—xP e ls = x¢(x® — xP) € Is
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nx) C Z4,,.
n=ayny +---+ akn TANS a_:(al,...,ak)eZ’;O
Factorization homomorphism: Monomial map: B
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a —— aing+ -+ ang X +— whi

Example
S =(6,9,20):
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nx) C Z4,,.
n=ayny +---+ akn TANS a_:(al,...,ak)eZ’;O
Factorization homomorphism: Monomial map: B
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a —— aing+ -+ ang X +— whi

Example
$=1(6,9,20): Is=(x3—y? x*y* - 23 CKk[x,y,7]
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
n=aim+---+an e a=(a,...,a) € Z%,
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a — arm+ -+ aknk xp > w
$=1(6,9,20): Is=(x3—y? x*y* - 23 CKk[x,y,7]
Z(18):
(3,0,0)
(0,2,0)
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
n=aim+---+an e a=(a,...,a) € Z%,
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a — arm+ -+ aknk xp > w
Example
$=1(6,9,20): Is=(x3—y? x*y* - 23 CKk[x,y,7]
Z(18): Z(60): (10,0,0)
(3,0,0) (7,2,0)
I (0,0,3) (4,4,0)
(0,2,0) (1,6,0)
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
n=aim+---+an e a=(a,...,a) € Z%,
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a — arm+ -+ aknk xp > w
Example
$=1(6,9,20): Is=(x3—y? x*y* - 23 CKk[x,y,7]
Z(18): Z(60): (10,0,0)  x7y2 — x*y* = x*y2(x3 — y?)
(3,0,0) (7,2,0)
I (0,0,3) (4,4,0)
(0,2,0) (1,6,0)
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
n=ayny +---+ akn TANS a:(al,...,ak)eZ’éO
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a — ainm+ -+ agng xp —> w
Example

$=1(6,9,20): Is=(x3—y? x*y* - 23 CKk[x,y,7]

Z(18): Z(60): (10,0,0)  x7y2 — x*y* = x*y2(x3 — y?)
(37 07 0) (7’ 27 O) X7y2 _ 23 _ (X7y2 . X4y4)
Tty B
I (0,0,3) (4,4,0) by =29
(0,2,0) (1,6,0)
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
n=aim+---+an e a=(a,...,a) € Z%,
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a —— ain+---+akng xp > w
Example
$=1(6,9,20): Is=(x3—y? x*y* - 23 CKk[x,y,7]
Z(18): Z(60): (10,0,0)  x7y2 — x*y* = x*y2(x3 — y?)
(37 07 0) (7’ 27 O) X7y2 _ 23 _ (X7y2 . X4y4)
Tty B
I (0,0,3) (4,4,0) =2
‘ Generating 7~1(n) connected
(0,2,0) (1,6,0) set for /s forallne S
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
n=aim+---+an e a=(a,...,a) € Z%,
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a — arm+ -+ aknk xp > w
Example
$=1(6,9,20): Is=(x3—y? x*y*—2Z3) CKk[x,y,7]
Z(18): Z(60): (10,0,0)
(3,0,0) (7,2,0)
I (0,0,3) (4,4,0)
(0,2,0) (1,6,0)
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
n=aim+---+an e a=(a,...,a) € Z%,
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a — arm+ -+ aknk xp > w
Example
$=1(6,9,20): Is=(x3—y? x*y*—2Z3) CKk[x,y,7]
Z(18): Z(60): (10,0,0) All minimal generating sets:
(3,0,0) (7,2,0)
I (0,0,3) (4,4,0)
(0,2,0) (1,6,0)
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
n=aim+---+an e a=(a,...,a) € Z%,
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a — arm+ -+ aknk xp > w
Example
$=1(6,9,20): Is=(x3—y? x*y*—2Z3) CKk[x,y,7]
Z(18): Z(60): (10,0,0) All minimal generating sets:
(3,0,0) (7,2,0) Is = (x®—y% x10 —23)
_ (3 _ 2 7,2 _ 3
I (0,0,3) (4,4,0) — W=y =
= (x3 — y2 x4yt — 23)
0,2,0 1,6,0
(0,2,0) (1,6,0) 8 _ P sy B )
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
n=ayny +---+ akn TANS a:(al,...,ak)eZ’éO
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a — ainm+ -+ agng xp —> w
Example

