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Affine semigroups

Definition
A numerical semigroup S ⊂ Z≥0: closed under addition.

Example
McN = 〈6, 9, 20〉 = {0, 6, 9, 12, 15, 18, 20, . . .}. “McNugget Semigroup”
Factorizations:

60 = 7(6) + 2(9)
= 3(20)

 
 

(7, 2, 0)
(0, 0, 3)
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Affine semigroups
Definition
An affine semigroup S ⊂ Zd

≥0: closed under vector addition.

Example
S = 〈(1, 1), (1, 5), (2, 5), (3, 5), (5, 1), (5, 2), (5, 3)〉 ⊂ Z2

≥0
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Affine semigroups
Definition
An affine semigroup S ⊂ Zd

≥0: closed under vector addition.

Example
S = 〈(1, 1), (1, 5), (2, 5), (3, 5), (5, 1), (5, 2), (5, 3)〉 ⊂ Z2

≥0

Z((6, 6)) =
{

(6, 0, 0, 0, 0, 0, 0),
(0, 1, 0, 0, 1, 0, 0)

}
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≥0: closed under vector addition.

Example
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≥0

Z((6, 6)) =
{

(6, 0, 0, 0, 0, 0, 0),
(0, 1, 0, 0, 1, 0, 0)

}
(6, 6) = 6(1, 1)

= (1, 5) + (5, 1)
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Affine semigroups
Definition
An affine semigroup S ⊂ Zd

≥0: closed under vector addition.

Example
S = 〈(1, 1), (1, 5), (2, 5), (3, 5), (5, 1), (5, 2), (5, 3)〉 ⊂ Z2

≥0

Z((6, 6)) =
{

(6, 0, 0, 0, 0, 0, 0),
(0, 1, 0, 0, 1, 0, 0)

}
(6, 6) = 6(1, 1)

= (1, 5) + (5, 1)

S numerical semigroup ! d = 1
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Affine semigroups
Fix an affine semigroup S = 〈n1, . . . , nk〉 ⊂ Zd

≥0.

Z(n) =
{

a ∈ Zk
≥0 : n = a1n1 + · · ·+ aknk

}
is the set of factorizations of n ∈ S.

|a| = a1 + · · ·+ ak (length of a)

Example
S = 〈6, 9, 20〉:

Z(60) = {(10, 0, 0), (7, 2, 0), (4, 4, 0), (1, 6, 0), (0, 0, 3)}
Possible factorization lengths for n = 60: 3, 7, 8, 9, 10.

Z(1000001) = { ︸ ︷︷ ︸
shortest

, . . . , ︸ ︷︷ ︸
longest

}
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≥0.

Z(n) =
{
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≥0.

Z(n) =
{

a ∈ Zk
≥0 : n = a1n1 + · · ·+ aknk

}
is the set of factorizations of n ∈ S.

|a| = a1 + · · ·+ ak (length of a)

Example
S = 〈6, 9, 20〉:

Z(60) = {(10, 0, 0), (7, 2, 0), (4, 4, 0), (1, 6, 0), (0, 0, 3)}
Possible factorization lengths for n = 60: 3, 7, 8, 9, 10.

Z(1000001) = { (2, 1, 49999)︸ ︷︷ ︸
shortest

, . . . , ︸ ︷︷ ︸
longest

}
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Affine semigroups
Fix an affine semigroup S = 〈n1, . . . , nk〉 ⊂ Zd

≥0.

Z(n) =
{

a ∈ Zk
≥0 : n = a1n1 + · · ·+ aknk

}
is the set of factorizations of n ∈ S.

|a| = a1 + · · ·+ ak (length of a)

Example
S = 〈6, 9, 20〉:

Z(60) = {(10, 0, 0), (7, 2, 0), (4, 4, 0), (1, 6, 0), (0, 0, 3)}
Possible factorization lengths for n = 60: 3, 7, 8, 9, 10.

Z(1000001) = { (2, 1, 49999)︸ ︷︷ ︸
shortest

, . . . , (166662, 1, 1)︸ ︷︷ ︸
longest

}
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Affine semigroups (a geometric viewpoint)
Fix an affine semigroup S = 〈n1, . . . , nk〉 ⊂ Zd

≥0.

Z(n) =
{

a ∈ Zk
≥0 : n = a1n1 + · · ·+ aknk

}

A geometric viewpoint: non-negative integer solutions to linear equations.
Example: S = 〈6, 9, 20〉, n = 60.

Z(60) =
{

a ∈ Zk
≥0 : 60 = 6a1 + 9a2 + 20a3

}
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Fix an affine semigroup S = 〈n1, . . . , nk〉 ⊂ Zd

≥0.

Z(n) =
{

a ∈ Zk
≥0 : n = a1n1 + · · ·+ aknk

}
A geometric viewpoint: non-negative integer solutions to linear equations.
Example: S = 〈6, 9, 20〉, n = 60.

Z(60) =
{

a ∈ Zk
≥0 : 60 = 6a1 + 9a2 + 20a3

}
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Delta set
Fix an affine semigroup S = 〈n1, . . . , nk〉 ⊂ Zd

≥0.

Z(n) =
{

a ∈ Zk
≥0 : n = a1n1 + · · ·+ aknk

}

a = (a1, . . . , ak) ∈ Zk
≥0  |a| = a1 + · · ·+ ak

L(n) = {|a| : a ∈ Z(n)}
= {`1 < · · · < `r}

Definition
The delta set of n ∈ S is ∆(n) = {`2 − `1, . . . , `r − `r−1}

Example
S = 〈6, 9, 20〉: Z(60) = {(10, 0, 0), (7, 2, 0), (4, 4, 0), (1, 6, 0), (0, 0, 3)}

L(60) = {3, 7, 8, 9, 10} ∆(60) = {1, 4}

L(142) = {10, 11, 12, 14, 15, 16, 17, 18, 19} ∆(142) = {1, 2}
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≥0  |a| = a1 + · · ·+ ak

L(n) = {`1 < · · · < `r} ∆(n) = {`i − `i−1}

Facts for large n ∈ S
min ∆(n) is as small as possible for S
S = 〈3, 5, 7〉:

L(110) = {16, 18, . . . , 34, 36}, ∆(110) = {2}
L(n) is an arithmetic sequence with a few values removed near the ends
S = 〈42, 86, 245, 285, 365, 463〉:

L(3023) = {7, 9, 11, 12, . . . , 46, 47, 58, 62, 64}, ∆(3023) = {1, 2, 4, 9}
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Delta set (a geometric viewpoint)
Fix an affine semigroup S = 〈n1, . . . , nk〉 ⊂ Zd

≥0.

Z(n) =
{

a ∈ Zk
≥0 : n = a1n1 + · · ·+ aknk

}
a = (a1, . . . , ak) ∈ Zk

≥0  |a| = a1 + · · ·+ ak

L(n) = {`1 < · · · < `r} ∆(n) = {`i − `i−1}

A geometric viewpoint: lattice width
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}
a = (a1, . . . , ak) ∈ Zk
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L(n) = {`1 < · · · < `r} ∆(n) = {`i − `i−1}
A geometric viewpoint: lattice width

|a| = ‖a‖1 (the `1-norm)
min ∆(n): min `1 width
extremal lengths near vertices
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Delta set of a semigroup
Fix an affine semigroup S = 〈n1, . . . , nk〉 ⊂ Zd

≥0.

Z(n) =
{

a ∈ Zk
≥0 : n = a1n1 + · · ·+ aknk

}
a = (a1, . . . , ak) ∈ Zk

≥0  |a| = a1 + · · ·+ ak

L(n) = {`1 < · · · < `r} ∆(n) = {`i − `i−1}

Definition
The delta set of S is the union ∆(S) =

⋃
n∈S ∆(n)

Goal
Given n1, . . . , nk as input, compute ∆(S).

The primary difficulty: this is an infinite union!

Example
S = 〈17, 33, 53, 71〉, ∆(S) = {2, 4, 6}. 6 ∈ ∆(266),∆(283),∆(300).
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The first breakthrough: numerical semigroups

Fix a numerical semigroup S = 〈n1, . . . , nk〉 ⊂ Z≥0.

Theorem (Chapman–Hoyer–Kaplan, 2009)
For n ≥ 2kn2n2

k , ∆(n) = ∆(n + n1nk).

Example: S = 〈6, 9, 20〉: 2kn2n2
k = 21600

20 40 60 80 100 120 140

1

2

3

4

(n, d) ! d ∈ ∆(n)

Christopher O’Neill (SDSU) Computing delta sets of affine semigroups Feb 10, 2020 10 / 27



The first breakthrough: numerical semigroups

Fix a numerical semigroup S = 〈n1, . . . , nk〉 ⊂ Z≥0.

Theorem (Chapman–Hoyer–Kaplan, 2009)
For n ≥ 2kn2n2

k , ∆(n) = ∆(n + n1nk).

Example: S = 〈6, 9, 20〉: 2kn2n2
k = 21600

20 40 60 80 100 120 140

1

2

3

4

(n, d) ! d ∈ ∆(n)

Christopher O’Neill (SDSU) Computing delta sets of affine semigroups Feb 10, 2020 10 / 27



The first breakthrough: numerical semigroups

Fix a numerical semigroup S = 〈n1, . . . , nk〉 ⊂ Z≥0.

Theorem (Chapman–Hoyer–Kaplan, 2009)
For n ≥ 2kn2n2

k , ∆(n) = ∆(n + n1nk).

Example: S = 〈6, 9, 20〉: 2kn2n2
k = 21600

20 40 60 80 100 120 140

1

2

3

4

(n, d) ! d ∈ ∆(n)

Christopher O’Neill (SDSU) Computing delta sets of affine semigroups Feb 10, 2020 10 / 27



The first breakthrough: numerical semigroups

Fix a numerical semigroup S = 〈n1, . . . , nk〉 ⊂ Z≥0.

Theorem (Chapman–Hoyer–Kaplan, 2009)
For n ≥ 2kn2n2

k , ∆(n) = ∆(n + n1nk).

For n ∈ S with 0 ≤ n ≤ 2kn2n2
k + n1nk ,

compute:
Z(n) = {a ∈ Zk

≥0 : n = a1n1 + · · ·+ aknk}
Z(n) L(n) = {a1 + · · ·+ ak : a ∈ Z(n)}

L(n) = {`1 < . . . < `r} ∆(n) = {`i − `i−1}
Compute ∆(S) =

⋃
n ∆(n).
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An improvement: the first usable algorithm

Fix a numerical semigroup S = 〈n1, . . . , nk〉 ⊂ Z≥0.

Theorem (Chapman–Hoyer–Kaplan, 2009)
For n ≥ 2kn2n2

k , ∆(n) = ∆(n + n1nk).

S = 〈6, 9, 20〉: 2kn2n2
k = 21600, NS = 144, actual = 91

S 2kn2n2
k NS ∆(S) Runtime

〈7, 15, 17, 18, 20〉 60000 1935 {1, 2, 3} 1m 28s
〈11, 53, 73, 87〉 3209256 14381 {2, 4, 6, 8, 10, 22} 0m 49s
〈31, 73, 77, 87, 91〉 6045130 31364 {2, 4, 6} 400m 12s
〈100, 121, 142, 163, 284〉 9 · 107 24850 ——— ———
〈1001, 1211, 1421, 1631, 2841〉 6 · 1015 2063141 ——— ———

GAP Numerical Semigroups Package, available at
http://www.gap-system.org/Packages/numericalsgps.html.

Christopher O’Neill (SDSU) Computing delta sets of affine semigroups Feb 10, 2020 12 / 27

http://www.gap-system.org/Packages/numericalsgps.html


An improvement: the first usable algorithm

Fix a numerical semigroup S = 〈n1, . . . , nk〉 ⊂ Z≥0.
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A faster solution: dynamic programming
Fix n ∈ S = 〈n1, . . . , nk〉.

For each i ≤ k,
φi : Z(n − ni ) −→ Z(n)

a 7−→ a + ei

n ∈ S = 〈6, 9, 20〉 L(n)
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< l a t e x i t  s h a 1 _ b a s e 6 4 = " s m Q n v 1 s S I v M B a K U y c Z P e T A 8 X Y v U = " > A A A B 8 n i c b V B N S w M x E M 3 W r 1 q / q h 6 9 B I t Q s Z S s C P Z Y 8 O K x g v 2 A 7 V K y a b Y N z W 6 W Z F Y o S 3 + G F w + K e P X X e P P f m L Z 7 0 N Y H A 4 / 3 Z p i Z F y R S G C D k 2 y l s b G 5 t 7 x R 3 S 3 v 7 B 4 d H 5 e O T j l G p Z r z N l F S 6 F 1 D D p Y h 5 G w R I 3 k s 0 p 1 E g e T e Y 3 M 3 9 7 h P X R q j 4 E a Y J 9 y M 6 i k U o G A U r e d n s C l f d G q m R y 0 G 5 Q u p k A b x O 3 J x U U I 7 W o P z V H y q W R j w G J q k x n k s S 8 D O q Q T D J Z 6 V + a n h C 2 Y S O u G d p T C N u / G x x 8 g x f W G W I Q 6 V t x Y A X 6 u + J j E b G T K P A d k Y U x m b V m 4 v / e V 4 K Y c P P R J y k w G O 2 X B S m E o P C 8 / / x U G j O Q E 4 t o U w L e y t m Y 6 o p A 5 t S y Y b g r r 6 8 T j r X d Z f U 3 Y e b S r O R x 1 F E Z + g c V Z G L b l E T 3 a M W a i O G F H p G r + j N A e f F e X c + l q 0 F J 5 8 5 R X / g f P 4 A c 3 C P W w = = < / l a t e x i t >

< l a t e x i t  s h a 1 _ b a s e 6 4 = " H B j d o I I v W 9 G J V e 5 s y v z R r Y 5 H I K A = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f U Z d u B o t Q N y U p i i 6 L b l x W s A 9 s Y 5 l M J + 3 Q y S T M T J Q S + h 9 u X C j i 1 n 9 x 5 9 8 4 T b P Q 1 g M D h 3 P u 5 Z 4 5 f s y Z 0 o 7 z b R V W V t f W N 4 q b p a 3 t n d 0 9 e / + g p a J E E t o k E Y 9 k x 8 e K c i Z o U z P N a S e W F I c + p 2 1 / f D 3 z 2 4 9 U K h a J O z 2 J q R f i o W A B I 1 g b 6 a E X Y j 1 S A b q v 1 M 6 d 0 7 5 d d q p O B r R M 3 J y U I U e j b 3 / 1 B h F J Q i o 0 4 V i p r u v E 2 k u x 1 I x w O i 3 1 E k V j T M Z 4 S L u G C h x S 5 a V Z 6 i k 6 M c o A B Z E 0 T 2 i U q b 8 3 U h w q N Q l 9 M 5 m l X P R m 4 n 9 e N 9 H B p Z c y E S e a C j I / F C Q c 6 Q j N K k A D J i n R f G I I J p K Z r I i M s M R E m 6 J K p g R 3 8 c v L p F W r u k 7 V v T 0 r 1 6 / y O o p w B M d Q A R c u o A 4 3 0 I A m E J D w D K / w Z j 1 Z L 9 a 7 9 T E f L V j 5 z i H 8 g f X 5 A 6 R c k U c = < / l a t e x i t >

< l a t e x i t  s h a 1 _ b a s e 6 4 = " t 2 v n x A 8 1 9 s / T F J R r r V a N D Z P E + H 0 = " > A A A B 8 n i c b V B N S w M x E M 3 W r 1 q / q h 6 9 B I t Q s Z S s C P Z Y 8 O K x g v 2 A 7 V K y a b Y N z W 6 W Z F Y o S 3 + G F w + K e P X X e P P f m L Z 7 0 N Y H A 4 / 3 Z p i Z F y R S G C D k 2 y l s b G 5 t 7 x R 3 S 3 v 7 B 4 d H 5 e O T j l G p Z r z N l F S 6 F 1 D D p Y h 5 G w R I 3 k s 0 p 1 E g e T e Y 3 M 3 9 7 h P X R q j 4 E a Y J 9 y M 6 i k U o G A U r e d n s C l d J z a 2 R y 0 G 5 Q u p k A b x O 3 J x U U I 7 W o P z V H y q W R j w G J q k x n k s S 8 D O q Q T D J Z 6 V + a n h C 2 Y S O u G d p T C N u / G x x 8 g x f W G W I Q 6 V t x Y A X 6 u + J j E b G T K P A d k Y U x m b V m 4 v / e V 4 K Y c P P R J y k w G O 2 X B S m E o P C 8 / / x U G j O Q E 4 t o U w L e y t m Y 6 o p A 5 t S y Y b g r r 6 8 T j r X d Z f U 3 Y e b S r O R x 1 F E Z + g c V Z G L b l E T 3 a M W a i O G F H p G r + j N A e f F e X c + l q 0 F J 5 8 5 R X / g f P 4 A c 2 6 P W w = = < / l a t e x i t >

n ∈ S = 〈6, 9, 20〉 L(n)
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A faster solution: dynamic programming
Fix n ∈ S = 〈n1, . . . , nk〉. For each i ≤ k,

