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Numerical semigroups

Definition

A numerical semigroup S C Z>q: closed under addition, |Z>¢ \ S| < oc.
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Numerical semigroups

Definition

A numerical semigroup S C Z>q: closed under addition, |Z>¢ \ S| < oc.

Example:

MeN = (6,9.20) :{ 0,6,9,12,15,18,20,21,24, . .. }

...,36,38,39,40,41,42,44 —
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Numerical semigroups

Definition

A numerical semigroup S C Z>q: closed under addition, |Z>¢ \ S| < oc.

Example: “McNugget Semigroup”

MeN = (6,9.20) :{ 0,6,9,12,15,18,20,21,24, . .. }

...,36,38,39,40,41,42,44 —
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Numerical semigroups

Definition

A numerical semigroup S C Z>q: closed under addition, |Z>¢ \ S| < oc.

Example: “McNugget Semigroup”

MeN = (6,9.20) :{ 0,6,9,12,15,18,20,21,24, . .. }

...,36,38,39,40,41,42,44 —

Example: S = (6,9, 18,20, 32)
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Numerical semigroups

Definition

A numerical semigroup S C Z>q: closed under addition, |Z>¢ \ S| < oc.

Example: “McNugget Semigroup”

MeN = (6,9.20) :{ 0,6,9,12,15,18,20,21,24, . .. }

...,36,38,39,40,41,42,44 —

Example: S = (6,9, 18, 20, 32)
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Numerical semigroups

Definition

A numerical semigroup S C Z>q: closed under addition, |Z>¢ \ S| < oc.

Example: “McNugget Semigroup”

MeN = (6,9.20) :{ 0,6,9,12,15,18,20,21,24, . .. }

...,36,38,39,40,41,42,44 —

Example: S = (6,9, 18,20,32) = McN
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Numerical semigroups

Definition

A numerical semigroup S C Z>q: closed under addition, |Z>¢ \ S| < oc.

Example: “McNugget Semigroup”

MeN = (6,9.20) :{ 0,6,9,12,15,18,20,21,24, . .. }

...,36,38,39,40,41,42,44 —

Example: S = (6,9, 18,20,32) = McN

Every numerical semigroup has a unique minimal generating set.
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Numerical semigroups

Definition

A numerical semigroup S C Z>q: closed under addition, |Z>¢ \ S| < oc.

Example: “McNugget Semigroup”

MeN = (6,9.20) :{ 0,6,9,12,15,18,20,21,24, . .. }

...,36,38,39,40,41,42,44 —

Example: S = (6,9, 18,20,32) = McN

Every numerical semigroup has a unique minimal generating set.

Multiplicity: m(S) = smallest nonzero element
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Apéry sets

Fix a numerical semigroup S with m(S) = m.
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Fix a numerical semigroup S with m(S) = m.

Definition

The Apéry set of S is
Ap(S)={aeS:a—m¢S}
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Fix a numerical semigroup S with m(S) = m.

Definition

The Apéry set of S is
Ap(S)={aeS:a—m¢S}

If S = (6,9,20), then
Ap(S) = {0,49,20,9,40,29}
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Fix a numerical semigroup S with m(S) = m.

Definition

The Apéry set of S is
Ap(S)={aeS:a—m¢S}

If S = (6,9,20), then

Ap(S) ={0,49,20,9,40,29}
For 2 mod 6: {2,8,14,20,26,32,...1 NS = {20,26,32,...}
For 3 mod 6: {3,9,15,21,...}N S = {9,15,21,...}
For 4 mod 6: {4,10,16,22,...} NS = {40,46,52,...}
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Fix a numerical semigroup S with m(S) = m.

Definition

The Apéry set of S is
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Fix a numerical semigroup S with m(S) = m.

Definition

The Apéry set of S is
Ap(S)={aeS:a—m¢S}

If S = (6,9,20), then

Ap(S) ={0,49,20,9,40,29}
For 2 mod 6: {2,8,14,20,26,32,...1 NS = {20,26,32,...}
For 3 mod 6: {3,9,15,21,...}N S = {9,15,21,...}
For 4 mod 6: {4,10,16,22,...} NS = {40,46,52,...}
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Fix a numerical semigroup S with m(S) = m.