$=1(6,9,20): Is=(x3—y? x*y*—2Z3) CKk[x,y,7]
Z(18): Z(60): (10,0,0) All minimal generating sets:
(3,0,0) (7,2,00 Is=0C—yAx10 —2%)
(

(

I (0,0,3) 4,4,0)

(0,2,0)

1,6,0)
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
n=aim+---+an e a=(a,...,a) € Z%,
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a — arm+ -+ aknk xp > w
Example
$=1(6,9,20): Is=(x3—y? x*y*—2Z3) CKk[x,y,7]
Z(18): Z(60): (10,0,0) All minimal generating sets:
(3,0,0) (7,2,0) Is = (x®—y% x1% —23)
_ (3 _ 2 7,2 _ 3
I (0,0,3) (4,4,0) WS =
= (x3 — y2 x4yt — 23)
0,2,0 1,6,0
(0,2,0) (1,6,0) 8 _ P sy B )
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Fix an affine semigroup S = (n1,...,nk) C Zdzo.
n=ayny +---+ akn TANS a:(al,...,ak)eZ’éO
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a — ainm+ -+ agng xp —> w
Example

$=1(6,9,20): Is=(x3—y? x*y*—2Z3) CKk[x,y,7]
Z(18): Z(60): (10,0,0) All minimal generating sets:
(3,0,0) (7,2,00 Is=0C—yAx10 —2%)
(
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I (0,0,3) 4,4,0)
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
n=aim+---+an e a=(a,...,a) € Z%,
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a — arm+ -+ aknk xp > w
Example
$=1(6,9,20): Is=(x3—y? x*y*—2Z3) CKk[x,y,7]
Z(18): Z(60): (10,0,0) All minimal generating sets:
(3,0,0) (7,2,0) Is = (x®—y% x10 —23)
2 72 3
I (0,0,3) (4,4,0) WS =
= (x3 — y2 x4yt — 23)
0,2,0 1,6,0
(0,2,0) (1,6,0) 58 _ P iy, B )
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Commutative algebra hiding in the background

Fix an affine semigroup S = (n1,...,nk) C Zdzo.
n=aim+---+an e a=(a,...,a) € Z%,
Factorization homomorphism: Monomial map:
25 — (m,...,ng) o k[xt,....x] — Kk[w]
a — arm+ -+ aknk xp > w
Example
$=1(6,9,20): Is=(x3—y? x*y*—2Z3) CKk[x,y,7]
Z(18): Z(60): (10,0,0) All minimal generating sets:
(3,0,0) (7,2,0) Is = (x®—y% x10 —23)
_ (3 _ 2 7,2 _ 3
I (0,0,3) (4,4,0) — W=y =
= (x3 — y2 x4yt — 23)
0,2,0 1,6,0
(0,2,0) (1,6,0) 8 _ P sy B )
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Commutative algebra hiding in the background

S={(n,...,nx) C Z‘éo (affine) T Z’éo — S
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Commutative algebra hiding in the background

S={(n,...,nx) C Z‘éo (affine) T Z’éo — S
A larger example: S = (13, 44,106, 120).
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Commutative algebra hiding in the background

S={(n,...,nx) C Z‘éo (affine) T Z’éo — S
A larger example: S = (13, 44,106, 120).

— (xBx2 _ 3 2 3 14 16 _ 2 6,4 3
Is = (XD X5 — X3, X{ X3 — X3, X{ X0 — X3Xa, X{> — X3 Xa, X{ X3 X3 — Xj)
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Commutative algebra hiding in the background

S={(n,...,nx) C Zgo (affine)
A larger example: S = (13, 44,106, 120).
Is = (X052 — X3, x2x3 —x3, x{*x2 — x3 xq, X% — x3 x4, X0 x5

(0,3,0,0)) ((0,0,1,1) ) ((0,2,0,1)

W:Zgo — S

X3 —X7)

(0707 O) :3> (87 1727 0)

(2,0,1,0) ) \(14,1,0,0) ) \(16,0,0,0)

(6,4,1,0) (4,7,0,0)
Z(132) Z(318) Z(226)

Z(208) Z(360)
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Commutative algebra hiding in the background

S=(m,...,nx) C Zgo (affine) T Zgo — S
A larger example: S = (13, 44,106, 120).