φi : Z(n − ni ) −→ Z(n)
a 7−→ a + ei

S = 〈6, 9, 20〉:

< l a t e x i t  s ha 1 _ b a s e 6 4 = " y A o H e 6 O H Cj 8 O R 3 h l J Q l R T C X I 0 N 8 = "> A A A B 9 X i c b V D L T g I x F L 2D L 8 Q X 6 t J N I z H B D Z k h G H VH d O M S E 3 l E G E m n d K C h 0 5 m0 H Q 2 Z 8 B 9 u X G i M W / / F n X 9j G W a h 4 E m a n J x z b + 7 p 8 S LO l L b t b y u 3 s r q 2 v p H f L G xt7 + z u F f c P W i q M J a F N E v J Qd j y s K G e C N j X T n H Y i S X H gc d r 2 x t c z v / 1 I p W K h u N O Ti L o B H g r m M 4 K 1 k R 5 6 A d Y j5 a P 7 c v X s 8 r R f L N k V O w V aJ k 5 G S p C h 0 S 9 + 9 Q Y h i Q M qN O F Y q a 5 j R 9 p N s N S M c D o t9 G J F I 0 z G e E i 7 h g o c U O U ma e o p O j H K A P m h N E 9 o l K q /Nx I c K D U J P D O Z p l z 0 Z u J / Xj f W / o W b M B H F m g o y P + T H HO k Q z S p A A y Y p 0 X x i C C a S ma y I j L D E R J u i C q Y E Z / H L y6 R V r T h 2 x b m t l e p X W R 1 5 OI J j K I M D 5 1 C H G 2 h A E w h I eI Z X e L O e r B f r 3 f q Y j + a s bO c Q / s D 6 / A G y C Z F Q < / l a te x i t >< l a t e x i t  s h a 1 _ b a s e 6 4 = " 8 a m w z C u D a a J M U F O d I D w 0 i V j h s U 0 = " > A A A B 9 X i c b V D L T g I x F L 2 D L 8 Q X 6 t J N I z H B D Z k B j S 6 J b l x i I o 8 I I + m U D j R 0 O p O 2 o y E T / s O N C 4 1 x 6 7 + 4 8 2 8 s w y w U P E m T k 3 P u z T 0 9 X s S Z 0 r b 9 b e V W V t f W N / K b h a 3 t n d 2 9 4 v 5 B S 4 W x J L R J Q h 7 K j o c V 5 U z Q p m a a 0 0 4 k K Q 4 8 T t v e + H r m t x + p V C w U d 3 o S U T f A Q 8 F 8 R r A 2 0 k M v w H q k f H R f r p 7 X T v v F k l 2 x U 6 B l 4 m S k B B k a / e J X b x C S O K B C E 4 6 V 6 j p 2 p N 0 E S 8 0 I p 9 N C L 1 Y 0 w m S M h 7 R r q M A B V W 6 S p p 6 i E 6 M M k B 9 K 8 4 R G q f p 7 I 8 G B U p P A M 5 N p y k V v J v 7 n d W P t X 7 o J E 1 G s q S D z Q 3 7 M k Q 7 R r A I 0 Y J I S z S e G Y C K Z y Y r I C E t M t C m q Y E p w F r + 8 T F r V i m N X n N u z U v 0 q q y M P R 3 A M Z X D g A u p w A w 1 o A g E J z / A K b 9 a T 9 W K 9 W x / z 0 Z y V 7 R z C H 1 i f P 6 j r k U o = < / l a t e x i t >

< l a t e x i t  s h a 1 _ b a s e 6 4 = " s m Q n v 1 s S I v M B a K U y c Z P e T A 8 X Y v U = " > A A A B 8 n i c b V B N S w M x E M 3 W r 1 q / q h 6 9 B I t Q s Z S s C P Z Y 8 O K x g v 2 A 7 V K y a b Y N z W 6 W Z F Y o S 3 + G F w + K e P X X e P P f m L Z 7 0 N Y H A 4 / 3 Z p i Z F y R S G C D k 2 y l s b G 5 t 7 x R 3 S 3 v 7 B 4 d H 5 e O T j l G p Z r z N l F S 6 F 1 D D p Y h 5 G w R I 3 k s 0 p 1 E g e T e Y 3 M 3 9 7 h P X R q j 4 E a Y J 9 y M 6 i k U o G A U r e d n s C l f d G q m R y 0 G 5 Q u p k A b x O 3 J x U U I 7 W o P z V H y q W R j w G J q k x n k s S 8 D O q Q T D J Z 6 V + a n h C 2 Y S O u G d p T C N u / G x x 8 g x f W G W I Q 6 V t x Y A X 6 u + J j E b G T K P A d k Y U x m b V m 4 v / e V 4 K Y c P P R J y k w G O 2 X B S m E o P C 8 / / x U G j O Q E 4 t o U w L e y t m Y 6 o p A 5 t S y Y b g r r 6 8 T j r X d Z f U 3 Y e b S r O R x 1 F E Z + g c V Z G L b l E T 3 a M W a i O G F H p G r + j N A e f F e X c + l q 0 F J 5 8 5 R X / g f P 4 A c 3 C P W w = = < / l a t e x i t >

< l a t e x i t  s h a 1 _ b a s e 6 4 = " H B j d o I I v W 9 G J V e 5 s y v z R r Y 5 H I K A = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f U Z d u B o t Q N y U p i i 6 L b l x W s A 9 s Y 5 l M J + 3 Q y S T M T J Q S + h 9 u X C j i 1 n 9 x 5 9 8 4 T b P Q 1 g M D h 3 P u 5 Z 4 5 f s y Z 0 o 7 z b R V W V t f W N 4 q b p a 3 t n d 0 9 e / + g p a J E E t o k E Y 9 k x 8 e K c i Z o U z P N a S e W F I c + p 2 1 / f D 3 z 2 4 9 U K h a J O z 2 J q R f i o W A B I 1 g b 6 a E X Y j 1 S A b q v 1 M 6 d 0 7 5 d d q p O B r R M 3 J y U I U e j b 3 / 1 B h F J Q i o 0 4 V i p r u v E 2 k u x 1 I x w O i 3 1 E k V j T M Z 4 S L u G C h x S 5 a V Z 6 i k 6 M c o A B Z E 0 T 2 i U q b 8 3 U h w q N Q l 9 M 5 m l X P R m 4 n 9 e N 9 H B p Z c y E S e a C j I / F C Q c 6 Q j N K k A D J i n R f G I I J p K Z r I i M s M R E m 6 J K p g R 3 8 c v L p F W r u k 7 V v T 0 r 1 6 / y O o p w B M d Q A R c u o A 4 3 0 I A m E J D w D K / w Z j 1 Z L 9 a 7 9 T E f L V j 5 z i H 8 g f X 5 A 6 R c k U c = < / l a t e x i t >

< l a t e x i t  s h a 1 _ b a s e 6 4 = " t 2 v n x A 8 1 9 s / T F J R r r V a N D Z P E + H 0 = " > A A A B 8 n i c b V B N S w M x E M 3 W r 1 q / q h 6 9 B I t Q s Z S s C P Z Y 8 O K x g v 2 A 7 V K y a b Y N z W 6 W Z F Y o S 3 + G F w + K e P X X e P P f m L Z 7 0 N Y H A 4 / 3 Z p i Z F y R S G C D k 2 y l s b G 5 t 7 x R 3 S 3 v 7 B 4 d H 5 e O T j l G p Z r z N l F S 6 F 1 D D p Y h 5 G w R I 3 k s 0 p 1 E g e T e Y 3 M 3 9 7 h P X R q j 4 E a Y J 9 y M 6 i k U o G A U r e d n s C l d J z a 2 R y 0 G 5 Q u p k A b x O 3 J x U U I 7 W o P z V H y q W R j w G J q k x n k s S 8 D O q Q T D J Z 6 V + a n h C 2 Y S O u G d p T C N u / G x x 8 g x f W G W I Q 6 V t x Y A X 6 u + J j E b G T K P A d k Y U x m b V m 4 v / e V 4 K Y c P P R J y k w G O 2 X B S m E o P C 8 / / x U G j O Q E 4 t o U w L e y t m Y 6 o p A 5 t S y Y b g r r 6 8 T j r X d Z f U 3 Y e b S r O R x 1 F E Z + g c V Z G L b l E T 3 a M W a i O G F H p G r + j N A e f F e X c + l q 0 F J 5 8 5 R X / g f P 4 A c 2 6 P W w = = < / l a t e x i t >

< l a t e x i t  s h a 1 _ b a s e 6 4 = " i N d x g B A 2 G B 6 W e P D 9 u c w 3 b m G 1 r 6 0 = " > A A A B 9 X i c b V D L T g I x F L 2 D L 8 Q X 6 t J N I z H B D Z k B E 3 V H d O M S E 3 l E G E m n d K C h 0 5 m 0 H Q 2 Z 8 B 9 u X G i M W / / F n X 9 j G W a h 4 E m a n J x z b + 7 p 8 S L O l L b t b y u 3 s r q 2 v p H f L G x t 7 + z u F f c P W i q M J a F N E v J Q d j y s K G e C N j X T n H Y i S X H g c d r 2 x t c z v / 1 I p W K h u N O T i L o B H g r m M 4 K 1 k R 5 6 A d Y j 5 a P 7 c r V 2 e d o v l u y K n Q I t E y c j J c j Q 6 B e / e o O Q x A E V m n C s V N e x I + 0 m W G p G O J 0 W e r G i E S Z j P K R d Q w U O q H K T N P U U n R h l g P x Q m i c 0 S t X f G w k O l J o E n p l M U y 5 6 M / E / r x t r / 8 J N m I h i T Q W Z H / J j j n S I Z h W g A Z O U a D 4 x B B P J T F Z E R l h i o k 1 R B V O C s / j l Z d K q V h y 7 4 t y e l e p X W R 1 5 O I J j K I M D 5 1 C H G 2 h A E w h I e I Z X e L O e r B f r 3 f q Y j + a s b O c Q / s D 6 / A G u / Z F O < / l a t e x i t >

< l a t e x i t  s h a 1 _ b a s e 6 4 = " A 2 J j 5 i 4 H O s n V Q L V f 3 m D a K v I s 9 L 0 = " > A A A B 8 n i c b V B N S w M x E M 3 W r 1 q / q h 6 9 B I t Q s Z S s C P Z Y 8 O K x g v 2 A 7 V K y a b Y N z W 6 W Z F Y o S 3 + G F w + K e P X X e P P f m L Z 7 0 N Y H A 4 / 3 Z p i Z F y R S G C D k 2 y l s b G 5 t 7 x R 3 S 3 v 7 B 4 d H 5 e O T j l G p Z r z N l F S 6 F 1 D D p Y h 5 G w R I 3 k s 0 p 1 E g e T e Y 3 M 3 9 7 h P X R q j 4 E a Y J 9 y M 6 i k U o G A U r e d n s C l d J j d T c y 0 G 5 Q u p k A b x O 3 J x U U I 7 W o P z V H y q W R j w G J q k x n k s S 8 D O q Q T D J Z 6 V + a n h C 2 Y S O u G d p T C N u / G x x 8 g x f W G W I Q 6 V t x Y A X 6 u + J j E b G T K P A d k Y U x m b V m 4 v / e V 4 K Y c P P R J y k w G O 2 X B S m E o P C 8 / / x U G j O Q E 4 t o U w L e y t m Y 6 o p A 5 t S y Y b g r r 6 8 T j r X d Z f U 3 Y e b S r O R x 1 F E Z + g c V Z G L b l E T 3 a M W a i O G F H p G r + j N A e f F e X c + l q 0 F J 5 8 5 R X / g f P 4 A c 2 y P W w = = < / l a t e x i t >

n ∈ S = 〈6, 9, 20〉 L(n)
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A faster solution: dynamic programming
Fix n ∈ S = 〈n1, . . . , nk〉. For each i ≤ k,

φi : Z(n − ni ) −→ Z(n)
a 7−→ a + ei

Z(n) =
⋃

i≤k φi (Z(n − ni ))

S = 〈6, 9, 20〉:

< l a t e x i t  s ha 1 _ b a s e 6 4 = " y A o H e 6 O H Cj 8 O R 3 h l J Q l R T C X I 0 N 8 = "> A A A B 9 X i c b V D L T g I x F L 2D L 8 Q X 6 t J N I z H B D Z k h G H VH d O M S E 3 l E G E m n d K C h 0 5 m0 H Q 2 Z 8 B 9 u X G i M W / / F n X 9j G W a h 4 E m a n J x z b + 7 p 8 S LO l L b t b y u 3 s r q 2 v p H f L G xt7 + z u F f c P W i q M J a F N E v J Qd j y s K G e C N j X T n H Y i S X H gc d r 2 x t c z v / 1 I p W K h u N O Ti L o B H g r m M 4 K 1 k R 5 6 A d Y j5 a P 7 c v X s 8 r R f L N k V O w V aJ k 5 G S p C h 0 S 9 + 9 Q Y h i Q M qN O F Y q a 5 j R 9 p N s N S M c D o t9 G J F I 0 z G e E i 7 h g o c U O U ma e o p O j H K A P m h N E 9 o l K q /Nx I c K D U J P D O Z p l z 0 Z u J / Xj f W / o W b M B H F m g o y P + T H HO k Q z S p A A y Y p 0 X x i C C a S ma y I j L D E R J u i C q Y E Z / H L y6 R V r T h 2 x b m t l e p X W R 1 5 OI J j K I M D 5 1 C H G 2 h A E w h I eI Z X e L O e r B f r 3 f q Y j + a s bO c Q / s D 6 / A G y C Z F Q < / l a te x i t >< l a t e x i t  s h a 1 _ b a s e 6 4 = " 8 a m w z C u D a a J M U F O d I D w 0 i V j h s U 0 = " > A A A B 9 X i c b V D L T g I x F L 2 D L 8 Q X 6 t J N I z H B D Z k B j S 6 J b l x i I o 8 I I + m U D j R 0 O p O 2 o y E T / s O N C 4 1 x 6 7 + 4 8 2 8 s w y w U P E m T k 3 P u z T 0 9 X s S Z 0 r b 9 b e V W V t f W N / K b h a 3 t n d 2 9 4 v 5 B S 4 W x J L R J Q h 7 K j o c V 5 U z Q p m a a 0 0 4 k K Q 4 8 T t v e + H r m t x + p V C w U d 3 o S U T f A Q 8 F 8 R r A 2 0 k M v w H q k f H R f r p 7 X T v v F k l 2 x U 6 B l 4 m S k B B k a / e J X b x C S O K B C E 4 6 V 6 j p 2 p N 0 E S 8 0 I p 9 N C L 1 Y 0 w m S M h 7 R r q M A B V W 6 S p p 6 i E 6 M M k B 9 K 8 4 R G q f p 7 I 8 G B U p P A M 5 N p y k V v J v 7 n d W P t X 7 o J E 1 G s q S D z Q 3 7 M k Q 7 R r A I 0 Y J I S z S e G Y C K Z y Y r I C E t M t C m q Y E p w F r + 8 T F r V i m N X n N u z U v 0 q q y M P R 3 A M Z X D g A u p w A w 1 o A g E J z / A K b 9 a T 9 W K 9 W x / z 0 Z y V 7 R z C H 1 i f P 6 j r k U o = < / l a t e x i t >