Definition

The Apéry set of S is
Ap(S)={aeS:a—m¢S}

If S = (6,9,20), then
Ap(S) = {0,49,20,9, 40,29}

For 2 mod 6: {2,8,14,20,26,32,...} N S = {20,26,32,...}
For 3 mod 6: {3,9,15,21,...} NS = {9,15,21,...}
For 4 mod 6: {4,10,16,22,...} NS = {40,46,52,...}
Observations:

@ The elements of Ap(S) are distinct modulo m

° |Ap(S)|=m
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Fix a numerical semigroup S with m(S) = m.

Definition

The Apéry set of S is
Ap(S)={aeS:a—m¢S}
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Fix a numerical semigroup S with m(S) = m.

Definition

The Apéry set of S is
Ap(S)={aeS:a—m¢S}

Many things can be easily recovered from the Apéry set.
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Fix a numerical semigroup S with m(S) = m.

Definition

The Apéry set of S is
Ap(S)={aeS:a—m¢S}

Many things can be easily recovered from the Apéry set.
@ Fast membership test:
neSif n> aforae Ap(S) with a= nmod m
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Fix a numerical semigroup S with m(S) = m.

Definition

The Apéry set of S is
Ap(S)={aeS:a—m¢S}

Many things can be easily recovered from the Apéry set.
@ Fast membership test:
neSif n> aforae Ap(S) with a= nmod m
e Frobenius number: F(S) = max(Ap(S)) — m
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Fix a numerical semigroup S with m(S) = m.

Definition

The Apéry set of S is
Ap(S)={aeS:a—m¢S}

Many things can be easily recovered from the Apéry set.
@ Fast membership test:
neSif n> aforae Ap(S) with a= nmod m
e Frobenius number: F(S) = max(Ap(S)) — m
@ Number of gaps (the genus):

(s)=si= 3 |

acAp(
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Fix a numerical semigroup S with m(S) = m.

Definition

The Apéry set of S is
Ap(S)={aeS:a—m¢S}

Many things can be easily recovered from the Apéry set.
@ Fast membership test:
neSif n> aforae Ap(S) with a= nmod m
e Frobenius number: F(S) = max(Ap(S)) — m
@ Number of gaps (the genus):

9-Ns- ¥ |2

acAp(S)
The Apéry set is a “one stop shop” for computation.
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Is A={0,11,7,23,19} the Apéry set of some numerical semigroup?
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Is A={0,11,7,23,19} the Apéry set of some numerical semigroup?
m=1]Al =5 a =11, a=7,a3 =23, a,=19
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Is A={0,11,7,23,19} the Apéry set of some numerical semigroup?
m=1]Al =5 a =11, a=7,a3 =23, a,=19
but a1 +a =3 mod 5 and a1 + a» < a3.
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Is A={0,11,7,23,19} the Apéry set of some numerical semigroup?
m=1]Al =5 a =11, a=7,a3 =23, a,=19
but a1 +a =3 mod 5 and a1 + a» < a3.

Is {0,13,14,27,10,11} the Apéry set of some numerical semigroup?
m:\A\:6, 31:13,32:14,33:27,34:10,35:11
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Is A={0,11,7,23,19} the Apéry set of some numerical semigroup?
m=1]Al =5 a =11, a=7,a3 =23, a,=19
but a1 +a =3 mod 5 and a1 + a» < a3.

Is {0,13,14,27,10,11} the Apéry set of some numerical semigroup?
m:\A\:6, 31:13,32:14,33:27,34:10,35:11
but az + as =3 mod 6 and a4 + a5 < a3.
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Is A={0,11,7,23,19} the Apéry set of some numerical semigroup?
m=1]Al =5 a =11, a=7,a3 =23, a,=19
but a1 +a =3 mod 5 and a1 + a» < a3.

Is {0,13,14,27,10,11} the Apéry set of some numerical semigroup?
m:\A\:6, 81:13,32:14,33:27,34:10,35:11
but az + as =3 mod 6 and a4 + a5 < a3.

If A=1{0,a1,...,am—1} with each a; > m and a; = i mod m, then
there exists a numerical semigroup S with Ap(S) = A if and only if
aj+aj > ajyj whenever i+j#0.
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Is A={0,11,7,23,19} the Apéry set of some numerical semigroup?
m=1]Al =5 a =11, a=7,a3 =23, a,=19
but a1 +a =3 mod 5 and a1 + a» < a3.

Is {0,13,14,27,10,11} the Apéry set of some numerical semigroup?
m:\A\:6, 81:13,32:14,33:27,34:10,35:11
but az + as =3 mod 6 and a4 + a5 < a3.