— (xBx2 _ 3 2 3 14 16 _ 2 6,4 3
Is = (XD X5 — X3, X{ X3 — X3, X{ X0 — X3Xa, X{> — X3 Xa, X{ X3 X3 — Xj)

(0,3,0,0)) ((0,0,1,1) ) ((0,2,0,1) ((0,0,0,3) (8,1,2,0)

(2,0,1,0) ) \(14,1,0,0)) \(16,0,0,0)) \(6,4,1,0) (4,7,0,0)
Z(132) 7(318) 7(226) Z(208) 7(360)

Z(550) ©(2.1,0,4)
(22,6,0.0)@ @(6.8,0,1)

(24,3,1.0)@ ®(8.51,1)

(26,0,2.0)@ @(10,2,2,1)
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Commutative algebra hiding in the background

S=(m,...,nx) C Zgo (affine) T Zgo — S
A larger example: S = (13, 44,106, 120).

— (xBx2 _ 3 2 3 14 16 _ 2 6,4 3
Is = (XD X5 — X3, X{ X3 — X3, X{ X0 — X3Xa, X{> — X3 Xa, X{ X3 X3 — Xj)

(0,3,0,0)) ((0,0,1,1) ) ((0,2,0,1) ((0,0,0,3) (8,1,2,0)
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Z(132) 7(318) 7(226) Z(208) 7(360)
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(26,0,2.0)@ @(10,2,2,1)
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Commutative algebra hiding in the background

S=(m,...,nx) C Zgo (affine) T Zgo — S
A larger example: S = (13, 44,106, 120).

— (xBx2 _ 3 2 3 14 16 _ 2 6,4 3
Is = (XD X5 — X3, X{ X3 — X3, X{ X0 — X3Xa, X{> — X3 Xa, X{ X3 X3 — Xj)
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Z(550)
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Commutative algebra hiding in the background

S=(m,...,nx) C Zgo (affine) T Zgo — S
A larger example: S = (13, 44,106, 120).

— (xBx2 _ 3 2 3 14 16 _ 2 6,4 3
Is = (XD X5 — X3, X{ X3 — X3, X{ X0 — X3Xa, X{> — X3 Xa, X{ X3 X3 — Xj)

(0,3,0,0)) ((0,0,1,1) ) ((0,2,0,1) ((0,0,0,3) (8,1,2,0)

(2,0,1,0) ) \(14,1,0,0)) \(16,0,0,0)) \(6,4,1,0) (4,7,0,0)
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Z(550)
(22,6,0.0)@
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Commutative algebra hiding in the background

S=(m,...,nx) C Zgo (affine) T Zgo — S
A larger example: S = (13, 44,106, 120).

— (xBx2 _ 3 2 3 14 16 _ 2 6,4 3
Is = (XD X5 — X3, X{ X3 — X3, X{ X0 — X3Xa, X{> — X3 Xa, X{ X3 X3 — Xj)

(0,3,0,0)) ((0,0,1,1) ) ((0,2,0,1) ((0,0,0,3) (8,1,2,0)

(2,0,1,0) ) \(14,1,0,0)) \(16,0,0,0)) \(6,4,1,0) (4,7,0,0)
Z(132) 7(318) 7(226) Z(208) 7(360)

Z(550) (2,1,0,4)

(6,8,0,1)

(24,3,1.0) (8,5,1,1)
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Commutative algebra hiding in the background

S=(m,...,nx) C Zgo (affine) T Zgo — S
A larger example: S = (13, 44,106, 120).

— (xBx2 _ 3 2 3 14 16 _ 2 6,4 3
Is = (XD X5 — X3, X{ X3 — X3, X{ X0 — X3Xa, X{> — X3 Xa, X{ X3 X3 — Xj)

(0,3,0,0)) ((0,0,1,1) ) ((0,2,0,1) ((0,0,0,3) (8,1,2,0)

(2,0,1,0) ) \(14,1,0,0)) \(16,0,0,0)) \(6,4,1,0) (4,7,0,0)
Z(132) 7(318) 7(226) Z(208) 7(360)

Z(550) (2,1,0,4)

(6,8,0,1)
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Commutative algebra hiding in the background

S=(m,...,nx) C Zgo (affine) T Zgo — S
A larger example: S = (13, 44,106, 120).