< l a t e x i t  s h a 1 _ b a s e 6 4 = " s m Q n v 1 s S I v M B a K U y c Z P e T A 8 X Y v U = " > A A A B 8 n i c b V B N S w M x E M 3 W r 1 q / q h 6 9 B I t Q s Z S s C P Z Y 8 O K x g v 2 A 7 V K y a b Y N z W 6 W Z F Y o S 3 + G F w + K e P X X e P P f m L Z 7 0 N Y H A 4 / 3 Z p i Z F y R S G C D k 2 y l s b G 5 t 7 x R 3 S 3 v 7 B 4 d H 5 e O T j l G p Z r z N l F S 6 F 1 D D p Y h 5 G w R I 3 k s 0 p 1 E g e T e Y 3 M 3 9 7 h P X R q j 4 E a Y J 9 y M 6 i k U o G A U r e d n s C l f d G q m R y 0 G 5 Q u p k A b x O 3 J x U U I 7 W o P z V H y q W R j w G J q k x n k s S 8 D O q Q T D J Z 6 V + a n h C 2 Y S O u G d p T C N u / G x x 8 g x f W G W I Q 6 V t x Y A X 6 u + J j E b G T K P A d k Y U x m b V m 4 v / e V 4 K Y c P P R J y k w G O 2 X B S m E o P C 8 / / x U G j O Q E 4 t o U w L e y t m Y 6 o p A 5 t S y Y b g r r 6 8 T j r X d Z f U 3 Y e b S r O R x 1 F E Z + g c V Z G L b l E T 3 a M W a i O G F H p G r + j N A e f F e X c + l q 0 F J 5 8 5 R X / g f P 4 A c 3 C P W w = = < / l a t e x i t >

< l a t e x i t  s h a 1 _ b a s e 6 4 = " H B j d o I I v W 9 G J V e 5 s y v z R r Y 5 H I K A = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f U Z d u B o t Q N y U p i i 6 L b l x W s A 9 s Y 5 l M J + 3 Q y S T M T J Q S + h 9 u X C j i 1 n 9 x 5 9 8 4 T b P Q 1 g M D h 3 P u 5 Z 4 5 f s y Z 0 o 7 z b R V W V t f W N 4 q b p a 3 t n d 0 9 e / + g p a J E E t o k E Y 9 k x 8 e K c i Z o U z P N a S e W F I c + p 2 1 / f D 3 z 2 4 9 U K h a J O z 2 J q R f i o W A B I 1 g b 6 a E X Y j 1 S A b q v 1 M 6 d 0 7 5 d d q p O B r R M 3 J y U I U e j b 3 / 1 B h F J Q i o 0 4 V i p r u v E 2 k u x 1 I x w O i 3 1 E k V j T M Z 4 S L u G C h x S 5 a V Z 6 i k 6 M c o A B Z E 0 T 2 i U q b 8 3 U h w q N Q l 9 M 5 m l X P R m 4 n 9 e N 9 H B p Z c y E S e a C j I / F C Q c 6 Q j N K k A D J i n R f G I I J p K Z r I i M s M R E m 6 J K p g R 3 8 c v L p F W r u k 7 V v T 0 r 1 6 / y O o p w B M d Q A R c u o A 4 3 0 I A m E J D w D K / w Z j 1 Z L 9 a 7 9 T E f L V j 5 z i H 8 g f X 5 A 6 R c k U c = < / l a t e x i t >
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A faster solution: dynamic programming
Fix n ∈ S = 〈n1, . . . , nk〉. For each i ≤ k,

φi : Z(n − ni ) −→ Z(n)
a 7−→ a + ei

Z(n) =
⋃

i≤k φi (Z(n − ni ))

n ∈ S = 〈6, 9, 20〉 L(n)
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Computing the delta set dynamically

Theorem (Garćıa-Garćıa–Moreno-Fŕıas–Vigneron-Tenorio, 2014)
S = 〈n1, . . . , nk〉. For n ≥ NS , ∆(n) = ∆(n + lcm(n1, nk)).

For n ∈ S with 0 ≤ n ≤ NS + lcm(n1, nk),
compute:

Z(n) = {a ∈ Zk
≥0 : n = a1n1 + · · ·+ aknk}

L(n − ∗) L(n)
L(n) ∆(n)

Compute ∆(S) =
⋃

n ∆(n).

This is significantly faster!
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≥0 : n = a1n1 + · · ·+ aknk}

L(n − ∗) L(n)
L(n) ∆(n)

Compute ∆(S) =
⋃

n ∆(n).

This is significantly faster!
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Runtime comparison

S NS ∆(S) Manual Dynamic
〈7, 15, 17, 18, 20〉 1935 {1, 2, 3} 1m 28s 146ms
〈11, 53, 73, 87〉 14381 {2, 4, 6, 8, 10, 22} 0m 49s 2.5s
〈31, 73, 77, 87, 91〉 31364 {2, 4, 6} 400m 12s 4.2s
〈100, 121, 142, 163, 284〉 24850 {21} ——— 0m 3.6s
〈1001, 1211, 1421, 1631, 2841〉 2063141 {10, 20, 30} ——— 1m 56s

GAP Numerical Semigroups Package, available at
http://www.gap-system.org/Packages/numericalsgps.html.
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Generalize to affine semigroups?
Key obstruction: what does “eventually periodic” mean?

Example: S = 〈(1, 1), (1, 5), (2, 5), (3, 5), (5, 1), (5, 2), (5, 3)〉 ⊂ Z2
≥0

1 ∈ ∆(S) 2 ∈ ∆(S)
∆(S) = {1, 2, 4}

Need a new approach!
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Commutative algebra hiding in the background
Fix an affine semigroup S = 〈n1, . . . , nk〉 ⊂ Zd

≥0.
n = a1n1 + · · ·+ aknk ! a = (a1, . . . , ak) ∈ Zk

≥0

Factorization homomorphism:
π : Zk

≥0 −→ 〈n1, . . . , nk〉
a 7−→ a1n1 + · · ·+ aknk

Definition
The kernel ker π is the relation ∼ on Zk

≥0 with a ∼ b whenever
π(a) = π(b)

ker π is a congruence: an equivalence relation
a ∼ a

a ∼ b⇒ b ∼ a
a ∼ b and b ∼ c⇒ a ∼ c

that is closed under translation.
a ∼ b⇒ a + c ∼ b + c
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Commutative algebra hiding in the background
Fix an affine semigroup S = 〈n1, . . . , nk〉 ⊂ Zd

≥0.
n = a1n1 + · · ·+ aknk ! a = (a1, . . . , ak) ∈ Zk

≥0
Factorization homomorphism:
π : Zk

≥0 −→ 〈n1, . . . , nk〉
a 7−→ a1n1 + · · ·+ aknk

Monomial map:
ϕ : k[x1, . . . , xk ] −→ k[w ]

xi 7−→ wni

Example
S = 〈6, 9, 20〉:

IS = 〈x3 − y2, x4y4 − z3〉 ⊂ k[x , y , z ]

Z(18): Z(60): x7y 2 − x4y 4 = x4y 2(x3 − y 2)
x7y 2 − z3 = (x7y 2 − x4y 4)

+ (x4y 4 − z3)

Generating ⇔ π−1(n) connected
set for IS for all n ∈ S
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a 7−→ a1n1 + · · ·+ aknk

Monomial map:
ϕ : k[x1, . . . , xk ] −→ k[w ]

xi 7−→ wni

Example
S = 〈6, 9, 20〉: IS = 〈x3 − y2, x4y4 − z3〉 ⊂ k[x , y , z ]

Z(18): Z(60):

All minimal generating sets:
IS = 〈x3 − y2, x10 − z3〉

= 〈x3 − y2, x7y2 − z3〉
= 〈x3 − y2, x4y4 − z3〉
= 〈x3 − y2, x6y − z3〉
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≥0 (affine) π : Zk

≥0 −→ S

A larger example: S = 〈13, 44, 106, 120〉.
IS = 〈x6

1 x2
4 − x3

3 , x2
1 x3 − x3

2 , x14
1 x2 − x3 x4, x16

1 − x2
2 x4, x6

1 x4
2 x3 − x3

4 〉
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Commutative algebra hiding in the background

S = 〈n1, . . . , nk〉 ⊂ Zd
≥0 (affine) π : Zk

≥0 −→ S
A larger example: S = 〈13, 44, 106, 120〉.
IS = 〈x6

1 x2
4 − x3

3 , x2
1 x3 − x3

2 , x14
1 x2 − x3 x4, x16

1 − x2
2 x4, x6

1 x4
2 x3 − x3

4 〉
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Commutative algebra hiding in the background

S = 〈n1, . . . , nk〉 ⊂ Zd
≥0 (affine) π : Zk

≥0 −→ S
A larger example: S = 〈13, 44, 106, 120〉.
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< l a t e x i t  s h a 1 _ b a s e 6 4 = " N U W e E n b E i V j O y W k A N B n m W 9 / g v x I = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f U Z d u B o t Q N y W p g l 0 W 3 L i s Y B / Y x j K Z T t q h k 0 m Y m S g l 9 D / c u F D E r f / i z r 9 x m m a h r Q c G D u f c y z 1 z / J g z p R 3 n 2 y q s r W 9 s b h W 3 S z u 7 e / s H 9 u F R W 0 W J J L R F I h 7 J r o 8 V 5 U z Q l m a a 0 2 4 s K Q 5 9 T j v + 5 H r u d x 6 p V C w S d 3 o a U y / E I 8 E C R r A 2 0 k M / x H q s A n R f c S 9 q 5 w O 7 7 F S d D G i V u D k p Q 4 7 m w P 7 q D y O S h F R o w r F S P d e J t Z d i q R n h d F b q J 4 r G m E z w i P Y M F T i k y k u z 1 D N 0 Z p Q h C i J p n t A o U 3 9 v p D h U a h r 6 Z j J L u e z N x f + 8 X q K D u p c y E S e a C r I 4 F C Q c 6 Q j N K 0 B D J i n R f G o I J p K Z r I i M s c R E m 6 J K p g R 3 + c u r p F 2 r u k 7 V v b 0 s N + p 5 H U U 4 g V O o g A t X 0 I A b a E I L C E h 4 h l d 4 s 5 6 s F + v d + l i M F q x 8 5 x j + w P r 8 A Z / R k T w = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " c v x g x t x a b S p O H M j q Z h 6 h B M h M r n I = " > A A A B 9 X i c b V D L S g M x F L 3 x W e u r 6 t J N s A h 1 U 2 Z U s M u C G 5 c V 7 A P b s W T S T B u a y Q x J R i l D / 8 O N C 0 X c + i / u / B v T 6 S y 0 9 U D g c M 6 9 3 J P j x 4 J r 4 z j f a G V 1 b X 1 j s 7 B V 3 N 7 Z 3 d s v H R y 2 d J Q o y p o 0 E p H q + E Q z w S V r G m 4 E 6 8 S K k d A X r O 2 P r 2 d + + 5 E p z S N 5 Z y Y x 8 0 I y l D z g l B g r P f R C Y k Y 6 w P e V C 7 d 2 1 i + V n a q T A S 8 T N y d l y N H o l 7 5 6 g 4 g m I Z O G C q J 1 1 3 V i 4 6 V E G U 4 F m x Z 7 i W Y x o W M y Z F 1 L J Q m Z 9 t I s 9 R S f W m W A g 0 j Z J w 3 O 1 N 8 b K Q m 1 n o S + n c x S L n o z 8 T + v m 5 i g 5 q V c x o l h k s 4 P B Y n A J s K z C v C A K 0 a N m F h C q O I 2 K 6 Y j o g g 1 t q i i L c F d / P I y a Z 1 X X a f q 3 l 6 W 6 7 W 8 j g I c w w l U w I U r q M M N N K A J F B Q 8 w y u 8 o S f 0 g t 7 R x 3 x 0 B e U 7 R / A H 6 P M H q P G R Q g = = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " g V H x Y 3 M W F v x P c y e t 0 l F u C P s Q B z k = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f U Z d u B o t Q N y U p o l 0 W 3 L i s Y B / Y x j K Z T t q h k 0 m Y m S g l 9 D / c u F D E r f / i z r 9 x m m a h r Q c G D u f c y z 1 z / J g z p R 3 n 2 y q s r W 9 s b h W 3 S z u 7 e / s H 9 u F R W 0 W J J L R F I h 7 J r o 8 V 5 U z Q l m a a 0 2 4 s K Q 5 9 T j v + 5 H r u d x 6 p V C w S d 3 o a U y / E I 8 E C R r A 2 0 k M / x H q s A n R f q d U u z w d 2 2 a k 6 G d A q c X N S h h z N g f 3 V H 0 Y k C a n Q h G O l e q 4 T a y / F U j P C 6 a z U T x S N M Z n g E e 0 Z K n B I l Z d m q W f o z C h D F E T S P K F R p v 7 e S H G o 1 D T 0 z W S W c t m b i / 9 5 v U Q H d S 9 l I k 4 0 F W R x K E g 4 0 h G a V 4 C G T F K i + d Q Q T C Q z W R E Z Y 4 m J N k W V T A n u 8 p d X S b t W d Z 2 q e 3 t R b t T z O o p w A q d Q A R e u o A E 3 0 I Q W E J D w D K / w Z j 1 Z L 9 a 7 9 b E Y L V j 5 z j H 8 g f X 5 A 6 X m k U A = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " q q n s r D D a 3 0 i H J Y B x U w X + L P Q F k 4 I = " > A A A B 9 X i c b V D L S g M x F L 3 x W e u r 6 t J N s A h 1 U 2 a K Y J c F N y 4 r 2 A e 2 Y 8 m k m T Y 0 k x m S j F K G / o c b F 4 q 4 9 V / c + T e m 0 1 l o 6 4 H A 4 Z x 7 u S f H j w X X x n G + 0 d r 6 x u b W d m G n u L u 3 f 3 B Y O j p u 6 y h R l L V o J C L V 9 Y l m g k v W M t w I 1 o 0 V I 6 E v W M e f X M / 9 z i N T m k f y z k x j 5 o V k J H n A K T F W e u i H x I x 1 g O 8 r N a d + M S i V n a q T A a 8 S N y d l y N E c l L 7 6 w 4 g m I Z O G C q J 1 z 3 V i 4 6 V E G U 4 F m x X 7 i W Y x o R M y Y j 1 L J Q m Z 9 t I s 9 Q y f W 2 W I g 0 j Z J w 3 O 1 N 8 b K Q m 1 n o a + n c x S L n t z 8 T + v l 5 i g 7 q V c x o l h k i 4 O B Y n A J s L z C v C Q K 0 a N m F p C q O I 2 K 6 Z j o g g 1 t q i i L c F d / v I q a d e q r l N 1 b y / L j X p e R w F O 4 Q w q 4 M I V N O A G m t A C C g q e 4 R X e 0 B N 6 Q e / o Y z G 6 h v K d E / g D 9 P k D p e S R Q A = = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " G s f 0 Q 0 v I E A V f q R A G p W v W U 6 Q G i N 8 = " > A A A B 9 X i c b V B N T 8 J A F H z F L 8 Q v 1 K O X j c Q E L 6 R V o x x J v H j E x A I R K t k u W 9 i w 3 T a 7 W w 1 p + B 9 e P G i M V / + L N / + N S + l B w U k 2 m c y 8 l z c 7 f s y Z 0 r b 9 b R V W V t f W N 4 q b p a 3 t n d 2 9 8 v 5 B S 0 W J J N Q l E Y 9 k x 8 e K c i a o q 5 n m t B N L i k O f 0 7 Y / v p 7 5 7 U c q F Y v E n Z 7 E 1 A v x U L C A E a y N 9 N A L s R 6 p A N 1 X z y / t 0 3 6 5 Y t f s D G i Z O D m p Q I 5 m v / z V G 0 Q k C a n Q h G O l u o 4 d a y / F U j P C 6 b T U S x S N M R n j I e 0 a K n B I l Z d m q a f o x C g D F E T S P K F R p v 7 e S H G o 1 C T 0 z W S W c t G b i f 9 5 3 U Q H d S 9 l I k 4 0 F W R + K E g 4 0 h G a V Y A G T F K i + c Q Q T C Q z W R E Z Y Y m J N k W V T A n O 4 p e X S e u s 5 t g 1 5 / a i 0 q j n d R T h C I 6 h C g 5 c Q Q N u o A k u E J D w D K / w Z j 1 Z L 9 a 7 9 T E f L V j 5 z i H 8 g f X 5 A 6 R n k T 8 = < / l a t e x i t >