If A=1{0,a1,...,am—1} with each a; > m and a; = i mod m, then
there exists a numerical semigroup S with Ap(S) = A if and only if
aj+aj > ajyj whenever i+j#0.

Big idea: the inequalities “a; + a; > ajy;" to define a cone Cp,.
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Kunz cone

Definition

The Kunz cone C,, C R™ 1 is a pointed cone with defining inequalities
aj+aj > ajy; whenever i+j#0.

{§CZ>o:m(S)=m} — Cyn
Ap(S) = {0, dly ...y am,l} — (al, ey am,l)
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Kunz cone

Definition

The Kunz cone C,, C R™ 1 is a pointed cone with defining inequalities
aj+aj > ajy; whenever i+j#0.

{§CZso:m(S)=m} — Cp
Ap(S)=1{0,a1,...,am-1} — (a1,-..,3m-1)

Example: G3
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Kunz cone

Definition

The Kunz cone C,, C R™ 1 is a pointed cone with defining inequalities
aj+aj > ajy; whenever i+j#0.

{§CZso:m(S)=m} — Cp
Ap(S)=1{0,a1,...,am-1} — (a1,-..,3m-1)
Example: G3

S=(35,7)
Ap(S) = {0,7,5}
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Kunz cone

Definition

The Kunz cone C,, C R™ 1 is a pointed cone with defining inequalities
aj+aj > ajy; whenever i+j#0.

{§CZso:m(S)=m} — Cp
Ap(S)=1{0,a1,...,am-1} — (a1,-..,3m-1)

Example: G3
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Kunz cone

Definition

The Kunz cone C,, C R™ 1 is a pointed cone with defining inequalities
aj+aj > ajy; whenever i+j#0.

{§CZ>o:m(S)=m} — Cyn
Ap(S) = {0, dly ...y am,l} — (al, ey am,l)

Christopher O'Neill (SDSU) Classifying numerical semigroups July 6, 2026



Kunz cone

Definition

The Kunz cone C,, C R™ 1 is a pointed cone with defining inequalities
aj+aj > ajy; whenever i+j#0.

{§CZso:m(S)=m} — Cp
Ap(S)=1{0,a1,...,am-1} — (a1,-..,3m-1)

Example: G
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Faces of the Kunz cone

When are numerical semigroups in (the relative interior of ) the same face?
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Faces of the Kunz cone

When are numerical semigroups in (the relative interior of ) the same face?

Big picture: “parameter space” approach for studying XYZ's

@ Define a space with XYZ's as points
Small changes to an XYZ ~~ small movements in space

@ Let geometric/topological structure inform study of XYZ's
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Faces of the Kunz cone
When are numerical semigroups in (the relative interior of ) the same face? \

Big picture: “parameter space” approach for studying XYZ's

@ Define a space with XYZ's as points
Small changes to an XYZ ~~ small movements in space

@ Let geometric/topological structure inform study of XYZ's
Basic example: GL,(R) < R"
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Faces of the Kunz cone

When are numerical semigroups in (the relative interior of ) the same face?

Big picture: “parameter space” approach for studying XYZ's

@ Define a space with XYZ's as points
Small changes to an XYZ ~~ small movements in space

@ Let geometric/topological structure inform study of XYZ's

Basic example: GL,(R) — R"™
More interesting example: C,,
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Faces of the Kunz cone

When are numerical semigroups in (the relative interior of ) the same face?
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Faces of the Kunz cone

When are numerical semigroups in (the relative interior of ) the same face?

ngRz
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Faces of the Kunz cone

When are numerical semigroups in (the relative interior of ) the same face?

ngRz

C, CR3

~

Cs C R*?
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Faces of the Kunz cone

When are numerical semigroups in (the relative interior of ) the same face?

ngRz

C, CR3

~

Cs C R*? Cross section:
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Faces of the Kunz cone

When are numerical semigroups in (the relative interior of ) the same face?
G C R?

»r
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Faces of the Kunz cone

When are numerical semigroups in (the relative interior of ) the same face?
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Faces of the Kunz cone

When are numerical semigroups in (the relative interior of ) the same face?

Definition

The Apéry poset of S: define a < a’ whenever &/ —a € S.