— (xBx2 _ 3 2 3 14 16 _ 2 6,4 3
Is = (XD X5 — X3, X{ X3 — X3, X{ X0 — X3Xa, X{> — X3 Xa, X{ X3 X3 — Xj)

(0,3,0,0)) ((0,0,1,1) ) ((0,2,0,1) ((0,0,0,3) (8,1,2,0)

(2,0,1,0) ) \(14,1,0,0)) \(16,0,0,0)) \(6,4,1,0) (4,7,0,0)
Z(132) 7(318) 7(226) Z(208) 7(360)

Z(550) (2,1,0,4)

(6,8,0,1)

(87 57 17 1)

@(10,2,2,1)
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Commutative algebra hiding in the background

S=(m,...,nx) C Zgo (affine) T Zgo — S
A larger example: S = (13, 44,106, 120).

— (xBx2 _ 3 2 3 14 16 _ 2 6,4 3
Is = (XD X5 — X3, X{ X3 — X3, X{ X0 — X3Xa, X{> — X3 Xa, X{ X3 X3 — Xj)

(0,0,0,3) (8,1,2,0)
(2,0,1,0)) \(14,1,0,0)) \(16,0,0,0)) \(6,4,1,0) (4,7,0,0)

Z(132) Z(318) Z(226) Z(208) Z(360)

-
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Commutative algebra hiding in the background

S=(m,...,nx) C Zgo (affine) T Zgo — S
A larger example: S = (13, 44,106, 120).
Is = (X} x2 — X3, x2x3 —x3, xi*xo0 — x3xaq, 10 — 53 xa, X0 x5 x3 — x3)

(0,3,0,0)) ((0,0,1,1) ) ((0,2,0,1) ((0,0,0,3) (8,1,2,0)

(2,0,1,0) ) \(14,1,0,0)) \(16,0,0,0)) \(6,4,1,0) (4,7,0,0)
Z(132) 7(318) 7(226) Z(208) 7(360)

Z(550) (2,1,0,4) Z(800)

(6,8,0,1)

(8,5,1,1)

@(10,2,2,1)
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Commutative algebra hiding in the background

S=(m,...,nx) C Zgo (affine) T Zgo — S
A larger example: S = (13, 44,106, 120).
Is = (X} x2 — X3, x2x3 —x3, xi*xo0 — x3xaq, 10 — 53 xa, X0 x5 x3 — x3)

(0,3,0,0)) ((0,0,1,1) ) ((0,2,0,1) ((0,0,0,3) (8,1,2,0)

(2,0,1,0) ) \(14,1,0,0)) \(16,0,0,0)) \(6,4,1,0) (4,7,0,0)
Z(132) 7(318) 7(226) Z(208) 7(360)

Z(550) (2,1,0,4) Z(800)

(6,8,0,1)

(8,5,1,1)

@(10,2,2,1)
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Commutative algebra hiding in the background

S=(m,...,nx) C Zgo (affine) T Zgo — S
A larger example: S = (13, 44,106, 120).
Is = (X} x2 — X3, x2x3 —x3, xi*xo0 — x3xaq, 10 — 53 xa, X0 x5 x3 — x3)

(0,3,0,0)) ((0,0,1,1) ) ((0,2,0,1) ((0,0,0,3) (8,1,2,0)

(2,0,1,0) ) \(14,1,0,0)) \(16,0,0,0)) \(6,4,1,0) (4,7,0,0)
Z(132) 7(318) 7(226) Z(208) 7(360)

Z(550) (2,1,0,4) Z(800)

(6,8,0,1)

(8,5,1,1)

@(10,2,2,1)
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh

Is = ker(p) = (x* — xP : w(a) = n(b))
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh

Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:w(a) =n(b) and [|a] — |b|| <j) C Is
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh

Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:w(a) =n(b) and [|a] — |b|| <j) C Is
Idea: only connect some of the factorizations
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh

Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:m(a)=n(b) and ||a| — |b]| <j) C Is