< l a t e x i t  s h a 1 _ b a s e 6 4 = " 1 X g H 5 c j n o 4 y c k T 0 X 2 o b 9 / z e R v 8 I = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f V Z d u B o t Q N y U R i 1 0 W 3 L i s Y B / Y x j K Z T t q h k 0 m Y m S g l 9 D / c u F D E r f / i z r 9 x k m a h r Q c G D u f c y z 1 z v I g z p W 3 7 2 y q s r W 9 s b h W 3 S z u 7 e / s H 5 c O j j g p j S W i b h D y U P Q 8 r y p m g b c 0 0 p 7 1 I U h x 4 n H a 9 6 X X q d x + p V C w U d 3 o W U T f A Y 8 F 8 R r A 2 0 s M g w H q i f H R f r d f t 8 2 G 5 Y t f s D G i V O D m p Q I 7 W s P w 1 G I U k D q j Q h G O l + o 4 d a T f B U j P C 6 b w 0 i B W N M J n i M e 0 b K n B A l Z t k q e f o z C g j 5 I f S P K F R p v 7 e S H C g 1 C z w z G S W c t l L x f + 8 f q z 9 h p s w E c W a C r I 4 5 M c c 6 R C l F a A R k 5 R o P j M E E 8 l M V k Q m W G K i T V E l U 4 K z / O V V 0 r m o O X b N u b 2 s N B t 5 H U U 4 g V O o g g N X 0 I Q b a E E b C E h 4 h l d 4 s 5 6 s F + v d + l i M F q x 8 5 x j + w P r 8 A a X v k U A = < / l a t e x i t >
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Commutative algebra hiding in the background

S = 〈n1, . . . , nk〉 ⊂ Zd
≥0 (affine) π : Zk

≥0 −→ S
A larger example: S = 〈13, 44, 106, 120〉.
IS = 〈x6

1 x2
4 − x3

3 , x2
1 x3 − x3

2 , x14
1 x2 − x3 x4, x16

1 − x2
2 x4, x6

1 x4
2 x3 − x3

4 〉

< l a t e x i t  s h a 1 _ b a s e 6 4 = " N U W e E n b E i V j O y W k A N B n m W 9 / g v x I = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f U Z d u B o t Q N y W p g l 0 W 3 L i s Y B / Y x j K Z T t q h k 0 m Y m S g l 9 D / c u F D E r f / i z r 9 x m m a h r Q c G D u f c y z 1 z / J g z p R 3 n 2 y q s r W 9 s b h W 3 S z u 7 e / s H 9 u F R W 0 W J J L R F I h 7 J r o 8 V 5 U z Q l m a a 0 2 4 s K Q 5 9 T j v + 5 H r u d x 6 p V C w S d 3 o a U y / E I 8 E C R r A 2 0 k M / x H q s A n R f c S 9 q 5 w O 7 7 F S d D G i V u D k p Q 4 7 m w P 7 q D y O S h F R o w r F S P d e J t Z d i q R n h d F b q J 4 r G m E z w i P Y M F T i k y k u z 1 D N 0 Z p Q h C i J p n t A o U 3 9 v p D h U a h r 6 Z j J L u e z N x f + 8 X q K D u p c y E S e a C r I 4 F C Q c 6 Q j N K 0 B D J i n R f G o I J p K Z r I i M s c R E m 6 J K p g R 3 + c u r p F 2 r u k 7 V v b 0 s N + p 5 H U U 4 g V O o g A t X 0 I A b a E I L C E h 4 h l d 4 s 5 6 s F + v d + l i M F q x 8 5 x j + w P r 8 A Z / R k T w = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " c v x g x t x a b S p O H M j q Z h 6 h B M h M r n I = " > A A A B 9 X i c b V D L S g M x F L 3 x W e u r 6 t J N s A h 1 U 2 Z U s M u C G 5 c V 7 A P b s W T S T B u a y Q x J R i l D / 8 O N C 0 X c + i / u / B v T 6 S y 0 9 U D g c M 6 9 3 J P j x 4 J r 4 z j f a G V 1 b X 1 j s 7 B V 3 N 7 Z 3 d s v H R y 2 d J Q o y p o 0 E p H q + E Q z w S V r G m 4 E 6 8 S K k d A X r O 2 P r 2 d + + 5 E p z S N 5 Z y Y x 8 0 I y l D z g l B g r P f R C Y k Y 6 w P e V C 7 d 2 1 i + V n a q T A S 8 T N y d l y N H o l 7 5 6 g 4 g m I Z O G C q J 1 1 3 V i 4 6 V E G U 4 F m x Z 7 i W Y x o W M y Z F 1 L J Q m Z 9 t I s 9 R S f W m W A g 0 j Z J w 3 O 1 N 8 b K Q m 1 n o S + n c x S L n o z 8 T + v m 5 i g 5 q V c x o l h k s 4 P B Y n A J s K z C v C A K 0 a N m F h C q O I 2 K 6 Y j o g g 1 t q i i L c F d / P I y a Z 1 X X a f q 3 l 6 W 6 7 W 8 j g I c w w l U w I U r q M M N N K A J F B Q 8 w y u 8 o S f 0 g t 7 R x 3 x 0 B e U 7 R / A H 6 P M H q P G R Q g = = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " g V H x Y 3 M W F v x P c y e t 0 l F u C P s Q B z k = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f U Z d u B o t Q N y U p o l 0 W 3 L i s Y B / Y x j K Z T t q h k 0 m Y m S g l 9 D / c u F D E r f / i z r 9 x m m a h r Q c G D u f c y z 1 z / J g z p R 3 n 2 y q s r W 9 s b h W 3 S z u 7 e / s H 9 u F R W 0 W J J L R F I h 7 J r o 8 V 5 U z Q l m a a 0 2 4 s K Q 5 9 T j v + 5 H r u d x 6 p V C w S d 3 o a U y / E I 8 E C R r A 2 0 k M / x H q s A n R f q d U u z w d 2 2 a k 6 G d A q c X N S h h z N g f 3 V H 0 Y k C a n Q h G O l e q 4 T a y / F U j P C 6 a z U T x S N M Z n g E e 0 Z K n B I l Z d m q W f o z C h D F E T S P K F R p v 7 e S H G o 1 D T 0 z W S W c t m b i / 9 5 v U Q H d S 9 l I k 4 0 F W R x K E g 4 0 h G a V 4 C G T F K i + d Q Q T C Q z W R E Z Y 4 m J N k W V T A n u 8 p d X S b t W d Z 2 q e 3 t R b t T z O o p w A q d Q A R e u o A E 3 0 I Q W E J D w D K / w Z j 1 Z L 9 a 7 9 b E Y L V j 5 z j H 8 g f X 5 A 6 X m k U A = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " q q n s r D D a 3 0 i H J Y B x U w X + L P Q F k 4 I = " > A A A B 9 X i c b V D L S g M x F L 3 x W e u r 6 t J N s A h 1 U 2 a K Y J c F N y 4 r 2 A e 2 Y 8 m k m T Y 0 k x m S j F K G / o c b F 4 q 4 9 V / c + T e m 0 1 l o 6 4 H A 4 Z x 7 u S f H j w X X x n G + 0 d r 6 x u b W d m G n u L u 3 f 3 B Y O j p u 6 y h R l L V o J C L V 9 Y l m g k v W M t w I 1 o 0 V I 6 E v W M e f X M / 9 z i N T m k f y z k x j 5 o V k J H n A K T F W e u i H x I x 1 g O 8 r N a d + M S i V n a q T A a 8 S N y d l y N E c l L 7 6 w 4 g m I Z O G C q J 1 z 3 V i 4 6 V E G U 4 F m x X 7 i W Y x o R M y Y j 1 L J Q m Z 9 t I s 9 Q y f W 2 W I g 0 j Z J w 3 O 1 N 8 b K Q m 1 n o a + n c x S L n t z 8 T + v l 5 i g 7 q V c x o l h k i 4 O B Y n A J s L z C v C Q K 0 a N m F p C q O I 2 K 6 Z j o g g 1 t q i i L c F d / v I q a d e q r l N 1 b y / L j X p e R w F O 4 Q w q 4 M I V N O A G m t A C C g q e 4 R X e 0 B N 6 Q e / o Y z G 6 h v K d E / g D 9 P k D p e S R Q A = = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " G s f 0 Q 0 v I E A V f q R A G p W v W U 6 Q G i N 8 = " > A A A B 9 X i c b V B N T 8 J A F H z F L 8 Q v 1 K O X j c Q E L 6 R V o x x J v H j E x A I R K t k u W 9 i w 3 T a 7 W w 1 p + B 9 e P G i M V / + L N / + N S + l B w U k 2 m c y 8 l z c 7 f s y Z 0 r b 9 b R V W V t f W N 4 q b p a 3 t n d 2 9 8 v 5 B S 0 W J J N Q l E Y 9 k x 8 e K c i a o q 5 n m t B N L i k O f 0 7 Y / v p 7 5 7 U c q F Y v E n Z 7 E 1 A v x U L C A E a y N 9 N A L s R 6 p A N 1 X z y / t 0 3 6 5 Y t f s D G i Z O D m p Q I 5 m v / z V G 0 Q k C a n Q h G O l u o 4 d a y / F U j P C 6 b T U S x S N M R n j I e 0 a K n B I l Z d m q a f o x C g D F E T S P K F R p v 7 e S H G o 1 C T 0 z W S W c t G b i f 9 5 3 U Q H d S 9 l I k 4 0 F W R + K E g 4 0 h G a V Y A G T F K i + c Q Q T C Q z W R E Z Y Y m J N k W V T A n O 4 p e X S e u s 5 t g 1 5 / a i 0 q j n d R T h C I 6 h C g 5 c Q Q N u o A k u E J D w D K / w Z j 1 Z L 9 a 7 9 T E f L V j 5 z i H 8 g f X 5 A 6 R n k T 8 = < / l a t e x i t >

< l a t e x i t  s h a 1 _ b a s e 6 4 = " 1 X g H 5 c j n o 4 y c k T 0 X 2 o b 9 / z e R v 8 I = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f V Z d u B o t Q N y U R i 1 0 W 3 L i s Y B / Y x j K Z T t q h k 0 m Y m S g l 9 D / c u F D E r f / i z r 9 x k m a h r Q c G D u f c y z 1 z v I g z p W 3 7 2 y q s r W 9 s b h W 3 S z u 7 e / s H 5 c O j j g p j S W i b h D y U P Q 8 r y p m g b c 0 0 p 7 1 I U h x 4 n H a 9 6 X X q d x + p V C w U d 3 o W U T f A Y 8 F 8 R r A 2 0 s M g w H q i f H R f r d f t 8 2 G 5 Y t f s D G i V O D m p Q I 7 W s P w 1 G I U k D q j Q h G O l + o 4 d a T f B U j P C 6 b w 0 i B W N M J n i M e 0 b K n B A l Z t k q e f o z C g j 5 I f S P K F R p v 7 e S H C g 1 C z w z G S W c t l L x f + 8 f q z 9 h p s w E c W a C r I 4 5 M c c 6 R C l F a A R k 5 R o P j M E E 8 l M V k Q m W G K i T V E l U 4 K z / O V V 0 r m o O X b N u b 2 s N B t 5 H U U 4 g V O o g g N X 0 I Q b a E E b C E h 4 h l d 4 s 5 6 s F + v d + l i M F q x 8 5 x j + w P r 8 A a X v k U A = < / l a t e x i t >
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Commutative algebra hiding in the background

S = 〈n1, . . . , nk〉 ⊂ Zd
≥0 (affine) π : Zk

≥0 −→ S
A larger example: S = 〈13, 44, 106, 120〉.
IS = 〈x6

1 x2
4 − x3

3 , x2
1 x3 − x3

2 , x14
1 x2 − x3 x4, x16

1 − x2
2 x4, x6

1 x4
2 x3 − x3

4 〉

< l a t e x i t  s h a 1 _ b a s e 6 4 = " N U W e E n b E i V j O y W k A N B n m W 9 / g v x I = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f U Z d u B o t Q N y W p g l 0 W 3 L i s Y B / Y x j K Z T t q h k 0 m Y m S g l 9 D / c u F D E r f / i z r 9 x m m a h r Q c G D u f c y z 1 z / J g z p R 3 n 2 y q s r W 9 s b h W 3 S z u 7 e / s H 9 u F R W 0 W J J L R F I h 7 J r o 8 V 5 U z Q l m a a 0 2 4 s K Q 5 9 T j v + 5 H r u d x 6 p V C w S d 3 o a U y / E I 8 E C R r A 2 0 k M / x H q s A n R f c S 9 q 5 w O 7 7 F S d D G i V u D k p Q 4 7 m w P 7 q D y O S h F R o w r F S P d e J t Z d i q R n h d F b q J 4 r G m E z w i P Y M F T i k y k u z 1 D N 0 Z p Q h C i J p n t A o U 3 9 v p D h U a h r 6 Z j J L u e z N x f + 8 X q K D u p c y E S e a C r I 4 F C Q c 6 Q j N K 0 B D J i n R f G o I J p K Z r I i M s c R E m 6 J K p g R 3 + c u r p F 2 r u k 7 V v b 0 s N + p 5 H U U 4 g V O o g A t X 0 I A b a E I L C E h 4 h l d 4 s 5 6 s F + v d + l i M F q x 8 5 x j + w P r 8 A Z / R k T w = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " c v x g x t x a b S p O H M j q Z h 6 h B M h M r n I = " > A A A B 9 X i c b V D L S g M x F L 3 x W e u r 6 t J N s A h 1 U 2 Z U s M u C G 5 c V 7 A P b s W T S T B u a y Q x J R i l D / 8 O N C 0 X c + i / u / B v T 6 S y 0 9 U D g c M 6 9 3 J P j x 4 J r 4 z j f a G V 1 b X 1 j s 7 B V 3 N 7 Z 3 d s v H R y 2 d J Q o y p o 0 E p H q + E Q z w S V r G m 4 E 6 8 S K k d A X r O 2 P r 2 d + + 5 E p z S N 5 Z y Y x 8 0 I y l D z g l B g r P f R C Y k Y 6 w P e V C 7 d 2 1 i + V n a q T A S 8 T N y d l y N H o l 7 5 6 g 4 g m I Z O G C q J 1 1 3 V i 4 6 V E G U 4 F m x Z 7 i W Y x o W M y Z F 1 L J Q m Z 9 t I s 9 R S f W m W A g 0 j Z J w 3 O 1 N 8 b K Q m 1 n o S + n c x S L n o z 8 T + v m 5 i g 5 q V c x o l h k s 4 P B Y n A J s K z C v C A K 0 a N m F h C q O I 2 K 6 Y j o g g 1 t q i i L c F d / P I y a Z 1 X X a f q 3 l 6 W 6 7 W 8 j g I c w w l U w I U r q M M N N K A J F B Q 8 w y u 8 o S f 0 g t 7 R x 3 x 0 B e U 7 R / A H 6 P M H q P G R Q g = = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " g V H x Y 3 M W F v x P c y e t 0 l F u C P s Q B z k = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f U Z d u B o t Q N y U p o l 0 W 3 L i s Y B / Y x j K Z T t q h k 0 m Y m S g l 9 D / c u F D E r f / i z r 9 x m m a h r Q c G D u f c y z 1 z / J g z p R 3 n 2 y q s r W 9 s b h W 3 S z u 7 e / s H 9 u F R W 0 W J J L R F I h 7 J r o 8 V 5 U z Q l m a a 0 2 4 s K Q 5 9 T j v + 5 H r u d x 6 p V C w S d 3 o a U y / E I 8 E C R r A 2 0 k M / x H q s A n R f q d U u z w d 2 2 a k 6 G d A q c X N S h h z N g f 3 V H 0 Y k C a n Q h G O l e q 4 T a y / F U j P C 6 a z U T x S N M Z n g E e 0 Z K n B I l Z d m q W f o z C h D F E T S P K F R p v 7 e S H G o 1 D T 0 z W S W c t m b i / 9 5 v U Q H d S 9 l I k 4 0 F W R x K E g 4 0 h G a V 4 C G T F K i + d Q Q T C Q z W R E Z Y 4 m J N k W V T A n u 8 p d X S b t W d Z 2 q e 3 t R b t T z O o p w A q d Q A R e u o A E 3 0 I Q W E J D w D K / w Z j 1 Z L 9 a 7 9 b E Y L V j 5 z j H 8 g f X 5 A 6 X m k U A = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " q q n s r D D a 3 0 i H J Y B x U w X + L P Q F k 4 I = " > A A A B 9 X i c b V D L S g M x F L 3 x W e u r 6 t J N s A h 1 U 2 a K Y J c F N y 4 r 2 A e 2 Y 8 m k m T Y 0 k x m S j F K G / o c b F 4 q 4 9 V / c + T e m 0 1 l o 6 4 H A 4 Z x 7 u S f H j w X X x n G + 0 d r 6 x u b W d m G n u L u 3 f 3 B Y O j p u 6 y h R l L V o J C L V 9 Y l m g k v W M t w I 1 o 0 V I 6 E v W M e f X M / 9 z i N T m k f y z k x j 5 o V k J H n A K T F W e u i H x I x 1 g O 8 r N a d + M S i V n a q T A a 8 S N y d l y N E c l L 7 6 w 4 g m I Z O G C q J 1 z 3 V i 4 6 V E G U 4 F m x X 7 i W Y x o R M y Y j 1 L J Q m Z 9 t I s 9 Q y f W 2 W I g 0 j Z J w 3 O 1 N 8 b K Q m 1 n o a + n c x S L n t z 8 T + v l 5 i g 7 q V c x o l h k i 4 O B Y n A J s L z C v C Q K 0 a N m F p C q O I 2 K 6 Z j o g g 1 t q i i L c F d / v I q a d e q r l N 1 b y / L j X p e R w F O 4 Q w q 4 M I V N O A G m t A C C g q e 4 R X e 0 B N 6 Q e / o Y z G 6 h v K d E / g D 9 P k D p e S R Q A = = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " G s f 0 Q 0 v I E A V f q R A G p W v W U 6 Q G i N 8 = " > A A A B 9 X i c b V B N T 8 J A F H z F L 8 Q v 1 K O X j c Q E L 6 R V o x x J v H j E x A I R K t k u W 9 i w 3 T a 7 W w 1 p + B 9 e P G i M V / + L N / + N S + l B w U k 2 m c y 8 l z c 7 f s y Z 0 r b 9 b R V W V t f W N 4 q b p a 3 t n d 2 9 8 v 5 B S 0 W J J N Q l E Y 9 k x 8 e K c i a o q 5 n m t B N L i k O f 0 7 Y / v p 7 5 7 U c q F Y v E n Z 7 E 1 A v x U L C A E a y N 9 N A L s R 6 p A N 1 X z y / t 0 3 6 5 Y t f s D G i Z O D m p Q I 5 m v / z V G 0 Q k C a n Q h G O l u o 4 d a y / F U j P C 6 b T U S x S N M R n j I e 0 a K n B I l Z d m q a f o x C g D F E T S P K F R p v 7 e S H G o 1 C T 0 z W S W c t G b i f 9 5 3 U Q H d S 9 l I k 4 0 F W R + K E g 4 0 h G a V Y A G T F K i + c Q Q T C Q z W R E Z Y Y m J N k W V T A n O 4 p e X S e u s 5 t g 1 5 / a i 0 q j n d R T h C I 6 h C g 5 c Q Q N u o A k u E J D w D K / w Z j 1 Z L 9 a 7 9 T E f L V j 5 z i H 8 g f X 5 A 6 R n k T 8 = < / l a t e x i t >