Ap(S) = {0,13,10,23} Ap(S) = {0,13,26,39}
23 39
26
13 10
13
0 0
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Faces of the Kunz cone

When are numerical semigroups in (the relative interior of ) the same face?
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Faces of the Kunz cone
When are numerical semigroups in (the relative interior of ) the same face? \

S = (6,9,20) S’ = (6,26,27)
Ap(S) = {0,49,20, 9,40,29} Ap(S) = {0,79,26,27,52,53}
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Faces of the Kunz cone

When are numerical semigroups in (the relative interior of ) the same face?

S = (6,9,20) S’ = (6,26,27)
Ap(S) = {0,49,20, 9,40,29} Ap(S) = {0,79,26,27,52,53}
49 79
29 40 53 52
9 20 27 26
0 0
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Faces of the Kunz cone
When are numerical semigroups in (the relative interior of ) the same face? \

S = (6,9, 20) S’ = (6,26, 27)
A =10,49,2 40,2 Ap(S’) ={0,79,26,27,52
p(S) = {0.49,20, 940,20} Ap(S') = {0,79,26,27.52,53)
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Faces of the Kunz cone
When are numerical semigroups in (the relative interior of ) the same face? \

S = (6,9, 20) S’ = (6,26, 27)
A =10,49,2 40,2 Ap(S’) ={0,79,26,27,52
p(S) = {0.49,20, 940,20} Ap(S') = {0,79,26,27.52,53)

The Kunz poset of S: use ground set Z,, instead of Ap(S).
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Faces of the Kunz cone
When are numerical semigroups in (the relative interior of ) the same face?

S = (6,9, 20) S’ = (6,26, 27)
A =10,49,2 40,2 Ap(S’) ={0,79,26,27,52
p(S) = {0.49,20, 940,20} Ap(S') = {0,79,26,27.52,53)

The Kunz poset of S: use ground set Z,, instead of Ap(S).
Theorem (Bruns—Garcia-Sanchez—O.-Wilburne)

Numerical semigroups lie in the relative interior of the same face of Cp,
if and only if their Kunz posets are identical.
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Faces of the Kunz cone

When are numerical semigroups in (the relative interior of ) the same face?

S =(6,9,20)
A =10,49,2 40,2
p(S) = {0,49,20, 940,29}

The Kunz poset of S: use ground set Z,, instead of Ap(S).
Theorem (Bruns—Garcia-Sanchez—O.—Wilburne)

Numerical semigroups lie in the relative interior of the same face of Cp,
if and only if their Kunz posets are identical.
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Faces of the Kunz cone

When are numerical semigroups in (the relative interior of ) the same face?

S =(6,9,20)
A =10,49,2 40,2
p(S) = {0,49,20, 940,29}

Defining facet equations:

2a) = ag
a+a=as

Ht+a=a

az +ag = ax

The Kunz poset of S: use ground set Z,, instead of Ap(S).

Theorem (Bruns—Garcia-Sanchez—O.—Wilburne)

Numerical semigroups lie in the relative interior of the same face of Cp,
if and only if their Kunz posets are identical.
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Faces of the Kunz cone

When are numerical semigroups in (the relative interior of ) the same face?

5 =(6,9,20) Defining facet equations:

O (0.09.20 907 L
a + a3z = as 2=<5

3<5

a+ag =a 2=<1

5<1

a+as=a 3<1

4=<1

The Kunz poset of S: use ground set Z,, instead of Ap(S).
Theorem (Bruns—Garcia-Sanchez—O.—Wilburne)

Numerical semigroups lie in the relative interior of the same face of Cp,
if and only if their Kunz posets are identical.
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of the Kunz cone
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Connecting the algebra and the geometry
How is “face dimension” encoded in the Kunz poset? \
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Connecting the algebra and the geometry
How is “face dimension” encoded in the Kunz poset? \
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Connecting the algebra and the geometry
How is “face dimension” encoded in the Kunz poset? \

Ap(S) =1{0,a1,a,...,as}
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Connecting the algebra and the geometry
How is “face dimension” encoded in the Kunz poset? \

Ap(S) =1{0,a1,a,...,as}

S =19, a,as, ag)
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Connecting the algebra and the geometry
How is “face dimension” encoded in the Kunz poset? \

Ap(S) =1{0,a1,a,...,as}

S =19, a,as, ag)

Cover relations: add a generator
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Connecting the algebra and the geometry
How is “face dimension” encoded in the Kunz poset? \

Ap(S) =1{0,a1,a,...,as}

S =19, a,as, ag)