Idea: only connect some of the factorizations
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh

Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:m(a)=n(b) and ||a| — |b]| <j) C Is
Idea: only connect some of the factorizations
hchchchClyC---Cls
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— aing+ -+ ang X +— wh
Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:w(a) =n(b) and [|a] — |b|| <j) C Is
Idea: only connect some of the factorizations
hchchchClyC---Cls
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a — aihn+ -+ akgng Xi +— whi
Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:w(a) =n(b) and [|a] — |b|| <j) C Is
Idea: only connect some of the factorizations
bhchchchCclhhCc---Cls
Example: 5(6,9,20) Is = (x> — y? x*y* — 23) C k[x, y, 7]
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh

Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:w(a) =n(b) and [|a] — |b|| <j) C Is
Idea: only connect some of the factorizations
hchchchClyC---Cls

Example: 5(6,9,20) Is = (x> — y? x*y* — 23) C k[x, y, 7]

Z(244): connected components: 28

14 1516 17 18 19 20 21 22 23 24 2526 27 28 29 30
. e e e e e e o
Lo ‘o‘o‘o‘o‘ o e @ -
o et eeees®
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh

Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:w(a) =n(b) and [|a] — |b|| <j) C Is
Idea: only connect some of the factorizations
hchchchClyC---Cls

Example: 5(6,9,20) Is = (x> — y? x*y* — 23) C k[x, y, 7]

Z(244): connected components: 21
14 15 16 17 18 19 20 21 22 23 24 .25 26 27 28 29 30
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh

Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:w(a) =n(b) and [|a] — |b|| <j) C Is
Idea: only connect some of the factorizations
hchchchClyC---Cls

Example: 5(6,9,20) Is = (x> — y? x*y* — 23) C k[x, y, 7]

Z(244): connected components: 21
14 15 16 17 18 19 20 21 22 23 24 .25 26 27 28 29 30
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh

Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:w(a) =n(b) and [|a] — |b|| <j) C Is
Idea: only connect some of the factorizations
hchchchClyC---Cls

Example: 5(6,9,20) Is = (x> — y? x*y* — 23) C k[x, y, 7]

Z(244): connected components: 2
14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30§

-
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh

Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:w(a) =n(b) and [|a] — |b|| <j) C Is
Idea: only connect some of the factorizations
hchchchClyC---Cls

Example: 5(6,9,20) Is = (x> — y? x*y* — 23) C k[x, y, 7]

Z(244): connected components: 2
14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30§
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh

Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:w(a) =n(b) and [|a] — |b|| <j) C Is
Idea: only connect some of the factorizations
hchchchClyC---Cls

Example: 5(6,9,20) Is = (x> — y? x*y* — 23) C k[x, y, 7]

Z(244): connected components: 2
114 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30§
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh

Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:w(a) =n(b) and [|a] — |b|| <j) C Is
Idea: only connect some of the factorizations
hchchchClyC---Cls

Example: 5(6,9,20) Is = (x> — y? x*y* — 23) C k[x, y, 7]

Z(244): connected components: 2
114 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30§
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh

Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:w(a) =n(b) and [|a] — |b|| <j) C Is
Idea: only connect some of the factorizations
hchchCchClyC---Cls

Example: 5(6,9,20) Is = (x> — y? x*y* — 23) C k[x, y, 7]

Z(244): connected components: 1

§14 15 16 17 18 19 20 21 22 23 24 2526 27 28 29 30§
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh

Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:w(a) =n(b) and [|a] — |b|| <j) C Is
Idea: only connect some of the factorizations
hchchchClyC---Cls

Example: 5(6,9,20) Is = (x> — y? x*y* — 23) C k[x, y, 7]

Z(244): connected components: 1

§14 15 16 17 18 19 20 21 22 23 24 2526 27 28 29 30

<>]111D

lh = (xllz3—y > I3_Ig+(xz—y>

/—I0+<X fy ,x823 — y12 ) Iy = I3+ {x*y* fz>
/:/1+< y10> 215216:---:/5
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh

Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:w(a) =n(b) and [|a] — |b|| <j) C Is
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh

Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:w(a) =n(b) and [|a] — |b|| <j) C Is

Theorem (O, 2016)