< l a t e x i t  s h a 1 _ b a s e 6 4 = " 1 X g H 5 c j n o 4 y c k T 0 X 2 o b 9 / z e R v 8 I = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f V Z d u B o t Q N y U R i 1 0 W 3 L i s Y B / Y x j K Z T t q h k 0 m Y m S g l 9 D / c u F D E r f / i z r 9 x k m a h r Q c G D u f c y z 1 z v I g z p W 3 7 2 y q s r W 9 s b h W 3 S z u 7 e / s H 5 c O j j g p j S W i b h D y U P Q 8 r y p m g b c 0 0 p 7 1 I U h x 4 n H a 9 6 X X q d x + p V C w U d 3 o W U T f A Y 8 F 8 R r A 2 0 s M g w H q i f H R f r d f t 8 2 G 5 Y t f s D G i V O D m p Q I 7 W s P w 1 G I U k D q j Q h G O l + o 4 d a T f B U j P C 6 b w 0 i B W N M J n i M e 0 b K n B A l Z t k q e f o z C g j 5 I f S P K F R p v 7 e S H C g 1 C z w z G S W c t l L x f + 8 f q z 9 h p s w E c W a C r I 4 5 M c c 6 R C l F a A R k 5 R o P j M E E 8 l M V k Q m W G K i T V E l U 4 K z / O V V 0 r m o O X b N u b 2 s N B t 5 H U U 4 g V O o g g N X 0 I Q b a E E b C E h 4 h l d 4 s 5 6 s F + v d + l i M F q x 8 5 x j + w P r 8 A a X v k U A = < / l a t e x i t >
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Commutative algebra hiding in the background

S = 〈n1, . . . , nk〉 ⊂ Zd
≥0 (affine) π : Zk

≥0 −→ S
A larger example: S = 〈13, 44, 106, 120〉.
IS = 〈x6

1 x2
4 − x3

3 , x2
1 x3 − x3

2 , x14
1 x2 − x3 x4, x16

1 − x2
2 x4, x6

1 x4
2 x3 − x3

4 〉

< l a t e x i t  s h a 1 _ b a s e 6 4 = " N U W e E n b E i V j O y W k A N B n m W 9 / g v x I = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f U Z d u B o t Q N y W p g l 0 W 3 L i s Y B / Y x j K Z T t q h k 0 m Y m S g l 9 D / c u F D E r f / i z r 9 x m m a h r Q c G D u f c y z 1 z / J g z p R 3 n 2 y q s r W 9 s b h W 3 S z u 7 e / s H 9 u F R W 0 W J J L R F I h 7 J r o 8 V 5 U z Q l m a a 0 2 4 s K Q 5 9 T j v + 5 H r u d x 6 p V C w S d 3 o a U y / E I 8 E C R r A 2 0 k M / x H q s A n R f c S 9 q 5 w O 7 7 F S d D G i V u D k p Q 4 7 m w P 7 q D y O S h F R o w r F S P d e J t Z d i q R n h d F b q J 4 r G m E z w i P Y M F T i k y k u z 1 D N 0 Z p Q h C i J p n t A o U 3 9 v p D h U a h r 6 Z j J L u e z N x f + 8 X q K D u p c y E S e a C r I 4 F C Q c 6 Q j N K 0 B D J i n R f G o I J p K Z r I i M s c R E m 6 J K p g R 3 + c u r p F 2 r u k 7 V v b 0 s N + p 5 H U U 4 g V O o g A t X 0 I A b a E I L C E h 4 h l d 4 s 5 6 s F + v d + l i M F q x 8 5 x j + w P r 8 A Z / R k T w = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " c v x g x t x a b S p O H M j q Z h 6 h B M h M r n I = " > A A A B 9 X i c b V D L S g M x F L 3 x W e u r 6 t J N s A h 1 U 2 Z U s M u C G 5 c V 7 A P b s W T S T B u a y Q x J R i l D / 8 O N C 0 X c + i / u / B v T 6 S y 0 9 U D g c M 6 9 3 J P j x 4 J r 4 z j f a G V 1 b X 1 j s 7 B V 3 N 7 Z 3 d s v H R y 2 d J Q o y p o 0 E p H q + E Q z w S V r G m 4 E 6 8 S K k d A X r O 2 P r 2 d + + 5 E p z S N 5 Z y Y x 8 0 I y l D z g l B g r P f R C Y k Y 6 w P e V C 7 d 2 1 i + V n a q T A S 8 T N y d l y N H o l 7 5 6 g 4 g m I Z O G C q J 1 1 3 V i 4 6 V E G U 4 F m x Z 7 i W Y x o W M y Z F 1 L J Q m Z 9 t I s 9 R S f W m W A g 0 j Z J w 3 O 1 N 8 b K Q m 1 n o S + n c x S L n o z 8 T + v m 5 i g 5 q V c x o l h k s 4 P B Y n A J s K z C v C A K 0 a N m F h C q O I 2 K 6 Y j o g g 1 t q i i L c F d / P I y a Z 1 X X a f q 3 l 6 W 6 7 W 8 j g I c w w l U w I U r q M M N N K A J F B Q 8 w y u 8 o S f 0 g t 7 R x 3 x 0 B e U 7 R / A H 6 P M H q P G R Q g = = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " g V H x Y 3 M W F v x P c y e t 0 l F u C P s Q B z k = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f U Z d u B o t Q N y U p o l 0 W 3 L i s Y B / Y x j K Z T t q h k 0 m Y m S g l 9 D / c u F D E r f / i z r 9 x m m a h r Q c G D u f c y z 1 z / J g z p R 3 n 2 y q s r W 9 s b h W 3 S z u 7 e / s H 9 u F R W 0 W J J L R F I h 7 J r o 8 V 5 U z Q l m a a 0 2 4 s K Q 5 9 T j v + 5 H r u d x 6 p V C w S d 3 o a U y / E I 8 E C R r A 2 0 k M / x H q s A n R f q d U u z w d 2 2 a k 6 G d A q c X N S h h z N g f 3 V H 0 Y k C a n Q h G O l e q 4 T a y / F U j P C 6 a z U T x S N M Z n g E e 0 Z K n B I l Z d m q W f o z C h D F E T S P K F R p v 7 e S H G o 1 D T 0 z W S W c t m b i / 9 5 v U Q H d S 9 l I k 4 0 F W R x K E g 4 0 h G a V 4 C G T F K i + d Q Q T C Q z W R E Z Y 4 m J N k W V T A n u 8 p d X S b t W d Z 2 q e 3 t R b t T z O o p w A q d Q A R e u o A E 3 0 I Q W E J D w D K / w Z j 1 Z L 9 a 7 9 b E Y L V j 5 z j H 8 g f X 5 A 6 X m k U A = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " q q n s r D D a 3 0 i H J Y B x U w X + L P Q F k 4 I = " > A A A B 9 X i c b V D L S g M x F L 3 x W e u r 6 t J N s A h 1 U 2 a K Y J c F N y 4 r 2 A e 2 Y 8 m k m T Y 0 k x m S j F K G / o c b F 4 q 4 9 V / c + T e m 0 1 l o 6 4 H A 4 Z x 7 u S f H j w X X x n G + 0 d r 6 x u b W d m G n u L u 3 f 3 B Y O j p u 6 y h R l L V o J C L V 9 Y l m g k v W M t w I 1 o 0 V I 6 E v W M e f X M / 9 z i N T m k f y z k x j 5 o V k J H n A K T F W e u i H x I x 1 g O 8 r N a d + M S i V n a q T A a 8 S N y d l y N E c l L 7 6 w 4 g m I Z O G C q J 1 z 3 V i 4 6 V E G U 4 F m x X 7 i W Y x o R M y Y j 1 L J Q m Z 9 t I s 9 Q y f W 2 W I g 0 j Z J w 3 O 1 N 8 b K Q m 1 n o a + n c x S L n t z 8 T + v l 5 i g 7 q V c x o l h k i 4 O B Y n A J s L z C v C Q K 0 a N m F p C q O I 2 K 6 Z j o g g 1 t q i i L c F d / v I q a d e q r l N 1 b y / L j X p e R w F O 4 Q w q 4 M I V N O A G m t A C C g q e 4 R X e 0 B N 6 Q e / o Y z G 6 h v K d E / g D 9 P k D p e S R Q A = = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " G s f 0 Q 0 v I E A V f q R A G p W v W U 6 Q G i N 8 = " > A A A B 9 X i c b V B N T 8 J A F H z F L 8 Q v 1 K O X j c Q E L 6 R V o x x J v H j E x A I R K t k u W 9 i w 3 T a 7 W w 1 p + B 9 e P G i M V / + L N / + N S + l B w U k 2 m c y 8 l z c 7 f s y Z 0 r b 9 b R V W V t f W N 4 q b p a 3 t n d 2 9 8 v 5 B S 0 W J J N Q l E Y 9 k x 8 e K c i a o q 5 n m t B N L i k O f 0 7 Y / v p 7 5 7 U c q F Y v E n Z 7 E 1 A v x U L C A E a y N 9 N A L s R 6 p A N 1 X z y / t 0 3 6 5 Y t f s D G i Z O D m p Q I 5 m v / z V G 0 Q k C a n Q h G O l u o 4 d a y / F U j P C 6 b T U S x S N M R n j I e 0 a K n B I l Z d m q a f o x C g D F E T S P K F R p v 7 e S H G o 1 C T 0 z W S W c t G b i f 9 5 3 U Q H d S 9 l I k 4 0 F W R + K E g 4 0 h G a V Y A G T F K i + c Q Q T C Q z W R E Z Y Y m J N k W V T A n O 4 p e X S e u s 5 t g 1 5 / a i 0 q j n d R T h C I 6 h C g 5 c Q Q N u o A k u E J D w D K / w Z j 1 Z L 9 a 7 9 T E f L V j 5 z i H 8 g f X 5 A 6 R n k T 8 = < / l a t e x i t >

< l a t e x i t  s h a 1 _ b a s e 6 4 = " 1 X g H 5 c j n o 4 y c k T 0 X 2 o b 9 / z e R v 8 I = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f V Z d u B o t Q N y U R i 1 0 W 3 L i s Y B / Y x j K Z T t q h k 0 m Y m S g l 9 D / c u F D E r f / i z r 9 x k m a h r Q c G D u f c y z 1 z v I g z p W 3 7 2 y q s r W 9 s b h W 3 S z u 7 e / s H 5 c O j j g p j S W i b h D y U P Q 8 r y p m g b c 0 0 p 7 1 I U h x 4 n H a 9 6 X X q d x + p V C w U d 3 o W U T f A Y 8 F 8 R r A 2 0 s M g w H q i f H R f r d f t 8 2 G 5 Y t f s D G i V O D m p Q I 7 W s P w 1 G I U k D q j Q h G O l + o 4 d a T f B U j P C 6 b w 0 i B W N M J n i M e 0 b K n B A l Z t k q e f o z C g j 5 I f S P K F R p v 7 e S H C g 1 C z w z G S W c t l L x f + 8 f q z 9 h p s w E c W a C r I 4 5 M c c 6 R C l F a A R k 5 R o P j M E E 8 l M V k Q m W G K i T V E l U 4 K z / O V V 0 r m o O X b N u b 2 s N B t 5 H U U 4 g V O o g g N X 0 I Q b a E E b C E h 4 h l d 4 s 5 6 s F + v d + l i M F q x 8 5 x j + w P r 8 A a X v k U A = < / l a t e x i t >
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Commutative algebra hiding in the background