Cover relations: add a generator

as = ax+ a3
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Connecting the algebra and the geometry
How is “face dimension” encoded in the Kunz poset? \

Ap(S) =1{0,a1,a,...,as}

S =19, a,as, ag)

Cover relations: add a generator
as = ax+ a3

a; = 2ar + a3
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Connecting the algebra and the geometry
How is “face dimension” encoded in the Kunz poset? \

Ap(S) =1{0,a1,a,...,as}

S =19, a,as, ag)

Cover relations: add a generator
as = ax+ a3

a; = 2ar + a3

Moral: can recover expressions for
a € Ap(S) in terms of generators
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Connecting the algebra and the geometry
How is “face dimension” encoded in the Kunz poset? \
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Connecting the algebra and the geometry
How is “face dimension” encoded in the Kunz poset? \

S=(8,a1,as)
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Connecting the algebra and the geometry
How is “face dimension” encoded in the Kunz poset? \

S=(8,a1,as)
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Connecting the algebra and the geometry
How is “face dimension” encoded in the Kunz poset? \

S=(8,a1,as)

SW(al,ag,...,aﬂEFgCg

a = 2a1, ag = 2ai+ as,
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Connecting the algebra and the geometry
How is “face dimension” encoded in the Kunz poset? \

S =(8,a1,as)

SW(al,ag,...,aﬂEFgCg
a = 2a1, ag = 2ai+ as,

Idea: a1 and a4 “span” F
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Connecting the algebra and the geometry
How is “face dimension” encoded in the Kunz poset? \

S =(8,a1,as)

SW(al,ag,...,aﬂEFgCg
a = 2a1, ag = 2ai+ as,

Idea: a1 and a4 “span” F
=dmF <2
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Connecting the algebra and the geometry
How is “face dimension” encoded in the Kunz poset? \

S =(8,a1,as)

SW(al,ag,...,aﬂEFgCg
a = 2a1, ag = 2ai+ as,

Idea: a1 and a4 “span” F
=dmF <2

S=1(8,9,12)? S =(8,9,44)?
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Connecting the algebra and the geometry
How is “face dimension” encoded in the Kunz poset? \

S =(8,a1,as)

SW(al,ag,...,aﬂEFgCg
a = 2a1, ag = 2ai+ as,

Idea: a1 and a4 “span” F
=dmF <2

S$=1(8,9,12)? S=

Christopher O'Neill (SDSU) Classifying numerical semigroups July 6, 2026



Connecting the algebra and the geometry
How is “face dimension” encoded in the Kunz poset? \

S =(8,a1,as)

SW(al,ag,...,aﬂ eFCG
a = 2a1, ag = 2ai+ as,
Idea: a1 and a4 “span” F
=dmF <2
5=(8,9,12)7 ={8:0:
Also need 4a; > ag, a3 > 0
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Connecting the algebra and the geometry
How is “face dimension” encoded in the Kunz poset? \

S = <8,31, a4) S = <10,32, a3,a4>

SW(al,ag,...,aﬂ eFCG
a = 2a1, ag = 2ai+ as,
Idea: a1 and a4 “span” F
=dmF <2
5=(8,9,12)7 ={8:0:
Also need 4a; > ag, a3 > 0
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Connecting the algebra and the geometry
How is “face dimension” encoded in the Kunz poset? \

S = <8,31, a4) S = <10,32, a3,a4>

S~ (a1,a2,...,a7) € FC G ap, as, and ag “span” F
a =2a, ag=2a1+a4, ... =dimF <3
Idea: a1 and as “span” F
=dimF <2
5$=(8,9,12)7 ={8.9.

Also need 4a; > az, az > 0
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Connecting the algebra and the geometry
How is “face dimension” encoded in the Kunz poset? \

S = <8,31, a4) S = <10,32, a3,a4>

S~ (a1,a,...,a7) € F C Gg ap, az, and a4 “span” F
ap =2ay, ag=2ai+as ... =dimF <3
Idea: a; and a4 “span” F ap = 2a3

=dmF <2 —ay+ a4
5=(8,9,12)7 =48 0-

Also need 4a; > az, az > 0
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Connecting the algebra and the geometry
How is “face dimension” encoded in the Kunz poset? \