In the ascending chain Iy Ch Clh C---Cls,
jE€A(S) ifandonlyif i1 Cl;
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh

Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:w(a) =n(b) and [|a] — |b|| <j) C Is

Theorem (O, 2016)

In the ascending chain Iy Ch Clh C---Cls,
jE€A(S) ifandonlyif i1 Cl;

Algorithm for computing A(S):
o Compute generators for Io, I, ...
@ At each step, check if [j_1 # I;
@ Stop when /s reached
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh

Is = ker(p) = (x* — xP : w(a) = n(b))
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh
Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:w(a) =n(b) and [|a] — |b|| <j) C Is
lhom: homogenization of /s
X3 — Xb c IS — xa — t|a|—|b|Xb c lhom
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh

Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:w(a) =n(b) and [|a] — |b|| <j) C Is
lhom: homogenization of /s
x? —xb e s — x@ — tlal=blyb oy

Example: 5(6,9,20) Is = (x3 — y? xy® — 23) C k[x,y, 7]
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh
Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:w(a) =n(b) and [|a] — |b|| <j) C Is
lhom: homogenization of /s
X3 — Xb c IS — xa — t|a|—|b|Xb c lhom

Example: 5(6,9,20) Is = (x3 — y? xy® — 23) C k[x,y, 7]

Lex Grobner basis for hhom:

_ 11,3 14
Ihom—<X zm =y,

X3~ ty2 X873 — 12,

t2x5 73 _y107
t3x273 _y87

xy® — t423)
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh

Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:w(a) =n(b) and [|a] — |b|| <j) C Is

lhom: homogenization of /s
x? —xb e s — x@ — tlal=blyb oy

Example: 5(6,9,20) Is = (x3 — y? xy® — 23) C k[x,y, 7]

Lex Grobner basis for hhom:

hhom = (x1123 — 14, I = (x1123 — y14)
X3 — ty2 x873 — 12, ho=lp+ (x3 — y2,x823 — y12)
£2x573 — 410, b= h + (x52% — y10)
t3x%223 — y8, s =k + (x?23 — y8)
xy® — t423) Iy = I+ (xy® — 23)

Feb 10, 2020 25 /27
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh

Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:w(a) =n(b) and [|a] — |b|| <j) C Is
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh

Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:w(a) =n(b) and [|a] — |b|| <j) C Is

Algorithm to compute A(S) (Garcia-Sanchez—O-Webb, 2018)

@ Homogenize the ideal /s with a new variable t
@ Compute a reduced lex Grobner basis G with t < x;
o A(S) ={d:tx* —xP € G}
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh

Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:w(a) =n(b) and [|a] — |b|| <j) C Is

Algorithm to compute A(S) (Garcia-Sanchez—O-Webb, 2018)

@ Homogenize the ideal /s with a new variable t
@ Compute a reduced lex Grobner basis G with t < x;
o A(S) ={d:tx* —xP € G}

S A(S) Manual Dynamic Algebraic
(100, 121, 142, 163, 284) 1 Days  Om 3.6s < 10 ms
(1001,1211,1421,1631,2841) {10, 20,30} Days 1m56s < 10 ms
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The delta set via commutative algebra

W:Zgo — S={(n,...,nk) o k[xg,....,x] —  k[w]
a —— ayh + -4 aghg x;j +— wh

Is = ker(p) = (x* — xP : w(a) = n(b))
l; = (x®—xP:w(a) =n(b) and [|a] — |b|| <j) C Is

Algorithm to compute A(S) (Garcia-Sanchez—O-Webb, 2018)

@ Homogenize the ideal /s with a new variable t
@ Compute a reduced lex Grobner basis G with t < x;
o A(S) ={d:tx* —xP € G}

S A(S) Manual Dynamic Algebraic
(100, 121, 142, 163, 284) 21} Days Om 3.6s <10 ms
(1001,1211,1421,1631,2841) {10, 20,30} Days 1m56s < 10 ms

4139, 4407, 5167, 6073,6079, ) {8,9,10,11,12,13, Years Days < 1 min

<550, 1060, 1600, 1781, 4126, > 1,2,3,4,5,6,7,
6169, 7097, 7602, 8782, 8872 / |14,15,16,17,19
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