S = 〈n1, . . . , nk〉 ⊂ Zd
≥0 (affine) π : Zk

≥0 −→ S
A larger example: S = 〈13, 44, 106, 120〉.
IS = 〈x6

1 x2
4 − x3

3 , x2
1 x3 − x3

2 , x14
1 x2 − x3 x4, x16

1 − x2
2 x4, x6

1 x4
2 x3 − x3

4 〉

< l a t e x i t  s h a 1 _ b a s e 6 4 = " N U W e E n b E i V j O y W k A N B n m W 9 / g v x I = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f U Z d u B o t Q N y W p g l 0 W 3 L i s Y B / Y x j K Z T t q h k 0 m Y m S g l 9 D / c u F D E r f / i z r 9 x m m a h r Q c G D u f c y z 1 z / J g z p R 3 n 2 y q s r W 9 s b h W 3 S z u 7 e / s H 9 u F R W 0 W J J L R F I h 7 J r o 8 V 5 U z Q l m a a 0 2 4 s K Q 5 9 T j v + 5 H r u d x 6 p V C w S d 3 o a U y / E I 8 E C R r A 2 0 k M / x H q s A n R f c S 9 q 5 w O 7 7 F S d D G i V u D k p Q 4 7 m w P 7 q D y O S h F R o w r F S P d e J t Z d i q R n h d F b q J 4 r G m E z w i P Y M F T i k y k u z 1 D N 0 Z p Q h C i J p n t A o U 3 9 v p D h U a h r 6 Z j J L u e z N x f + 8 X q K D u p c y E S e a C r I 4 F C Q c 6 Q j N K 0 B D J i n R f G o I J p K Z r I i M s c R E m 6 J K p g R 3 + c u r p F 2 r u k 7 V v b 0 s N + p 5 H U U 4 g V O o g A t X 0 I A b a E I L C E h 4 h l d 4 s 5 6 s F + v d + l i M F q x 8 5 x j + w P r 8 A Z / R k T w = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " c v x g x t x a b S p O H M j q Z h 6 h B M h M r n I = " > A A A B 9 X i c b V D L S g M x F L 3 x W e u r 6 t J N s A h 1 U 2 Z U s M u C G 5 c V 7 A P b s W T S T B u a y Q x J R i l D / 8 O N C 0 X c + i / u / B v T 6 S y 0 9 U D g c M 6 9 3 J P j x 4 J r 4 z j f a G V 1 b X 1 j s 7 B V 3 N 7 Z 3 d s v H R y 2 d J Q o y p o 0 E p H q + E Q z w S V r G m 4 E 6 8 S K k d A X r O 2 P r 2 d + + 5 E p z S N 5 Z y Y x 8 0 I y l D z g l B g r P f R C Y k Y 6 w P e V C 7 d 2 1 i + V n a q T A S 8 T N y d l y N H o l 7 5 6 g 4 g m I Z O G C q J 1 1 3 V i 4 6 V E G U 4 F m x Z 7 i W Y x o W M y Z F 1 L J Q m Z 9 t I s 9 R S f W m W A g 0 j Z J w 3 O 1 N 8 b K Q m 1 n o S + n c x S L n o z 8 T + v m 5 i g 5 q V c x o l h k s 4 P B Y n A J s K z C v C A K 0 a N m F h C q O I 2 K 6 Y j o g g 1 t q i i L c F d / P I y a Z 1 X X a f q 3 l 6 W 6 7 W 8 j g I c w w l U w I U r q M M N N K A J F B Q 8 w y u 8 o S f 0 g t 7 R x 3 x 0 B e U 7 R / A H 6 P M H q P G R Q g = = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " g V H x Y 3 M W F v x P c y e t 0 l F u C P s Q B z k = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f U Z d u B o t Q N y U p o l 0 W 3 L i s Y B / Y x j K Z T t q h k 0 m Y m S g l 9 D / c u F D E r f / i z r 9 x m m a h r Q c G D u f c y z 1 z / J g z p R 3 n 2 y q s r W 9 s b h W 3 S z u 7 e / s H 9 u F R W 0 W J J L R F I h 7 J r o 8 V 5 U z Q l m a a 0 2 4 s K Q 5 9 T j v + 5 H r u d x 6 p V C w S d 3 o a U y / E I 8 E C R r A 2 0 k M / x H q s A n R f q d U u z w d 2 2 a k 6 G d A q c X N S h h z N g f 3 V H 0 Y k C a n Q h G O l e q 4 T a y / F U j P C 6 a z U T x S N M Z n g E e 0 Z K n B I l Z d m q W f o z C h D F E T S P K F R p v 7 e S H G o 1 D T 0 z W S W c t m b i / 9 5 v U Q H d S 9 l I k 4 0 F W R x K E g 4 0 h G a V 4 C G T F K i + d Q Q T C Q z W R E Z Y 4 m J N k W V T A n u 8 p d X S b t W d Z 2 q e 3 t R b t T z O o p w A q d Q A R e u o A E 3 0 I Q W E J D w D K / w Z j 1 Z L 9 a 7 9 b E Y L V j 5 z j H 8 g f X 5 A 6 X m k U A = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " q q n s r D D a 3 0 i H J Y B x U w X + L P Q F k 4 I = " > A A A B 9 X i c b V D L S g M x F L 3 x W e u r 6 t J N s A h 1 U 2 a K Y J c F N y 4 r 2 A e 2 Y 8 m k m T Y 0 k x m S j F K G / o c b F 4 q 4 9 V / c + T e m 0 1 l o 6 4 H A 4 Z x 7 u S f H j w X X x n G + 0 d r 6 x u b W d m G n u L u 3 f 3 B Y O j p u 6 y h R l L V o J C L V 9 Y l m g k v W M t w I 1 o 0 V I 6 E v W M e f X M / 9 z i N T m k f y z k x j 5 o V k J H n A K T F W e u i H x I x 1 g O 8 r N a d + M S i V n a q T A a 8 S N y d l y N E c l L 7 6 w 4 g m I Z O G C q J 1 z 3 V i 4 6 V E G U 4 F m x X 7 i W Y x o R M y Y j 1 L J Q m Z 9 t I s 9 Q y f W 2 W I g 0 j Z J w 3 O 1 N 8 b K Q m 1 n o a + n c x S L n t z 8 T + v l 5 i g 7 q V c x o l h k i 4 O B Y n A J s L z C v C Q K 0 a N m F p C q O I 2 K 6 Z j o g g 1 t q i i L c F d / v I q a d e q r l N 1 b y / L j X p e R w F O 4 Q w q 4 M I V N O A G m t A C C g q e 4 R X e 0 B N 6 Q e / o Y z G 6 h v K d E / g D 9 P k D p e S R Q A = = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " G s f 0 Q 0 v I E A V f q R A G p W v W U 6 Q G i N 8 = " > A A A B 9 X i c b V B N T 8 J A F H z F L 8 Q v 1 K O X j c Q E L 6 R V o x x J v H j E x A I R K t k u W 9 i w 3 T a 7 W w 1 p + B 9 e P G i M V / + L N / + N S + l B w U k 2 m c y 8 l z c 7 f s y Z 0 r b 9 b R V W V t f W N 4 q b p a 3 t n d 2 9 8 v 5 B S 0 W J J N Q l E Y 9 k x 8 e K c i a o q 5 n m t B N L i k O f 0 7 Y / v p 7 5 7 U c q F Y v E n Z 7 E 1 A v x U L C A E a y N 9 N A L s R 6 p A N 1 X z y / t 0 3 6 5 Y t f s D G i Z O D m p Q I 5 m v / z V G 0 Q k C a n Q h G O l u o 4 d a y / F U j P C 6 b T U S x S N M R n j I e 0 a K n B I l Z d m q a f o x C g D F E T S P K F R p v 7 e S H G o 1 C T 0 z W S W c t G b i f 9 5 3 U Q H d S 9 l I k 4 0 F W R + K E g 4 0 h G a V Y A G T F K i + c Q Q T C Q z W R E Z Y Y m J N k W V T A n O 4 p e X S e u s 5 t g 1 5 / a i 0 q j n d R T h C I 6 h C g 5 c Q Q N u o A k u E J D w D K / w Z j 1 Z L 9 a 7 9 T E f L V j 5 z i H 8 g f X 5 A 6 R n k T 8 = < / l a t e x i t >

< l a t e x i t  s h a 1 _ b a s e 6 4 = " Z q a l 2 M q q H k u o m D / 3 x O Z M l P u C 4 Q w = " > A A A B 9 X i c b V D L S g M x F L 1 T X 7 W + q i 7 d B I t Q N y U j g l 0 W 3 L i s Y B / Y j i W T Z t r Q T G Z I M k o Z + h 9 u X C j i 1 n 9 x 5 9 + Y T m e h r Q c C h 3 P u 5 Z 4 c P x Z c G 4 y / n c L a + s b m V n G 7 t L O 7 t 3 9 Q P j x q 6 y h R l L V o J C L V 9 Y l m g k v W M t w I 1 o 0 V I 6 E v W M e f X M / 9 z i N T m k f y z k x j 5 o V k J H n A K T F W e u i H x I x 1 g O 6 r d Y z P B + U K r u E M a J W 4 O a l A j u a g / N U f R j Q J m T R U E K 1 7 L o 6 N l x J l O B V s V u o n m s W E T s i I 9 S y V J G T a S 7 P U M 3 R m l S E K I m W f N C h T f 2 + k J N R 6 G v p 2 M k u 5 7 M 3 F / 7 x e Y o K 6 l 3 I Z J 4 Z J u j g U J A K Z C M 0 r Q E O u G D V i a g m h i t u s i I 6 J I t T Y o k q 2 B H f 5 y 6 u k f V F z c c 2 9 v a w 0 6 n k d R T i B U 6 i C C 1 f Q g B t o Q g s o K H i G V 3 h z n p w X 5 9 3 5 W I w W n H z n G P 7 A + f w B o u a R P g = = < / l a t e x i t >< l a t e x i t  s h a 1 _ b a s e 6 4 = " 1 X g H 5 c j n o 4 y c k T 0 X 2 o b 9 / z e R v 8 I = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f V Z d u B o t Q N y U R i 1 0 W 3 L i s Y B / Y x j K Z T t q h k 0 m Y m S g l 9 D / c u F D E r f / i z r 9 x k m a h r Q c G D u f c y z 1 z v I g z p W 3 7 2 y q s r W 9 s b h W 3 S z u 7 e / s H 5 c O j j g p j S W i b h D y U P Q 8 r y p m g b c 0 0 p 7 1 I U h x 4 n H a 9 6 X X q d x + p V C w U d 3 o W U T f A Y 8 F 8 R r A 2 0 s M g w H q i f H R f r d f t 8 2 G 5 Y t f s D G i V O D m p Q I 7 W s P w 1 G I U k D q j Q h G O l + o 4 d a T f B U j P C 6 b w 0 i B W N M J n i M e 0 b K n B A l Z t k q e f o z C g j 5 I f S P K F R p v 7 e S H C g 1 C z w z G S W c t l L x f + 8 f q z 9 h p s w E c W a C r I 4 5 M c c 6 R C l F a A R k 5 R o P j M E E 8 l M V k Q m W G K i T V E l U 4 K z / O V V 0 r m o O X b N u b 2 s N B t 5 H U U 4 g V O o g g N X 0 I Q b a E E b C E h 4 h l d 4 s 5 6 s F + v d + l i M F q x 8 5 x j + w P r 8 A a X v k U A = < / l a t e x i t >
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Commutative algebra hiding in the background

S = 〈n1, . . . , nk〉 ⊂ Zd
≥0 (affine) π : Zk

≥0 −→ S
A larger example: S = 〈13, 44, 106, 120〉.
IS = 〈x6

1 x2
4 − x3

3 , x2
1 x3 − x3

2 , x14
1 x2 − x3 x4, x16

1 − x2
2 x4, x6

1 x4
2 x3 − x3

4 〉

< l a t e x i t  s h a 1 _ b a s e 6 4 = " N U W e E n b E i V j O y W k A N B n m W 9 / g v x I = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f U Z d u B o t Q N y W p g l 0 W 3 L i s Y B / Y x j K Z T t q h k 0 m Y m S g l 9 D / c u F D E r f / i z r 9 x m m a h r Q c G D u f c y z 1 z / J g z p R 3 n 2 y q s r W 9 s b h W 3 S z u 7 e / s H 9 u F R W 0 W J J L R F I h 7 J r o 8 V 5 U z Q l m a a 0 2 4 s K Q 5 9 T j v + 5 H r u d x 6 p V C w S d 3 o a U y / E I 8 E C R r A 2 0 k M / x H q s A n R f c S 9 q 5 w O 7 7 F S d D G i V u D k p Q 4 7 m w P 7 q D y O S h F R o w r F S P d e J t Z d i q R n h d F b q J 4 r G m E z w i P Y M F T i k y k u z 1 D N 0 Z p Q h C i J p n t A o U 3 9 v p D h U a h r 6 Z j J L u e z N x f + 8 X q K D u p c y E S e a C r I 4 F C Q c 6 Q j N K 0 B D J i n R f G o I J p K Z r I i M s c R E m 6 J K p g R 3 + c u r p F 2 r u k 7 V v b 0 s N + p 5 H U U 4 g V O o g A t X 0 I A b a E I L C E h 4 h l d 4 s 5 6 s F + v d + l i M F q x 8 5 x j + w P r 8 A Z / R k T w = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " c v x g x t x a b S p O H M j q Z h 6 h B M h M r n I = " > A A A B 9 X i c b V D L S g M x F L 3 x W e u r 6 t J N s A h 1 U 2 Z U s M u C G 5 c V 7 A P b s W T S T B u a y Q x J R i l D / 8 O N C 0 X c + i / u / B v T 6 S y 0 9 U D g c M 6 9 3 J P j x 4 J r 4 z j f a G V 1 b X 1 j s 7 B V 3 N 7 Z 3 d s v H R y 2 d J Q o y p o 0 E p H q + E Q z w S V r G m 4 E 6 8 S K k d A X r O 2 P r 2 d + + 5 E p z S N 5 Z y Y x 8 0 I y l D z g l B g r P f R C Y k Y 6 w P e V C 7 d 2 1 i + V n a q T A S 8 T N y d l y N H o l 7 5 6 g 4 g m I Z O G C q J 1 1 3 V i 4 6 V E G U 4 F m x Z 7 i W Y x o W M y Z F 1 L J Q m Z 9 t I s 9 R S f W m W A g 0 j Z J w 3 O 1 N 8 b K Q m 1 n o S + n c x S L n o z 8 T + v m 5 i g 5 q V c x o l h k s 4 P B Y n A J s K z C v C A K 0 a N m F h C q O I 2 K 6 Y j o g g 1 t q i i L c F d / P I y a Z 1 X X a f q 3 l 6 W 6 7 W 8 j g I c w w l U w I U r q M M N N K A J F B Q 8 w y u 8 o S f 0 g t 7 R x 3 x 0 B e U 7 R / A H 6 P M H q P G R Q g = = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " g V H x Y 3 M W F v x P c y e t 0 l F u C P s Q B z k = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f U Z d u B o t Q N y U p o l 0 W 3 L i s Y B / Y x j K Z T t q h k 0 m Y m S g l 9 D / c u F D E r f / i z r 9 x m m a h r Q c G D u f c y z 1 z / J g z p R 3 n 2 y q s r W 9 s b h W 3 S z u 7 e / s H 9 u F R W 0 W J J L R F I h 7 J r o 8 V 5 U z Q l m a a 0 2 4 s K Q 5 9 T j v + 5 H r u d x 6 p V C w S d 3 o a U y / E I 8 E C R r A 2 0 k M / x H q s A n R f q d U u z w d 2 2 a k 6 G d A q c X N S h h z N g f 3 V H 0 Y k C a n Q h G O l e q 4 T a y / F U j P C 6 a z U T x S N M Z n g E e 0 Z K n B I l Z d m q W f o z C h D F E T S P K F R p v 7 e S H G o 1 D T 0 z W S W c t m b i / 9 5 v U Q H d S 9 l I k 4 0 F W R x K E g 4 0 h G a V 4 C G T F K i + d Q Q T C Q z W R E Z Y 4 m J N k W V T A n u 8 p d X S b t W d Z 2 q e 3 t R b t T z O o p w A q d Q A R e u o A E 3 0 I Q W E J D w D K / w Z j 1 Z L 9 a 7 9 b E Y L V j 5 z j H 8 g f X 5 A 6 X m k U A = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " q q n s r D D a 3 0 i H J Y B x U w X + L P Q F k 4 I = " > A A A B 9 X i c b V D L S g M x F L 3 x W e u r 6 t J N s A h 1 U 2 a K Y J c F N y 4 r 2 A e 2 Y 8 m k m T Y 0 k x m S j F K G / o c b F 4 q 4 9 V / c + T e m 0 1 l o 6 4 H A 4 Z x 7 u S f H j w X X x n G + 0 d r 6 x u b W d m G n u L u 3 f 3 B Y O j p u 6 y h R l L V o J C L V 9 Y l m g k v W M t w I 1 o 0 V I 6 E v W M e f X M / 9 z i N T m k f y z k x j 5 o V k J H n A K T F W e u i H x I x 1 g O 8 r N a d + M S i V n a q T A a 8 S N y d l y N E c l L 7 6 w 4 g m I Z O G C q J 1 z 3 V i 4 6 V E G U 4 F m x X 7 i W Y x o R M y Y j 1 L J Q m Z 9 t I s 9 Q y f W 2 W I g 0 j Z J w 3 O 1 N 8 b K Q m 1 n o a + n c x S L n t z 8 T + v l 5 i g 7 q V c x o l h k i 4 O B Y n A J s L z C v C Q K 0 a N m F p C q O I 2 K 6 Z j o g g 1 t q i i L c F d / v I q a d e q r l N 1 b y / L j X p e R w F O 4 Q w q 4 M I V N O A G m t A C C g q e 4 R X e 0 B N 6 Q e / o Y z G 6 h v K d E / g D 9 P k D p e S R Q A = = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " G s f 0 Q 0 v I E A V f q R A G p W v W U 6 Q G i N 8 = " > A A A B 9 X i c b V B N T 8 J A F H z F L 8 Q v 1 K O X j c Q E L 6 R V o x x J v H j E x A I R K t k u W 9 i w 3 T a 7 W w 1 p + B 9 e P G i M V / + L N / + N S + l B w U k 2 m c y 8 l z c 7 f s y Z 0 r b 9 b R V W V t f W N 4 q b p a 3 t n d 2 9 8 v 5 B S 0 W J J N Q l E Y 9 k x 8 e K c i a o q 5 n m t B N L i k O f 0 7 Y / v p 7 5 7 U c q F Y v E n Z 7 E 1 A v x U L C A E a y N 9 N A L s R 6 p A N 1 X z y / t 0 3 6 5 Y t f s D G i Z O D m p Q I 5 m v / z V G 0 Q k C a n Q h G O l u o 4 d a y / F U j P C 6 b T U S x S N M R n j I e 0 a K n B I l Z d m q a f o x C g D F E T S P K F R p v 7 e S H G o 1 C T 0 z W S W c t G b i f 9 5 3 U Q H d S 9 l I k 4 0 F W R + K E g 4 0 h G a V Y A G T F K i + c Q Q T C Q z W R E Z Y Y m J N k W V T A n O 4 p e X S e u s 5 t g 1 5 / a i 0 q j n d R T h C I 6 h C g 5 c Q Q N u o A k u E J D w D K / w Z j 1 Z L 9 a 7 9 T E f L V j 5 z i H 8 g f X 5 A 6 R n k T 8 = < / l a t e x i t >