S = <8,31, a4) S = <10,32, a3,a4>

S~ (a1,a,...,a7) € F C Gg ap, az, and a4 “span” F
ap = 2ay, ag = 2a1 + ag, =dimF <3
Idea: a; and a4 “span” F ap = 2a3
=dmF <2 —ay+ a4
S =(8,9,12)7? ={8.-9-44)7 “trades” ~ linear dependencies

Also need 4a; > az, az > 0
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Connecting the algebra and the geometry
How is “face dimension” encoded in the Kunz poset? \

S = <8,31, a4) S = <10,32, a3,a4>

S~ (a1,a,...,a7) € F C Gg ap, az, and a4 “span” F
ap = 2ay, ag = 2a1 + ag, =dimF <3
Idea: a; and a4 “span” F ap = 2a3
=dmF <2 —ay+ a4
S =(8,9,12)7? ={8.-9-44)7 “trades” ~ linear dependencies
Also need 4a; > az, az > 0 dimF =2
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Connecting the algebra and the geometry
Where in Cp, do special families of numerical semigroups reside? \
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Connecting the algebra and the geometry
Where in Cp, do special families of numerical semigroups reside? \

Arithmetical numerical semigroups:
S=(mm+d,m+2d,...,m+ kd)
Example: S = (15,17,19, 21, 23)
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Connecting the algebra and the geometry
Where in Cp, do special families of numerical semigroups reside? \

Arithmetical numerical semigroups:
S=(mm+d,m+2d,...,m+ kd)
Example: S = (15,17,19, 21, 23)

Generalized arithmetical numerical semigroups:
S={(mhm+d,hm+2d,... hm+ kd)
Example: S = (15,32, 34, 36, 38)
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Connecting the algebra and the geometry
Where in Cp, do special families of numerical semigroups reside? \

11

Arithmetical numerical semigroups:
S=(mm+d,m+2d,...,m+ kd) 3
Example: S = (15,17,19, 21, 23)

. : . : : 10
Generalized arithmetical numerical semigroups:

S={(mhm+d,hm+2d,... hm+ kd) 2
Example: S = (15,32, 34, 36, 38)
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Connecting the algebra and the geometry
Where in Cp, do special families of numerical semigroups reside? \

11

Arithmetical numerical semigroups:
S=(mm+d,m+2d,...,m+ kd) 3
Example: S = (15,17,19, 21, 23)

. : . : : 10
Generalized arithmetical numerical semigroups:

S={(mhm+d,hm+2d,... hm+ kd) 2
Example: S = (15,32, 34, 36, 38)

Extra-generalized arithmetical numerical semigroups:
S=(mhm+d,hm+2d,...,hm+ kd) with d > —hm/k
Example: S = (15,77,64,51,38)

Christopher O'Neill (SDSU) Classifying numerical semigroups July 6, 2026



Connecting the algebra and the geometry
Where in Cp, do special families of numerical semigroups reside?

11

Arithmetical numerical semigroups:
S=(mm+d,m+2d,...,m+ kd)
Example: S = (15,17,19, 21, 23)

3

10

Generalized arithmetical numerical semigroups:
S={(mhm+d,hm+2d,...,hm+ kd) 2
Example: S = (15,32, 34, 36, 38)

Extra-generalized arithmetical numerical semigroups:
S=(mhm+d,hm+2d,...,hm+ kd) with d > —hm/k
Example: S = (15,77,64,51,38)

Other families with descriptions: symmetric, complete intersection, . ..
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Connecting the algebra and the geometry
What algebraic properties are determined by the Kunz poset? \
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Connecting the algebra and the geometry
What algebraic properties are determined by the Kunz poset? \

Minimal generators of the defining toric ideal of S = (ny, ny, ..., ng):

Is = ker (]k[Xl, ce ,Xk] — k[t])
Xj — t"
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Connecting the algebra and the geometry
What algebraic properties are determined by the Kunz poset? \

Minimal generators of the defining toric ideal of S = (ny, ny, ..., ng):

Is = ker (]k[Xl, ce ,Xk] — k[t])

Xj — "
1
IS — <X3 _ y2,X4y4 _ Z3>
C kx,y, 7] s 2
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Connecting the algebra and the geometry
What algebraic properties are determined by the Kunz poset? \

Minimal generators of the defining toric ideal of S = (ny, ny, ..., ng):

Is = ker (]k[Xl, ce ,Xk] — k[t])

Xj — "
1
IS — <X3 _ y2,X4y4 _ Z3>
C kx,y, 7] 5 2
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Connecting the algebra and the geometry
What algebraic properties are determined by the Kunz poset? \

Minimal generators of the defining toric ideal of S = (ny, ny, ..., ng):

Is = ker (]k[Xl, ce ,Xk] — k[t])
Xj — t"

S= <107 az, as, 34>

Is = <X22 — VX4, XoX4 —x§,
X3?X4_y*7 Xf—y*X2>
g k[y7X27X37X4]
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A couple of long-standing (hard) conjectures
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A couple of long-standing (hard) conjectures

F(S) = max(Z>0\ 5) g(5) = 1220\ 5|
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A couple of long-standing (hard) conjectures

F(S) = max(Z>0\ 5) g(5) = 1220\ 5|

Wilf's Conjecture
For any S = (n1,...,ny), we have F(S) +1 < k(F(S) + 1 —g(95)).
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A couple of long-standing (hard) conjectures

F(S) = max(Z>0\ 5) g(5) = 1220\ 5|

Wilf's Conjecture
For any S = (n1,...,ny), we have F(S) +1 < k(F(S) + 1 —g(95)).

Equivalently,
1_F(S)+1-g(9)
k — F(S)+1
% of [0, F(S)] in S
+ L 2 —@ 000 —0 000 00000000000
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A couple of long-standing (hard) conjectures

F(S) = max(Z>0\ 5) g(5) = 1220\ 5|

Wilf's Conjecture
For any S = (n1,...,ny), we have F(S) +1 < k(F(S) + 1 —g(95)).

Equivalently,
1_F(S)+1-g(9)
k — F(S)+1
% of [0, F(S)] in S
+ L 2 —@ 000 —0 000 00000000000

Equality holds when:
e S=(a,b)

e S=(mm+1,....2m—1)
+ 000000000000000000000000
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A couple of long-standing (hard) conjectures

F(S) = max(Z>0\ 5) g(5) = 1220\ 5|

Wilf's Conjecture
For any S = (n1,...,ny), we have F(S) +1 < k(F(S) + 1 —g(95)).
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A couple of long-standing (hard) conjectures

F(S) = max(Z>0\ 5) g(5) = 1220\ 5|

Wilf's Conjecture
For any S = (n1,...,ny), we have F(S) +1 < k(F(S) + 1 —g(95)).

Proved in many special cases, including g(S) < 66
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A couple of long-standing (hard) conjectures

F(S) = max(Z>0\ 5) g(5) = 1220\ 5|

Wilf's Conjecture
For any S = (n1,...,ny), we have F(S) +1 < k(F(S) + 1 —g(95)).

Proved in many special cases, including g(S) < 66 100
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A couple of long-standing (hard) conjectures

F(S) = max(Z>0\ 5) g(5) = 1220\ 5|

Wilf's Conjecture
For any S = (n1,...,ny), we have F(S) +1 < k(F(S) + 1 —g(95)).

Proved in many special cases, including g(S) < 66 100 (~ 10%! sgps)
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A couple of long-standing (hard) conjectures

F(S) = max(Z>0\ 5) g(5) = 1220\ 5|

Wilf's Conjecture
For any S = (n1,...,ny), we have F(S) +1 < k(F(S) + 1 —g(95)).

Proved in many special cases, including g(S) < 66 100 (~ 10%! sgps)

Theorem (Bruns-Garcia-Sanchez-O.-Wilburne, 2020)

Wilf's conjecture holds for all numerical semigroups S with m < 18.

Proved computationally!!'?! But that's infinitely many semigroups!
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A couple of long-standing (hard) conjectures

F(S) = max(Z>0\ 5) g(5) = 1220\ 5|

Wilf's Conjecture
For any S = (n1,...,ny), we have F(S) +1 < k(F(S) + 1 —g(95)).

Proved in many special cases, including g(S) < 66 100 (~ 10%! sgps)

Theorem (Bruns-Garcia-Sanchez-O.-Wilburne, 2020)

Wilf's conjecture holds for all numerical semigroups S with m < 18.

Proved computationally!!'?! But that's infinitely many semigroups!
The key: discrete optimization (integer solutions to linear inequalities)
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A couple of long-standing (hard) conjectures

F(S) = max(Z>0\ 5) g(5) = 1220\ 5|

Wilf's Conjecture
For any S = (n1,...,ny), we have F(S) +1 < k(F(S) + 1 —g(95)).