< l a t e x i t  s h a 1 _ b a s e 6 4 = " Z q a l 2 M q q H k u o m D / 3 x O Z M l P u C 4 Q w = " > A A A B 9 X i c b V D L S g M x F L 1 T X 7 W + q i 7 d B I t Q N y U j g l 0 W 3 L i s Y B / Y j i W T Z t r Q T G Z I M k o Z + h 9 u X C j i 1 n 9 x 5 9 + Y T m e h r Q c C h 3 P u 5 Z 4 c P x Z c G 4 y / n c L a + s b m V n G 7 t L O 7 t 3 9 Q P j x q 6 y h R l L V o J C L V 9 Y l m g k v W M t w I 1 o 0 V I 6 E v W M e f X M / 9 z i N T m k f y z k x j 5 o V k J H n A K T F W e u i H x I x 1 g O 6 r d Y z P B + U K r u E M a J W 4 O a l A j u a g / N U f R j Q J m T R U E K 1 7 L o 6 N l x J l O B V s V u o n m s W E T s i I 9 S y V J G T a S 7 P U M 3 R m l S E K I m W f N C h T f 2 + k J N R 6 G v p 2 M k u 5 7 M 3 F / 7 x e Y o K 6 l 3 I Z J 4 Z J u j g U J A K Z C M 0 r Q E O u G D V i a g m h i t u s i I 6 J I t T Y o k q 2 B H f 5 y 6 u k f V F z c c 2 9 v a w 0 6 n k d R T i B U 6 i C C 1 f Q g B t o Q g s o K H i G V 3 h z n p w X 5 9 3 5 W I w W n H z n G P 7 A + f w B o u a R P g = = < / l a t e x i t >< l a t e x i t  s h a 1 _ b a s e 6 4 = " 1 X g H 5 c j n o 4 y c k T 0 X 2 o b 9 / z e R v 8 I = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f V Z d u B o t Q N y U R i 1 0 W 3 L i s Y B / Y x j K Z T t q h k 0 m Y m S g l 9 D / c u F D E r f / i z r 9 x k m a h r Q c G D u f c y z 1 z v I g z p W 3 7 2 y q s r W 9 s b h W 3 S z u 7 e / s H 5 c O j j g p j S W i b h D y U P Q 8 r y p m g b c 0 0 p 7 1 I U h x 4 n H a 9 6 X X q d x + p V C w U d 3 o W U T f A Y 8 F 8 R r A 2 0 s M g w H q i f H R f r d f t 8 2 G 5 Y t f s D G i V O D m p Q I 7 W s P w 1 G I U k D q j Q h G O l + o 4 d a T f B U j P C 6 b w 0 i B W N M J n i M e 0 b K n B A l Z t k q e f o z C g j 5 I f S P K F R p v 7 e S H C g 1 C z w z G S W c t l L x f + 8 f q z 9 h p s w E c W a C r I 4 5 M c c 6 R C l F a A R k 5 R o P j M E E 8 l M V k Q m W G K i T V E l U 4 K z / O V V 0 r m o O X b N u b 2 s N B t 5 H U U 4 g V O o g g N X 0 I Q b a E E b C E h 4 h l d 4 s 5 6 s F + v d + l i M F q x 8 5 x j + w P r 8 A a X v k U A = < / l a t e x i t >
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Commutative algebra hiding in the background

S = 〈n1, . . . , nk〉 ⊂ Zd
≥0 (affine) π : Zk

≥0 −→ S
A larger example: S = 〈13, 44, 106, 120〉.
IS = 〈x6

1 x2
4 − x3

3 , x2
1 x3 − x3

2 , x14
1 x2 − x3 x4, x16

1 − x2
2 x4, x6

1 x4
2 x3 − x3

4 〉

< l a t e x i t  s h a 1 _ b a s e 6 4 = " N U W e E n b E i V j O y W k A N B n m W 9 / g v x I = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f U Z d u B o t Q N y W p g l 0 W 3 L i s Y B / Y x j K Z T t q h k 0 m Y m S g l 9 D / c u F D E r f / i z r 9 x m m a h r Q c G D u f c y z 1 z / J g z p R 3 n 2 y q s r W 9 s b h W 3 S z u 7 e / s H 9 u F R W 0 W J J L R F I h 7 J r o 8 V 5 U z Q l m a a 0 2 4 s K Q 5 9 T j v + 5 H r u d x 6 p V C w S d 3 o a U y / E I 8 E C R r A 2 0 k M / x H q s A n R f c S 9 q 5 w O 7 7 F S d D G i V u D k p Q 4 7 m w P 7 q D y O S h F R o w r F S P d e J t Z d i q R n h d F b q J 4 r G m E z w i P Y M F T i k y k u z 1 D N 0 Z p Q h C i J p n t A o U 3 9 v p D h U a h r 6 Z j J L u e z N x f + 8 X q K D u p c y E S e a C r I 4 F C Q c 6 Q j N K 0 B D J i n R f G o I J p K Z r I i M s c R E m 6 J K p g R 3 + c u r p F 2 r u k 7 V v b 0 s N + p 5 H U U 4 g V O o g A t X 0 I A b a E I L C E h 4 h l d 4 s 5 6 s F + v d + l i M F q x 8 5 x j + w P r 8 A Z / R k T w = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " c v x g x t x a b S p O H M j q Z h 6 h B M h M r n I = " > A A A B 9 X i c b V D L S g M x F L 3 x W e u r 6 t J N s A h 1 U 2 Z U s M u C G 5 c V 7 A P b s W T S T B u a y Q x J R i l D / 8 O N C 0 X c + i / u / B v T 6 S y 0 9 U D g c M 6 9 3 J P j x 4 J r 4 z j f a G V 1 b X 1 j s 7 B V 3 N 7 Z 3 d s v H R y 2 d J Q o y p o 0 E p H q + E Q z w S V r G m 4 E 6 8 S K k d A X r O 2 P r 2 d + + 5 E p z S N 5 Z y Y x 8 0 I y l D z g l B g r P f R C Y k Y 6 w P e V C 7 d 2 1 i + V n a q T A S 8 T N y d l y N H o l 7 5 6 g 4 g m I Z O G C q J 1 1 3 V i 4 6 V E G U 4 F m x Z 7 i W Y x o W M y Z F 1 L J Q m Z 9 t I s 9 R S f W m W A g 0 j Z J w 3 O 1 N 8 b K Q m 1 n o S + n c x S L n o z 8 T + v m 5 i g 5 q V c x o l h k s 4 P B Y n A J s K z C v C A K 0 a N m F h C q O I 2 K 6 Y j o g g 1 t q i i L c F d / P I y a Z 1 X X a f q 3 l 6 W 6 7 W 8 j g I c w w l U w I U r q M M N N K A J F B Q 8 w y u 8 o S f 0 g t 7 R x 3 x 0 B e U 7 R / A H 6 P M H q P G R Q g = = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " g V H x Y 3 M W F v x P c y e t 0 l F u C P s Q B z k = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f U Z d u B o t Q N y U p o l 0 W 3 L i s Y B / Y x j K Z T t q h k 0 m Y m S g l 9 D / c u F D E r f / i z r 9 x m m a h r Q c G D u f c y z 1 z / J g z p R 3 n 2 y q s r W 9 s b h W 3 S z u 7 e / s H 9 u F R W 0 W J J L R F I h 7 J r o 8 V 5 U z Q l m a a 0 2 4 s K Q 5 9 T j v + 5 H r u d x 6 p V C w S d 3 o a U y / E I 8 E C R r A 2 0 k M / x H q s A n R f q d U u z w d 2 2 a k 6 G d A q c X N S h h z N g f 3 V H 0 Y k C a n Q h G O l e q 4 T a y / F U j P C 6 a z U T x S N M Z n g E e 0 Z K n B I l Z d m q W f o z C h D F E T S P K F R p v 7 e S H G o 1 D T 0 z W S W c t m b i / 9 5 v U Q H d S 9 l I k 4 0 F W R x K E g 4 0 h G a V 4 C G T F K i + d Q Q T C Q z W R E Z Y 4 m J N k W V T A n u 8 p d X S b t W d Z 2 q e 3 t R b t T z O o p w A q d Q A R e u o A E 3 0 I Q W E J D w D K / w Z j 1 Z L 9 a 7 9 b E Y L V j 5 z j H 8 g f X 5 A 6 X m k U A = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " q q n s r D D a 3 0 i H J Y B x U w X + L P Q F k 4 I = " > A A A B 9 X i c b V D L S g M x F L 3 x W e u r 6 t J N s A h 1 U 2 a K Y J c F N y 4 r 2 A e 2 Y 8 m k m T Y 0 k x m S j F K G / o c b F 4 q 4 9 V / c + T e m 0 1 l o 6 4 H A 4 Z x 7 u S f H j w X X x n G + 0 d r 6 x u b W d m G n u L u 3 f 3 B Y O j p u 6 y h R l L V o J C L V 9 Y l m g k v W M t w I 1 o 0 V I 6 E v W M e f X M / 9 z i N T m k f y z k x j 5 o V k J H n A K T F W e u i H x I x 1 g O 8 r N a d + M S i V n a q T A a 8 S N y d l y N E c l L 7 6 w 4 g m I Z O G C q J 1 z 3 V i 4 6 V E G U 4 F m x X 7 i W Y x o R M y Y j 1 L J Q m Z 9 t I s 9 Q y f W 2 W I g 0 j Z J w 3 O 1 N 8 b K Q m 1 n o a + n c x S L n t z 8 T + v l 5 i g 7 q V c x o l h k i 4 O B Y n A J s L z C v C Q K 0 a N m F p C q O I 2 K 6 Z j o g g 1 t q i i L c F d / v I q a d e q r l N 1 b y / L j X p e R w F O 4 Q w q 4 M I V N O A G m t A C C g q e 4 R X e 0 B N 6 Q e / o Y z G 6 h v K d E / g D 9 P k D p e S R Q A = = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " G s f 0 Q 0 v I E A V f q R A G p W v W U 6 Q G i N 8 = " > A A A B 9 X i c b V B N T 8 J A F H z F L 8 Q v 1 K O X j c Q E L 6 R V o x x J v H j E x A I R K t k u W 9 i w 3 T a 7 W w 1 p + B 9 e P G i M V / + L N / + N S + l B w U k 2 m c y 8 l z c 7 f s y Z 0 r b 9 b R V W V t f W N 4 q b p a 3 t n d 2 9 8 v 5 B S 0 W J J N Q l E Y 9 k x 8 e K c i a o q 5 n m t B N L i k O f 0 7 Y / v p 7 5 7 U c q F Y v E n Z 7 E 1 A v x U L C A E a y N 9 N A L s R 6 p A N 1 X z y / t 0 3 6 5 Y t f s D G i Z O D m p Q I 5 m v / z V G 0 Q k C a n Q h G O l u o 4 d a y / F U j P C 6 b T U S x S N M R n j I e 0 a K n B I l Z d m q a f o x C g D F E T S P K F R p v 7 e S H G o 1 C T 0 z W S W c t G b i f 9 5 3 U Q H d S 9 l I k 4 0 F W R + K E g 4 0 h G a V Y A G T F K i + c Q Q T C Q z W R E Z Y Y m J N k W V T A n O 4 p e X S e u s 5 t g 1 5 / a i 0 q j n d R T h C I 6 h C g 5 c Q Q N u o A k u E J D w D K / w Z j 1 Z L 9 a 7 9 T E f L V j 5 z i H 8 g f X 5 A 6 R n k T 8 = < / l a t e x i t >

< l a t e x i t  s h a 1 _ b a s e 6 4 = " Z q a l 2 M q q H k u o m D / 3 x O Z M l P u C 4 Q w = " > A A A B 9 X i c b V D L S g M x F L 1 T X 7 W + q i 7 d B I t Q N y U j g l 0 W 3 L i s Y B / Y j i W T Z t r Q T G Z I M k o Z + h 9 u X C j i 1 n 9 x 5 9 + Y T m e h r Q c C h 3 P u 5 Z 4 c P x Z c G 4 y / n c L a + s b m V n G 7 t L O 7 t 3 9 Q P j x q 6 y h R l L V o J C L V 9 Y l m g k v W M t w I 1 o 0 V I 6 E v W M e f X M / 9 z i N T m k f y z k x j 5 o V k J H n A K T F W e u i H x I x 1 g O 6 r d Y z P B + U K r u E M a J W 4 O a l A j u a g / N U f R j Q J m T R U E K 1 7 L o 6 N l x J l O B V s V u o n m s W E T s i I 9 S y V J G T a S 7 P U M 3 R m l S E K I m W f N C h T f 2 + k J N R 6 G v p 2 M k u 5 7 M 3 F / 7 x e Y o K 6 l 3 I Z J 4 Z J u j g U J A K Z C M 0 r Q E O u G D V i a g m h i t u s i I 6 J I t T Y o k q 2 B H f 5 y 6 u k f V F z c c 2 9 v a w 0 6 n k d R T i B U 6 i C C 1 f Q g B t o Q g s o K H i G V 3 h z n p w X 5 9 3 5 W I w W n H z n G P 7 A + f w B o u a R P g = = < / l a t e x i t >< l a t e x i t  s h a 1 _ b a s e 6 4 = " 1 X g H 5 c j n o 4 y c k T 0 X 2 o b 9 / z e R v 8 I = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f V Z d u B o t Q N y U R i 1 0 W 3 L i s Y B / Y x j K Z T t q h k 0 m Y m S g l 9 D / c u F D E r f / i z r 9 x k m a h r Q c G D u f c y z 1 z v I g z p W 3 7 2 y q s r W 9 s b h W 3 S z u 7 e / s H 5 c O j j g p j S W i b h D y U P Q 8 r y p m g b c 0 0 p 7 1 I U h x 4 n H a 9 6 X X q d x + p V C w U d 3 o W U T f A Y 8 F 8 R r A 2 0 s M g w H q i f H R f r d f t 8 2 G 5 Y t f s D G i V O D m p Q I 7 W s P w 1 G I U k D q j Q h G O l + o 4 d a T f B U j P C 6 b w 0 i B W N M J n i M e 0 b K n B A l Z t k q e f o z C g j 5 I f S P K F R p v 7 e S H C g 1 C z w z G S W c t l L x f + 8 f q z 9 h p s w E c W a C r I 4 5 M c c 6 R C l F a A R k 5 R o P j M E E 8 l M V k Q m W G K i T V E l U 4 K z / O V V 0 r m o O X b N u b 2 s N B t 5 H U U 4 g V O o g g N X 0 I Q b a E E b C E h 4 h l d 4 s 5 6 s F + v d + l i M F q x 8 5 x j + w P r 8 A a X v k U A = < / l a t e x i t >
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Commutative algebra hiding in the background

S = 〈n1, . . . , nk〉 ⊂ Zd
≥0 (affine) π : Zk

≥0 −→ S
A larger example: S = 〈13, 44, 106, 120〉.
IS = 〈x6

1 x2
4 − x3

3 , x2
1 x3 − x3

2 , x14
1 x2 − x3 x4, x16

1 − x2
2 x4, x6

1 x4
2 x3 − x3

4 〉

< l a t e x i t  s h a 1 _ b a s e 6 4 = " N U W e E n b E i V j O y W k A N B n m W 9 / g v x I = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f U Z d u B o t Q N y W p g l 0 W 3 L i s Y B / Y x j K Z T t q h k 0 m Y m S g l 9 D / c u F D E r f / i z r 9 x m m a h r Q c G D u f c y z 1 z / J g z p R 3 n 2 y q s r W 9 s b h W 3 S z u 7 e / s H 9 u F R W 0 W J J L R F I h 7 J r o 8 V 5 U z Q l m a a 0 2 4 s K Q 5 9 T j v + 5 H r u d x 6 p V C w S d 3 o a U y / E I 8 E C R r A 2 0 k M / x H q s A n R f c S 9 q 5 w O 7 7 F S d D G i V u D k p Q 4 7 m w P 7 q D y O S h F R o w r F S P d e J t Z d i q R n h d F b q J 4 r G m E z w i P Y M F T i k y k u z 1 D N 0 Z p Q h C i J p n t A o U 3 9 v p D h U a h r 6 Z j J L u e z N x f + 8 X q K D u p c y E S e a C r I 4 F C Q c 6 Q j N K 0 B D J i n R f G o I J p K Z r I i M s c R E m 6 J K p g R 3 + c u r p F 2 r u k 7 V v b 0 s N + p 5 H U U 4 g V O o g A t X 0 I A b a E I L C E h 4 h l d 4 s 5 6 s F + v d + l i M F q x 8 5 x j + w P r 8 A Z / R k T w = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " c v x g x t x a b S p O H M j q Z h 6 h B M h M r n I = " > A A A B 9 X i c b V D L S g M x F L 3 x W e u r 6 t J N s A h 1 U 2 Z U s M u C G 5 c V 7 A P b s W T S T B u a y Q x J R i l D / 8 O N C 0 X c + i / u / B v T 6 S y 0 9 U D g c M 6 9 3 J P j x 4 J r 4 z j f a G V 1 b X 1 j s 7 B V 3 N 7 Z 3 d s v H R y 2 d J Q o y p o 0 E p H q + E Q z w S V r G m 4 E 6 8 S K k d A X r O 2 P r 2 d + + 5 E p z S N 5 Z y Y x 8 0 I y l D z g l B g r P f R C Y k Y 6 w P e V C 7 d 2 1 i + V n a q T A S 8 T N y d l y N H o l 7 5 6 g 4 g m I Z O G C q J 1 1 3 V i 4 6 V E G U 4 F m x Z 7 i W Y x o W M y Z F 1 L J Q m Z 9 t I s 9 R S f W m W A g 0 j Z J w 3 O 1 N 8 b K Q m 1 n o S + n c x S L n o z 8 T + v m 5 i g 5 q V c x o l h k s 4 P B Y n A J s K z C v C A K 0 a N m F h C q O I 2 K 6 Y j o g g 1 t q i i L c F d / P I y a Z 1 X X a f q 3 l 6 W 6 7 W 8 j g I c w w l U w I U r q M M N N K A J F B Q 8 w y u 8 o S f 0 g t 7 R x 3 x 0 B e U 7 R / A H 6 P M H q P G R Q g = = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " g V H x Y 3 M W F v x P c y e t 0 l F u C P s Q B z k = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f U Z d u B o t Q N y U p o l 0 W 3 L i s Y B / Y x j K Z T t q h k 0 m Y m S g l 9 D / c u F D E r f / i z r 9 x m m a h r Q c G D u f c y z 1 z / J g z p R 3 n 2 y q s r W 9 s b h W 3 S z u 7 e / s H 9 u F R W 0 W J J L R F I h 7 J r o 8 V 5 U z Q l m a a 0 2 4 s K Q 5 9 T j v + 5 H r u d x 6 p V C w S d 3 o a U y / E I 8 E C R r A 2 0 k M / x H q s A n R f q d U u z w d 2 2 a k 6 G d A q c X N S h h z N g f 3 V H 0 Y k C a n Q h G O l e q 4 T a y / F U j P C 6 a z U T x S N M Z n g E e 0 Z K n B I l Z d m q W f o z C h D F E T S P K F R p v 7 e S H G o 1 D T 0 z W S W c t m b i / 9 5 v U Q H d S 9 l I k 4 0 F W R x K E g 4 0 h G a V 4 C G T F K i + d Q Q T C Q z W R E Z Y 4 m J N k W V T A n u 8 p d X S b t W d Z 2 q e 3 t R b t T z O o p w A q d Q A R e u o A E 3 0 I Q W E J D w D K / w Z j 1 Z L 9 a 7 9 b E Y L V j 5 z j H 8 g f X 5 A 6 X m k U A = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " q q n s r D D a 3 0 i H J Y B x U w X + L P Q F k 4 I = " > A A A B 9 X i c b V D L S g M x F L 3 x W e u r 6 t J N s A h 1 U 2 a K Y J c F N y 4 r 2 A e 2 Y 8 m k m T Y 0 k x m S j F K G / o c b F 4 q 4 9 V / c + T e m 0 1 l o 6 4 H A 4 Z x 7 u S f H j w X X x n G + 0 d r 6 x u b W d m G n u L u 3 f 3 B Y O j p u 6 y h R l L V o J C L V 9 Y l m g k v W M t w I 1 o 0 V I 6 E v W M e f X M / 9 z i N T m k f y z k x j 5 o V k J H n A K T F W e u i H x I x 1 g O 8 r N a d + M S i V n a q T A a 8 S N y d l y N E c l L 7 6 w 4 g m I Z O G C q J 1 z 3 V i 4 6 V E G U 4 F m x X 7 i W Y x o R M y Y j 1 L J Q m Z 9 t I s 9 Q y f W 2 W I g 0 j Z J w 3 O 1 N 8 b K Q m 1 n o a + n c x S L n t z 8 T + v l 5 i g 7 q V c x o l h k i 4 O B Y n A J s L z C v C Q K 0 a N m F p C q O I 2 K 6 Z j o g g 1 t q i i L c F d / v I q a d e q r l N 1 b y / L j X p e R w F O 4 Q w q 4 M I V N O A G m t A C C g q e 4 R X e 0 B N 6 Q e / o Y z G 6 h v K d E / g D 9 P k D p e S R Q A = = < / l a t e x i t > < l a t e x i t  s h a 1 _ b a s e 6 4 = " G s f 0 Q 0 v I E A V f q R A G p W v W U 6 Q G i N 8 = " > A A A B 9 X i c b V B N T 8 J A F H z F L 8 Q v 1 K O X j c Q E L 6 R V o x x J v H j E x A I R K t k u W 9 i w 3 T a 7 W w 1 p + B 9 e P G i M V / + L N / + N S + l B w U k 2 m c y 8 l z c 7 f s y Z 0 r b 9 b R V W V t f W N 4 q b p a 3 t n d 2 9 8 v 5 B S 0 W J J N Q l E Y 9 k x 8 e K c i a o q 5 n m t B N L i k O f 0 7 Y / v p 7 5 7 U c q F Y v E n Z 7 E 1 A v x U L C A E a y N 9 N A L s R 6 p A N 1 X z y / t 0 3 6 5 Y t f s D G i Z O D m p Q I 5 m v / z V G 0 Q k C a n Q h G O l u o 4 d a y / F U j P C 6 b T U S x S N M R n j I e 0 a K n B I l Z d m q a f o x C g D F E T S P K F R p v 7 e S H G o 1 C T 0 z W S W c t G b i f 9 5 3 U Q H d S 9 l I k 4 0 F W R + K E g 4 0 h G a V Y A G T F K i + c Q Q T C Q z W R E Z Y Y m J N k W V T A n O 4 p e X S e u s 5 t g 1 5 / a i 0 q j n d R T h C I 6 h C g 5 c Q Q N u o A k u E J D w D K / w Z j 1 Z L 9 a 7 9 T E f L V j 5 z i H 8 g f X 5 A 6 R n k T 8 = < / l a t e x i t >

< l a t e x i t  s h a 1 _ b a s e 6 4 = " Z q a l 2 M q q H k u o m D / 3 x O Z M l P u C 4 Q w = " > A A A B 9 X i c b V D L S g M x F L 1 T X 7 W + q i 7 d B I t Q N y U j g l 0 W 3 L i s Y B / Y j i W T Z t r Q T G Z I M k o Z + h 9 u X C j i 1 n 9 x 5 9 + Y T m e h r Q c C h 3 P u 5 Z 4 c P x Z c G 4 y / n c L a + s b m V n G 7 t L O 7 t 3 9 Q P j x q 6 y h R l L V o J C L V 9 Y l m g k v W M t w I 1 o 0 V I 6 E v W M e f X M / 9 z i N T m k f y z k x j 5 o V k J H n A K T F W e u i H x I x 1 g O 6 r d Y z P B + U K r u E M a J W 4 O a l A j u a g / N U f R j Q J m T R U E K 1 7 L o 6 N l x J l O B V s V u o n m s W E T s i I 9 S y V J G T a S 7 P U M 3 R m l S E K I m W f N C h T f 2 + k J N R 6 G v p 2 M k u 5 7 M 3 F / 7 x e Y o K 6 l 3 I Z J 4 Z J u j g U J A K Z C M 0 r Q E O u G D V i a g m h i t u s i I 6 J I t T Y o k q 2 B H f 5 y 6 u k f V F z c c 2 9 v a w 0 6 n k d R T i B U 6 i C C 1 f Q g B t o Q g s o K H i G V 3 h z n p w X 5 9 3 5 W I w W n H z n G P 7 A + f w B o u a R P g = = < / l a t e x i t >< l a t e x i t  s h a 1 _ b a s e 6 4 = " 1 X g H 5 c j n o 4 y c k T 0 X 2 o b 9 / z e R v 8 I = " > A A A B 9 X i c b V D L S s N A F L 2 p r 1 p f V Z d u B o t Q N y U R i 1 0 W 3 L i s Y B / Y x j K Z T t q h k 0 m Y m S g l 9 D / c u F D E r f / i z r 9 x k m a h r Q c G D u f c y z 1 z v I g z p W 3 7 2 y q s r W 9 s b h W 3 S z u 7 e / s H 5 c O j j g p j S W i b h D y U P Q 8 r y p m g b c 0 0 p 7 1 I U h x 4 n H a 9 6 X X q d x + p V C w U d 3 o W U T f A Y 8 F 8 R r A 2 0 s M g w H q i f H R f r d f t 8 2 G 5 Y t f s D G i V O D m p Q I 7 W s P w 1 G I U k D q j Q h G O l + o 4 d a T f B U j P C 6 b w 0 i B W N M J n i M e 0 b K n B A l Z t k q e f o z C g j 5 I f S P K F R p v 7 e S H C g 1 C z w z G S W c t l L x f + 8 f q z 9 h p s w E c W a C r I 4 5 M c c 6 R C l F a A R k 5 R o P j M E E 8 l M V k Q m W G K i T V E l U 4 K z / O V V 0 r m o O X b N u b 2 s N B t 5 H U U 4 g V O o g g N X 0 I Q b a E E b C E h 4 h l d 4 s 5 6 s F + v d + l i M F q x 8 5 x j + w P r 8 A a X v k U A = < / l a t e x i t >
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The delta set via commutative algebra
π : Zk

≥0 −→ S = 〈n1, . . . , nk〉
a 7−→ a1n1 + · · ·+ aknk

ϕ : k[x1, . . . , xk ] −→ k[w ]
xi 7−→ wni

IS = ker(ϕ) = 〈xa − xb : π(a) = π(b)〉

Ij = 〈xa − xb : π(a) = π(b) and
∣∣|a| − |b|∣∣ ≤ j〉 ⊂ IS

Idea: only connect some of the factorizations
I0 ⊂ I1 ⊂ I2 ⊂ I3 ⊂ I4 ⊂ · · · ⊂ IS

Example: S〈6, 9, 20〉 IS = 〈x3 − y2, x4y4 − z3〉 ⊂ k[x , y , z ]

Z(244): connected components:
I0 = 〈x11z3 − y14〉
I1 = I0 + 〈x3 − y2, x8z3 − y12〉
I2 = I1 + 〈x5z3 − y10〉

I3 = I2 + 〈x2z3 − y8〉
I4 = I3 + 〈x4y4 − z3〉

= I5 = I6 = · · · = IS
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Ihom: homogenization of IS
xa − xb ∈ IS −→ xa − t |a|−|b|xb ∈ Ihom

Example: S〈6, 9, 20〉 IS = 〈x3 − y2, xy6 − z3〉 ⊂ k[x , y , z ]
Lex Gröbner basis for Ihom:
Ihom = 〈x11z3 − y14,

x3 − ty 2, x8z3 − ty 12,

t2x5z3 − y10,

t3x2z3 − y8,

xy6 − t4z3〉

I0 = 〈x11z3 − y14〉
I1 = I0 + 〈x3 − y2, x8z3 − y12〉
I2 = I1 + 〈x5z3 − y10〉
I3 = I2 + 〈x2z3 − y8〉
I4 = I3 + 〈xy6 − z3〉
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The delta set via commutative algebra
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Ij = 〈xa − xb : π(a) = π(b) and

∣∣|a| − |b|∣∣ ≤ j〉 ⊂ IS

Algorithm to compute ∆(S) (Garćıa-Sánchez–O–Webb, 2018)
Homogenize the ideal IS with a new variable t
Compute a reduced lex Gröbner basis G with t < xi

∆(S) = {d : td xa − xb ∈ G}

S ∆(S) Manual Dynamic Algebraic
〈100, 121, 142, 163, 284〉 {21} Days 0m 3.6s < 10 ms
〈1001, 1211, 1421, 1631, 2841〉 {10, 20, 30} Days 1m 56s < 10 ms〈550, 1060, 1600, 1781, 4126,
4139, 4407, 5167, 6073, 6079,
6169, 7097, 7602, 8782, 8872

〉1, 2, 3, 4, 5, 6, 7,
8, 9, 10, 11, 12, 13,
14, 15, 16, 17, 19

Years Days < 1 min
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∣∣|a| − |b|∣∣ ≤ j〉 ⊂ IS

Algorithm to compute ∆(S) (Garćıa-Sánchez–O–Webb, 2018)
Homogenize the ideal IS with a new variable t
Compute a reduced lex Gröbner basis G with t < xi

∆(S) = {d : td xa − xb ∈ G}

S ∆(S) Manual Dynamic Algebraic
〈100, 121, 142, 163, 284〉 {21} Days 0m 3.6s < 10 ms
〈1001, 1211, 1421, 1631, 2841〉 {10, 20, 30} Days 1m 56s < 10 ms

〈550, 1060, 1600, 1781, 4126,
4139, 4407, 5167, 6073, 6079,
6169, 7097, 7602, 8782, 8872

〉1, 2, 3, 4, 5, 6, 7,
8, 9, 10, 11, 12, 13,
14, 15, 16, 17, 19

Years Days < 1 min
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