Proved in many special cases, including g(S) < 66 100 (~ 10%! sgps)

Theorem (Bruns-Garcia-Sanchez-O.-Wilburne, 2020)

Wilf's conjecture holds for all numerical semigroups S with m < 18.

Proved computationally!!'?! But that's infinitely many semigroups!
The key: discrete optimization (integer solutions to linear inequalities)

If S corresponds to x = (a1,...,am-1) € Cm,
g(S) = [Ix[lr = 3m(m — 1), F(S) = lIx[loc — m,

and # generators k is determined by the face F C C, containing x.
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A couple of long-standing (hard) conjectures

Genus g = g(S) = |Z>0 \ S|: number of “gaps"” of S.

Christopher O'Neill (SDSU) Classifying numerical semigroups July 6, 2026



A couple of long-standing (hard) conjectures

Genus g = g(S) = |Z>0 \ S|: number of “gaps"” of S.
ng = # of numerical semigroups with genus g.
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A couple of long-standing (hard) conjectures

Genus g = g(S) = |Z>0 \ S|: number of “gaps"” of S.

ng = # of numerical semigroups with genus g.

Example: n3 =4

(2,7) = Ao,
(3,4) = {0,
(3,5,7) = {0,
(4,5,6,7) = {0,

Christopher O'Neill (SDSU)
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A couple of long-standing (hard) conjectures

Genus g = g(S) = |Z>0 \ S|: number of “gaps"” of S.
ng = # of numerical semigroups with genus g.

Example: n3 =4
(2,7)={0, 2, 4, 6,7,8,...}
(3,4)={0, 3,4, 6,7,8,...}
(3,5,7) =40, 3, 5,6,7,8,...}
(4,5,6,7) = {0, 4,5,6,7,8,...}
Suspected: ng > ng_1 + ng_» for all g (verified for g < 70)
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A couple of long-standing (hard) conjectures

Genus g = g(S) = |Z>0 \ S|: number of “gaps"” of S.
ng = # of numerical semigroups with genus g.

Example: n3 =4
(2,7) =10, 2, 4, 6,7,8,...}
(3,4)={0, 3,4, 6,7,8,...}
(3,5,7)={0, 3, 5,6,7,8,...}
(4,5,6,7)={0,  4,5,6,7,8,...}
Suspected: ng > ng_1 + ng_» for all g (verified for g < 70 105)
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A couple of long-standing (hard) conjectures

Genus g = g(S) = |Z>0 \ S|: number of “gaps"” of S.
ng = # of numerical semigroups with genus g.

Example: n3 =4
(2,7)=1{0, 2, 4, 6,7,8,...}
(3,4)=1{0, 3,4, 6,7,8,...}
(3,5,7) = {0, 3, 5,6,7,8,...}
(4,5,6,7) = {0,  4,56,7,8,...}
Suspected: ng > ng_1 + ng_» for all g (verified for g < 70 105)

Known: limg_, i—“ = the golden ratio
g
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A couple of long-standing (hard) conjectures

Genus g = g(S) = |Z>0 \ S|: number of “gaps"” of S.
ng = # of numerical semigroups with genus g.

Example: n3 =4
(2,7) =10, 2, 4, 6,7,8,...}
(3,4)={0, 3,4, 6,7,8,...}
(3,5,7)={0, 3, 5,6,7,8,...}
(4,5,6,7)={0,  4,5,6,7,8,...}
Suspected: ng > ng_1 + ng_» for all g (verified for g < 70 105)

Known: limg_, 622 = the golden ratio
ng

Conjecture (Bras-Amoros, 2008)

For all g, we have ng > ng_1.
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A couple of long-standing (hard) conjectures

Genus g = g(S) = |Z>0 \ S|: number of “gaps"” of S.
ng = # of numerical semigroups with genus g.

Example: n3 =4
(2,7) =10, 2, 4, 6,7,8,...}
(3,4) ={0, 3,4, 6,7,8,...}
(3,5,7) =40, 3, 56,7,8,...}
(4,5,6,7) = {0, 4,5,6,7,8,...}

Suspected: ng > ng_1 + ng_» for all g (verified for g < 70 105)

Known: limg_, 622 = the golden ratio
ng

Conjecture (Bras-Amoros, 2008)

For all g, we have ng > ng_1.

Not true for ny = # of numerical semigroups with Frobenius number f

nj; =51 nj, =40 ny3 = 106
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